Contents

Preface to the Adapted Edition oxi
Preface Xiii
1. INTRODUCTION AND OVERVIEW 1.1-1.19
11 TEUEOAUCTION +verveeeeeieneeeseeeeseesesseseeseseessesseussa et e s s e s s eacaes S ea e s e s e sa et sab e d e s ssa e s s e e e e e e a e 1.1

1.2 Basic Terminology; Elementary Data Organization ..........cccooeiiiiiiiiiiiimnie il

1.3 DALA SEIUCIUIES -oovovveverieseseseeseseteasesessseseasssessse s e s b b e fd L Eh e d s e a b e b s s s s s 1.3

1.4 Data Structure OPETALIONS ........ccrvriiierisiritsersi sttt s 1.9

1.5 Algorithms: Complexity, Time-Space Tradeoff ... 1.10
SOIVEd PrOBIEMS ......covvrererereessisssesisisssssssssasssstosssnssssssisiassssssesissssssssmssassissessatessasshanenass 1.13

2. PRELIMINARIES 2.1-2.31
2.1 INETOAUCTION cevveerveessessrsssessrsssassnrsssasssessssasssissssssisssssisssasssbssiasssssa e ssssssesessessessanssagarsesasyons 2.1

2.2 Mathematical Notation and FUNCHONS .........cciiimiiniiiiiiinciinesesesssnssssssdbiness s D

2.3 AlZOFItMIC NOAtOM .orvviveeairrissirscriiis s 2.6

D8 (COMIE], BTG EUDES orovsisoeesosass o mesvosoncoomens e comeeseeenseems enesmee e e SRS o o 2.9
2.5 Complexity Of AIGOTItRMS ....ooveiiiiiiii e eseenes 2.1

2.6 Other Asymptotic Notations for Complexity of Algorithms Q, ©, o....................... 2.17

27 SUDAIZOTUAMS oo 2.18

58 VAriables, DA TYPES cooeeeerresoeseesrssssesessssssssesssssssssesseesssesososeeeeseeeooeeseeoeosoeesesesee o 2.20

Solved Problems

Supplementary Problems.....................cvnvnnnnce., P
et S I R IR R SRR 2.29

Programming Problems .....................vnncinnnnnnnnn, 2.30



vill

Contents -

e —

3. STRING PROCESSING -

3.1
32
33
3.4
3.5

-3.1-3.31

!
Introduction .........ceueuene

Basic Terminology ..........cossieasuees:
Storing Strings .......coceevevesnaieasanes

Character Data Type............ e eeresitessstesseeseEeesERseIEeseeIIIETIIIIISSeELSIIELILIIS LI, 3.6
SUFING OPETALIONS .....vvevecrveesesessesssssssssssssssssssssssssssssessssss LRSS LSRR s 3.8

3.6 WOrd ProCessing .......ccoocrermimmrmmiemnnncsssisininisnsasess
3.7 Pattern Matching AIZOTItRMS ....ouiveiriiriirinrcisiinin it 3.15
SOIVEA PFOBICINS oo eee et e et et ase e s et e sss e aa s e s s e a e s e s eSS 3.20
Supplementary Problems...................ccoocoeeine. et vamam i R S A YR Y YRS R 328
~ Programming Problems ...................iviiinnsiiiiinniiissi st 3.30

.

ARRAYS, RECORDS AND POINTERS 4.1-4.56
- 1010 | (TR ——— SR AR S S R s ¥ e e an xS AV S A R A NS NG £ 4.1
4.2  LINEAY ATTAYS ..oooconecercemsnasinmasarassscssssasesasssssssssssss ssiissesssisansas ssrrensaassssasnmnresmnsssnsbhb st insinnnsnns 4.2
4.3 Representation of Linear Arrays in MemOTy .........ccccoviiiiiiiiiiiiiiinneerren e, 4.4
4.4 Traversing LiN@Ar AITAYS .....c.ccciiiieiiiiiiiiiieiiesiesriie st ete e siaeeeennnaaee e ssba s s e sbbs e st 4.6
4.5 Inserting and DeItiNg ......ccccooiiiiiiiiiiiiiii it 4.7
4.0 Sorting; Bubble SOrt ......ciiiiiiiiii e 4.9
4.7 Searching; Linear S€arch ..o 4.12
4.8 Binary Search................... ettt ntenas 4.15
4.9 Multidimensional AITAYS ........cccccecieieiirrrerisiesieseierisresssssssssessesesseessessssssssessseessssssssssseens 4.18
4.10 PoINters; POINLET AITAYS .....oeviririeriininteririeieeeieeeeee e e e e oo eeeeee e 4.24
4.11 Records; Record StIUCIUIES ........c.cvuiviviriieeeeeeeeeeeeeeee oo oo veevasesserenreesnans 4.29
4.12 Representation of Records in Memory; Parallel Arrays ... 4.32
.4.13 MatriCes .......ooerccrvnecennianninssanraana: S LS Y RSB RH S35 e 1 e v 8 S S R ERS S 4.34
4.14 Sparse MatriCes ...t 4.37
SOIVed PrOBIEms ...........ooooovoiviciciiiiie oo 4.39
Supplementary Problems ... 4.51
Programming Problems ... 4.53

W

LINKED LISTS

5.1
5.2
5.3
5.4
5.5
5.6
ST
5.8

5.1-5.57

Introduction ...

LARKEA LSS ..o ssrssssmss s seosssmssmssessman o
Representation of Linked Lists in Memory ..........____ 7. o
Traversing a Linked List ... s -
Searching s Linkag Lo o 5.8
Memry Allocaion; Gashss o 5.10
Insertion into a Linked Lis o e 312
Deletion from a Ly Lt 5.17



Contents x

5.9 HeEader LINKCA LISIS ...uovo.ovooeoceo e sassssss s ssss s s 531
510 TWO-WAY LSS couvviriiireeceeeeeeee et ss s saa s snsssens 533
Solved Problems ... e, et eeeaeis RO TSR 541 .
SUPPIEMERIAFY PPOBICHIS ...ttt s 5.51
Programming ProOBIEMS ...............cocoooovovveeeeeeereeeeeresiins sossssssssssissnsessesssssassssssssssess 5.55
P e :

6. STACKS, QUEUES, RECURSION 6.1-6.66
6.1 INEEOMUCHION ..vvvevveoeeeeeeeoeoeceeesee s esssseeesssssssssss s 6.1
0.2 S ALK S ettt ettt e bt e e eSS SRR S 6.2
6.3 Array Representation 0f StACKS ........cococovoiioruiioiirieiecrsisnnsme s sosspbsssasssisies 6.4
6.4 Linked Representation of StACKS ..........ccciie coveeeeeiiiiiinnismsssssisrsssssssnes s sssnes 6.7
6.5 Arithmetic Expressions; Polish NOtation ............cccoiiiiiimmmimm s 6.9
6.6  Quicksort, an Application Of StaCKS .....coooviiimiriiii 6.14
6.7 RECUISION ..eeiiiiviieieeieeeeieeesseesetsserateassaaseessseessee e saasasraaeassssaastasessbneeas T—— o 00 18

6.8 Towers of Hanoi coo..uvvervvevvesivrereerseseenens e erteiieersesaessreesasseneanpnasssasaanes 6.22
6.9 Implementation of Recursive Procedures by Stacks.........coooiiimermeniersenssmneneaes 6.26
0.10 QUEUES ..ottt e ae e e R eSS S 6.32
6.11 Linked Representation of Queues...........cccoevveennenn. [SUTRTRRTROUPRO: B A EEE RS SR s 6.36
6.12 DIEQUES .uvivvrerieeeneeeeseeee et tes s eSS T 6.39
6.13 PriOrity QUEUES ...ouviieiiieiiieciiici e 6.40

SOIVEA PrOBIENLS ......oooeooeeeerreeeveeeesinereessrnesessessasnasesssssasasnesssss U .14
Supplementary ProOBIEmS ...................ccoviimiiiiiiiiiiii s 6.61
Programming ProbIems ... e 6,65
L
7. TREES | 7.1-7.101
\A/. 1 TRLEOQUCHION ©verecviaierseseseseeeasieiries e e T 7.1
A2 Binary Trees .......c.cooovenune 7.1

7.3 Representing Binary Trees in ABEHETON: e msmsmmr 5507 3 A A A R TSR ANA SRS 7.5
7.4  Traversing Binary TIEES ..ot e 1.9
75 Traversal Algorithms using GEACKS oottt ettt ettt ea et 7.13
76 Header NOdes; THIEAUS ....cvvrriississiriiisiis e 7.20
77 BINATY SEATCH TIEES woovrrrssseerrrssssisess s 7.24
78 Searching and Inserting in Binary Search Trees ..ol 7.25
79 Deleting in a Binary QEATEIL THBES e wevs smsiomnsnns RIS AR 8 i e e e e a—a—— 7.30
7.10 AVL Search Trees ..cooooceseumminscmetmmsnnmssnmasessssrneee, v e P T 139
711 Insertion in an AVL ESGATEH T T om0 50105 3SR KB 0 NS 855554 s 7.36
7.12 Deletion in an AVE. Search. THEE s messrsn asnesser o gy T 7.42
7.13 m-way Search Trees. ..o R 7.46
7.14 Searching, Insertion and Deletion in an m-way Search Tree ..o, 7.48

2718 B TLEES woreseersseesses s R— 751

7.16 Searching, [nsertion and Deletion in a B-tree /752



A Contents : -
X
......................................... 7.55
7.17 Heap; Heapsort e iy
7.18 Path Lengths; Huffman’s AIGOMtRIM oo s
7.19 General Trees ?:75
SOIVEd PrOBIEMS w.vveevsvesss et s s s
Supplementary ProbIems................cvviiimiiiiiiii s 7.98
’Pr}ramming PFOBICINS ...ttt .
8. GRAPHS AND THEIR APPLICATIONS 8.1-8.47
8al  TNECORTNBHRBR soresmowos vmssmsctoss womemasRoos 0 55 5725.05,5 R8G5 RV AR DB HR SR A RAS AR A R i s e 8.1
8.2 Graph Theory Terminology ...ttt sssnssnsssssmsssnsassneneans 8.1
8.3 Sequential Representation of Graphs; Adjacency Matrix; Path Matrix ......................... 8.5
8.4 Warshall's Algorithms Shortest FaENS sosmem s s s aonmasuamaammsms mss s 8.8
8.5 Linked Representation of @ Graph..............coccooooivoiiieioiiieieecceece e 8.12
8.6 OPErations 0N GIAPKS ..........c.cvuiviiiiieeeiee e eeeeeete e s e e esereseseseseseseseeeseeeessseesssesessesns 8.15
8.7 Traversing @ Graphi ........cccouureiuivuecuceoececeeeteeee et eee et eee e e e s s 8.21
8.8  Posets; Topological SOTTING .............oo.ov.oieoeeeeeioeoeoeeeeeeoeeeeeeeeoeoeeee 8.25
SOIVed Problems ...........cccooooovvoiiooioeooeoeeoeeeoeeoeeoeeeee 8.30
Supplementary Problems ..........................ccoocooomoomomoosooo 8.41
Progmmnf:'i% Problems ............................. e 8.45
e
9. SORTING AND SEARCHING 9.1-9.27
91 IOPOUCHON oottt s ns s s sseemes s s e 9.1
92 SOT ottt e 9.1
9.3 Insertion Sort........ S 9.6
94 SCIECHOD SO oo 9.8
903 MEIGING oo s .
9:6 MEIBE-SOM.cooooooovs 9.11
97 RAGIX SOM oottt %14
9.8 Searching and Data Modifioation, " 9.16
9:9 HASRING ..o 9.18
Blemaran, meems ......................................................... 9.20
Appendic . 9.25
Index A.1-4.19
L1-15



Preface to the
Adapted Edition

Data structures is a subject of primary importance to the discipline of Computer Science. Organiz-
ing or structuring data is vital to the design and implementation of efficient algorithms and program-
development. Niklaus Wirth very aptly captured the role played by Data structures in the crisp title
of his book “Algorithms + Data structures = Programs™! In fact any discipline in Science and
Engineering that requires efficient problem solving using computers, undoubtedly calls for the
application of appropriate data structures during program development.

True to the ideology of the Schaums outline Series. the present version of this book includes a
concise presentation of data structures such as AVL Trees, m-way search trees and B trees
supplemented with solved problems and programming problems. A brief discussion on other
notations of algorithm complexity, apart from O notation. has also been included. To demonstrate
the implementation of data structures in a spcciﬁ.c programming language, an Appendix illustrating
the implementation of a selective sect of algorithms and procedures from the main text in the

programming language C, has been added.
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Preface

The study of data structures is an essential part of virtually every under graduate and graduate
program in computer science. This text, in presenting the more essential material, may be used as a
textbook for a formal course in data structures or as a supplement to almost all current standard
texts.

The chapters are mainly organised in increasing degree of complexity. Chagter 1 is an introduction
and overview of the material, and Chapter 2 presents the mathematical background and notation
for the presentation and analysis of our algorithms. Chapter 3, on pattern matching, is independent
and tangential to the text and hence may be postponed or omitted on a first reading. Chapters 4

~ through 8 contain the core material in any course on data structures. Specifically, Chapter 4 treats

arrays and records, Chapter 5 is on linked lists, Chapter 6 covers stacks and queues and includes
recursion, Chapter 7 is on binary trees and Chapter 8 is on ‘graphs and their applications. Although
sorting and searching is discussed throughpul the tgxt within the context of specific data structures '
(e.g., binary search with linear arrays, quicksort _“flth stackg and queues aqd heapsolrt with binary
trees), Chapter 9, the last chapter, presents additional sorting and searching algorithms such as
merge-sort and hashing. o _ ‘

Algorithms are presented in a form which is machine and language independent. Moreover, they
are written using mainly IF-THEN-ELSE and REPEAT-WHILE modules for flow of control, and
using an indentation patterr for easier reading and understanding. AFCOrdlngly, each of our algo-
anslated into almost any standard programming language.

Adopting a deliberately elementary approach to the subject matter with many examples and
diagrams, this book should appeal to 2 wide audience, and is particularly s.mt.ecl as an effective
self-study guide. Each chapter contains clear statements of definitions and principles together with
illustrative and other descriptive material. This is followed by graded sets of solved and
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ms illustrate and amplify the material, and the

lems furnish a complete review of the material in the chapter. -
su"lprl:;aﬁaﬁf;:g friends and colfeagues for invaluable suggestloqs and f:ntszc;L rev}e“é) of Fhe
manuscirpt. I also wish to express my gratitude to the staff of the .McGrfxw—Hlll chaum’s utline
Series, especially Jeffrey McCartney, for their helpful cooperation. Finally, I join many other
authors in explicitly giving credit to Donald E. Knuth who wrote the first comprehensive treatment

' of the subject of data.structures, which has certainly influenced the writing of this and many other

texts on the subject.

supplementary problems. The solved proble

Seymour Lipschutz
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Chapter One

Introduction and Overview

1.1 INTRODUCTION

This chapter introduces the subject of data structures and presents an overview of the content of
the text. Basic terminology and concepts will be defined and relevant examples provided. An
overview of data organization and certain data structures will be covered along with a discussion
of the different operations which are applied to these data structures. Last, we will introduce the
notion of an algorithm and its complexity, and we will discuss the time-space tradeoff that may
occur in choosing a particular algorithm and data structure for a given problem.

1.2 BASIC TERMINOLOGY; ELEMENTARY DATA ORGANIZATION

Data are simply values or sets of values. A data item refers to a single unit of values. Data items
that are divided into subitems are called group items; those that are not are called elementary
items. For example, an employee’s name may be divided into three subitems—{irst name, middle
initial and last name—but the social security number would normally be treated as a single item.

Collections of data are frequently organized into a hierarchy of fields, records and files. In order
to make these terms more precise, we introduce some additional terminology.

An entity is something that has ce_rtain attributes or properties which may be assigned values.
The values themselves may be either' pumeric or nonnu{neric. For example, the following are
possible attributes and their corresponding values for an entity, an employee of a given organization:

Attributes: Name Age Sex Social Security Number
Values: ROHLAND, GAIL 34 F 134-24-5533
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in an organization) form an entity set.
(e.g, all th;: CTLF;;) yf]:: ;gt of all possible values that could be
oI va 1

Entities with similar attributes
Each attribute of an entity set has a range

i icular attribute. 1 o ibutes, or, in other words,
assrlrghned . ﬂ:f I’:'ﬁitr;ca:ion” is sometimes used for data with given attrib
e term “in -

; d data. - files reflects the
me;n;;n%iotrhg:";:tsasgar . organized into the hierarchy of fields, records and

_ - is a single elementary unit
relationship between attributes, entities and entity sets. That 1s, a field c

ities 1 iven €
given entity- and a file is the collection of records of the entities 1n 2 gl O ain field may uniquely
" Each record in a file may contain many field items, but the' value m‘a e e
determine the record in the file. Such a field K is called a primary key, an 1 Ko
such a field are called keys or key values.

Example 1.1

(a) Suppose an automobile dealership maintains an inventory file where each record
contains the following data:

Serial Number, Type, Year, Price, Accessories
The Serial Number field can serve as a primary key for the file, since each
automobile has a unique serial number.

(b) Suppose an organization maintains a membership file where each record contains
the following data:

Name, Address, Telephone Number, Dués Owed

Although there are four data items, Name and Address may be group items. Here
the Name field is a primary key. Note that the Address and Telephone Number

fields may not serve as primary keys, since some members may belong to the
same family and have the same address and telephone number.

et et e,

e

e

Records may also be classified according to length. A fj :
. : ile ca %
variable-length records. In fixed-length recor 7, Al h.ave fixed-length records or

matter of this text, includes.the following three steps: ata structures, which forms the subject

(1) Logical or mathematical des

cription of the g
(2) Implementation of the struc tructure

ture on a computer
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3) Ql-laglt:itatwe analysis of the structure, which includes determining the amount of memory
needed to store the structure and the time required to process the structure.

The next section introduces us to some of these data structures.

Remark: The second and third of the steps in the study of data structures depend on whether the
data are stored (a) in the main (primary) memory of the computer or (b) in a secondary (external)
storage unit. This text will mainly cover the first case. This means that, given the address of a
memory location, the time required to access the content of the memory cell does not depend on
the particular cell or upon the previous cell accessed. The second case, called file management or
data base management, is a subject unto itself and lies beyond the scope of this text.

(1.3 DATA STRUCTURES -~

Data may be organized in many different waysghe logical or mathematical model of a particular
organization of data is called a data structure) The choice of a particular data model depends on
two considerations. First. it must be rich enough in structure to mirror the actual relationships of
the data in the real world. On the other hand, the structure should be simple enough that one can
effectively process the data when necessary. This section will introduce us to some of the data
structures which will be discussed in detail later in the text.

~Arrays 7

The simplest type of data structure is a linear (or one-dimensional) array. By a lmear array, we
mean a list of a finite number n of similar data elements referenced respectively by a set of n
consecutive numbers, usually 1, 2, 3, ..., n. If we choose the name A for the array, then the
elements of A are denoted by subscript notatlon

ap, Gg, A3, ooy Gy
or by the parenthesis notation
A(l), A(2), A(3), .... A(N)
or by the bracket notation
A[1], A[2], A[3]. ..., A[N] : '

Regardless of the notation, the humber K in A[K] is called a subscript and A[K] is called a
subscripted variable.

Remark: The parentheses notation and the bracket notation are frequently used when the array
name consists of more than one letter or when the array name appears in an algorithm. When using
this notation we will use ordinary uppercase letters for the name and subscripts as indicated above
by the A and N. Otherwise, we may use the usual subscript notation of italics for the name and
subscripts and lowercase letters for the subscripts as indicated above by the a and n. The former
notation follows the practice of computer-oriented texts whereas the latter notation follows the
practice of mathematics in print.
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_ pata Structures

Example 1.2 . . £ Y : : o Tt e it R ;,-_3,_\_.". . -__.._,, E ARy ae Y
4 ¢ i § o 2 . . PR T RUIE SR IS T AR .. : ictured 1n F]g. 1.1-
A linear 'arra;s“r STUDENT consisting of the names of six St:dserslgsn:israpGold, and 5o oOn.
:I ::eSaTUDENT[l] denotes John Brown, STUDENT[2] denote
e e
STUDENT

STUDENT

———————

John Brown

—

Sandra Gold

Tom Jones

June Kelly
Mary Reed
Alan Smith

Fig. 1.1

o o~ W N

Linear arrays are called one-dimensional arrays because each element in such an
array is referenced by one subscript. A two-dimensional array is a collection of similar
data elements where each element is referenced by two subscripts. (Such arrays are
called matrices in mathematics, and tables in business applications.) Multidimensional
arrays are defined analogously. Arrays will be covered in detail in Chapter 4.

Example 1.3

A chain of 28 stores, each store having 4 departments
the nearest dollar) as in Fig. 1.2. Such data can be st
two-dimensional array in which the first subscri
subscript the department. If SALES is the name

SALES[1, 1] = 2872, SALES[1, 2] = 805,

» may list its weekly sales (to

ored in the computer using a
pt denotes the store and the second
given to the array, then

SALES[1, 3] = 3214, ..., SALES[28, 4] = 982

_—
Dept. |
Store 1 2 3 a4
| S S .
; 2872 | 805 | goyy -_‘1_5_;6‘
: 2196 | 1223 | g0 1744
3257 1017 3686 1951
- L o .
2 | 2618 | gy 2333 i
——L 7 | 233 | g
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The si;e.of this array is denoted by 28 x 4 (read 28 by 4), since it contains 28 rows
(the horizontal lines of numbers) and 4 columns (the vertical lines of numbers).

A - % —

= R i Lt R E S —

Linked Lists

Linked lists will be introduced by means of an example. Suppose a brokerage firm maintains a file
where: each record contains a customer’s name and his or her salesperson, and suppose the file
contains the data appearing in Fig. 1.3. Clearly the file could be stored in the computer by such a

table, i.e., by two columns of nine names. However, this may not be the most useful way to store
the data, as the following discussion shows.

Customer Salesperson
1 Adams Smith
2 Brown Ray
3 Clark Jones
4 Drew Ray
5 Evans Smith
6 Farmer Jones
7 Geller Ray
8 Hill Smith
;* 9 Infeld Ray
y Fig. 1.3

! Another way of storing the data in Fig. 1.3 is to have a separate array for the salespeople and an

entry (called a pointer) in the customer file which gives the location of each customer’s salesperson.

¢ - This is done in Fig. 1.4, where some of the pointers are pictured by an arrow from the location of

]- the pointer to the location of the corresponding salesperson. Practically speaking, an integer used
as a pointer requires less space than a name; hence this representation saves space, especially if
there are hundreds of customers for each salesperson.

Suppose the firm wants the list of customers for a given salesperson. Using the data representation
in Fig. 1.4, the firm would have to search through the entire customer file. One way to simplify
such a search is to have the arrows in Fig. 1.4 point the other way; each salesperson would now
have a set of pointers giving the positions of his or her customers, as in Fig. 1.5. The main
disadvantage of this representation is that each salesperson may have many pointers and the set of
pointers will change as customers are added and deleted. '

Another very popular way to store the type of data in Fig. 1.3 is_shown in Fig. 1.6. Here each
salesperson has one pointer which points to his or her first customer, whose pointer in turn points
to the second customer, and so on, with the salesperson’s last customer indicated by a 0. This is
pictured with arrows in Fig. 1.6 for the salesperson Ray. Using this representation .one ¢
obtain the entire list of customers for a given salesperson and, as we will see in Chapter 5
easily insert and delete customers.

an easily
, One can

L _
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galesperson
Custometr Pointer ———-J—;;;'s"'—,——' 1
1 | Adams ___3____H f 2
2 | Brown 2 |
: Smith 3
3 Clark 1*—__ [
4 Drew 2
5 | Evans 3 |
6 Farmer 1
7 Geller 2
8 Hill 3
9 Infeld 2
Fig. 1.4
Salesperson Pointer
1 Jones 3,6
2| Ray 2,4,7,9
3 Smith” 1,5,8
Fig. 1.5
Customer Link o Salesperson | Pointer
1 Adams 5 Jones 3 1
2 Brown 4 - Ray 2 2
3 Clark 6 Smith . 1 3
4 Drew 7
5 Evans 8
6 Farmer 0
7 Geller 9
8 Hill 0
9 Infeld 0
Fig. 1.6

The representation of the data in Fj

“pointer” and “link” are e of | -
element in one list pointl;stl; ]:1};1 l::?:?nx??nymo-usly’ we W?I tr(;’ftiulllkEd o Although the e
case when an element in a list points to n cleotferent I cerve e, Do for ‘

an element in thay same lislt.eserve Hie il k™ o



S el WS TV AT N AT T -

e e R T e s it o S

P

Introduction and Overview 1.7 i

Trees

Data frequently contain a hierarchical relationship between various elements. The data structure
which reflects this relationship is called a rooted tree graph or, simply, a tree. Trees will be
defined and discussed in detail in Chapter 7. Here we indicate some of their basic properties by
means of two examples.

'Example 1.4 Record Structure

Although a file may be maintained by means of one or more arrays, a record, where
one indicates both the group items and the elementary items, can best be described

by means of a tree structure. For example, an employee personnel record may contain
the following data items: |

Social Security Number, Name, Address, Age, Salary, Dependents

However, Name may be a group item with the subitems Last, First and MI (middle
initial). Also, Address may be a group item with the subitems Street address and Area
address, where Area itself may be a group item having subitems City, State and ZIP
code number. This hiera-chical structure is pictured in Fig. 1.7(a). Another way of
picturing such a tree structure is in terms of levels, as in Fig. 1.7(b).

Eiample 1.5 Algebraic Expressions

Consider the algebraic expression
(2x + y)(a - 7b)}

Using a vertical arrow (T) for exponentiation and an asterisk (*) for multiplication,
we can represent tile expression by the tree in Fig. 1.8. Observe that the order in
which the operations will be performed is reflected in the diagram: the exponentia-
tion must take place after the subtraction, and the multiplication at the top of the
tree must be executed last.

There are data structures other than arrays, linked lists and trees which we shall study. Some of
these structures are briefly described below.

(a) Stack. A stack, also called a last-in first-out (LIFO) system, is a linear list in which insertions
and deletions can take place only at one end, called the top. This structure is similar in its
operation to a stack of dishes on a spring system, as pictured in Fig. 1.9(a). Note that new
dishes are inserted only at the top of the stack and dishes can be deleted only from the top
of the stack. o '

(b) Queue. A queue, also called a first-in first-out (FIFO) system, is a linear list in which
deletions can take place only at one end of the list, the “front” of the list, and insertions can
take place only at the other end of the list, the “rear” of the list. This structure operates in
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(c)

Employe€

Address Age

RN

Last First Ml Street Area

city State ZIP
(a)

01 Employee
02 Social Security Number

02 Name
03 Last
03 First
. 03 Middle Initial
02 Address
03 Street
03 Area
04 City
04 State
02 Age 04 ZIP
02 Salary
02 Dependents
(b)

Fig. 1.7
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Fig. 1.8

much the same way as a lin
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waiting to pass through anirisr:tpersm? to board the byg. An Oti, as pictured in Fig. 1.9(b):
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pairs of e > o o onol
€, SUppose an gir; lements which is P




Introduction and Overview ' i

(a) Stack of dishes ‘ (b) Queue waiting for a bus

Boston

Chicago e —
Philadelphia

Los Angeles e

(c) Airline flights Miami
Fig. 1.9

Remark: Many different names are used for the elements of a data structure. Some commonly used
names are “data element,” “data item,” “item aggregate,” “record,” “node” and “data object.” The
particular name that is used depends on the type of data structure, the context in which the
structure is used and the people using the name. Our preference shall be the term “data element,”
but we will use the term “record” when discussing files and the term “node” when discussing
linked lists, trees and graphs.

1.4 DATA STRUCTURE OPERATIONS

The data appearing in our data structures are processed by means of certain operations. In fact, the

particular data structure that one chooses for a given situation depends largely on the frequency

with which specific operations are performed. This section introduces the reader to some of the

most frequently used of these operations. _
The following four operations play a major role in this text:

(1) Traversing: Accessing each record exactly once so that certain items in the record may be
processed. (This accessing and processing is sometimes called “visiting” the record.)

(2) Searching: Finding the location of the record with a given key value, or finding the locations
of all records which satisfy one or more conditions.

(3) Inserting: Adding a new record to the structure.

(4) Deleting: Removing 2 record from the structure.

Sometimes two or more of the operations may be used in a given situation; e.g., we may want to
delete the record with a given key, which may mean we first need to search for the location of the

record )



Data Structures

s, will also be considered:

: .1 situation

. : ; .ed in special s1 ] .

The following two operations, which are used i i alphabeucally according to some
Jogical © g

: s social '

(1) Sorting: Arranging the records in some 9 ome N BER key, such a Security
NAME key, or in numerical order according to s ‘_ | .

number or account number) ¢ sorted files into a single sorted file

(2) Merging: Combining the records in two differer ed later in the text.
. . , ‘ iscuss
Other operations, e.g. copying and concatenation, will be discu

Example 1.6
A - ; Iy contains the
An organization contains a membership file in which each record
following data for a given member:

Name, Address, Telephone Number, Age, Sex

(a) Suppose the organization wants to announce a meeting through 2 ma1tl:nrg- Then
one would traverse the file to obtain Name and Address for gach member. .

(b) Suppose one wants to find the names of all members living in a certain area.
Again one would traverse the file to obtain the data. h

(c) Suppose one wants to obtain Address for a given Name. Then one would searc
the file for the record containing Name. .

(d) Suppose a new person joins the organization. Then one would insert his or her
record into the file.

(e) Suppose a member dies. Then one“would delete his or her record from the file.

(f) Suppose a member has moved and has a new address and telephone number.
Given the name of the member, one would first need to search for the record in
the file. Then one would perform the “update”—i.e., change items in the record
with the new data.

(g9) Suppose one wants to find the number of members 65 o

v j r older. Again one would
traverse the file, counting such members.

1.5 ALGORITHMS: COMPLEXITY, TIME-SPACE TRADEOFF

- . "? 2 & « e = » N . lm ‘ :
vice versa. We illustrate these ideas with twg eXamples, © needed for processing the data, of
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Searching Algorithms

Consider a membership file, as in Example 1.6, in which each record contains, among other data,
the name and telephone number of its member. Suppose we are given the name of a member and

we want to find his or her telephone number. One way to do this is to linearly search through the
file, i.e., to apply the following algorithm: '

Linear Search

Search each record of the file, one at a time, until finding the given Name and hence the
corresponding telephone number.

First of all, it is clear that the time required to execute the algorithm is proportional to the
number of comparisons. Also, assuming that each name in the file is equally likely to be picked, it
is intuitively clear that the average number of comparisons for a file with n records is equal to nl2;
that is, the complexity, of the linear search algorithm is given by CD§ = n/2.

The above algorithm would be impossible in practice if we were searching through a list
consisting of thousands of names. as in a telephone book. However, if the names are sorted
alphabetically, as in telephone books, then we can use an efficient algorithm called binary search.
This algorithm is discussed in detail in Chapter 4, but we briefly describe its general idea below.

Binary Search

Compare the given Name with the name in the middle of the list; this tells which half of the list
contains Name. Then compare Name with the name in the middle of the correct half to determine
which quarter of the list contains Name. Continue the process until finding Name in the list.

One can show that the complexity of the binary search algorithm is given by

C(n) =logy n

Thus. for example, one will not require more than 15 comparisons to find a given Name in a list
containing 25 000 names.

Although the binary search algorithm is a very efficient algorithm, it has some major drawbacks.
Specifically, the algorithm assumes that one has direct access to the middle name in the list or a
sublist. This means that the list must be stored in some type of array. Unfortunately, inserting an
element in an array requires elements to be moved down the list, and deleting an element from an
array requires element to be moved up the list. _

The telephone company solves the above problem by printing a new directory every year while
keeping a separate temporary file for new telephone customers. That is, the telephone company
updates its files every year. On the other hand, a bank may want to insert a new customer in its file
almost instantaneously. Accordingly, a linearly sorted list may not be the best data structure for a
bank.

An Example of Time-Space Tradeeff

Suppose a file of records contains names. social security numbers and much additional information
among its fields. Sorting the file alphabetically and rising a binary search is a very efficient way to
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e we areé given only the social securjy

- 0s ok
find the record for a given name. On the other hand; SUPP 77 rch for the record, which is exire

number of the person. Then we would have to do @ linear Sc:n we solve such a problem? Onen::ly
time-consuming for a very large number of rccqrds. How iding to social security number, Th?
s to have another file which is sorted "“menc?”y j,(;cgata. Another way. pictured in Fig. | ll;'
however, would double the space required for storing and to have an auxiliary ar.ra'

. 1 . -+v number
is to have the main file sorted numerically by SOC'IZI! securll:yl habetized list of the names ang
with. only two columns, the first column containing an alp the

. ; orresponding records j
second column containing pointers which give the lc:)catl‘.’nS Ofdﬂ}iecuentll)}f Sin(i the a((iiijm the
main file. This is one way of solving the problem that is use€ , (t]ra info;'mation it oro }Uonal
space, containing only two columns, i minimal for the amount Of €2 priCes

t ta -
Name Pointer Soc. Sec. No Name ﬂ_a____
506 2 ]
1 | Abbey, Gregory| 2 , [910.44-5555 | Davis, Earl | XXXXXXXKXXXXXX
2 | Brown, John 4 o | 025-55-6198 ADU;BY.‘GF gory P00 00.0.8.8.9.9.¢0.9 04
3 |Carey.Mary | 546 + [o7773:3961 |Lane, Alice, | XXXXXXXXXXXXXX
e e
4 |Davia, Barl 1 + [T74-62.0485 | Brown, John__| XXXXXXXXXXXXXX
Rl atibint
5 | Ellis, Susan 76 5 [182-74-6398 | Smith, Mary XXXXXXXXXXXXXX
P, 5
Aucxiliary array
sorted alphabetically Main file
sorted by social security number
Fig. 1.10

Remark: Suppose ile i ;
- erted intom:he ﬁ?e.ﬁézt;niﬁ;tege"::r‘le“ca”)’ by social security number. As new records ac
“crted] etien, e simpl wedy 0 minims_tantly moved to new locations in order to maintain ¢
number serve as the address of each rec 'ze the movement of data is to h lT!al i
ord. Not only would there be no e e S(')Cfl al Secu:?l
- movement of data whe

records are inserted, but th -
orng d there would be instant access t
storing data would require one billion (10 S$ to any record. However, this method of

thousands of records. Clearly, thi -/ Memory loeation i
method is to define a functi}c;}, [;s;rr;:]e‘;lff of space for time is notswt;)rrthonly nundreds o pOSSlbIY
Iy - e
set L of addresses of memory cells Suzl-? e;tl Ilf of key valucs—-social st:e e::(pense. An altt?rnﬂt"'e
‘ unct curity numbers—1nto

functions and their properties will be covered ; on H i
n
‘Ch?pter 9.
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Basic Terminology

1.1

A professor keeps a class list containing the following d:ita for each student:
Name, Major, Student Number, Test Scores, Final Grade

(a) .State the entities, attributes and entity set of the list.
(b) Describe the field values, records and file.
(¢) Which attributes can serve as primary keys for the list?

(a) Each Studfant is an entity, and the collection of students is the entity set. The properties,
name, major, and so on, of the students are the attributes.

~(b) The field values are the values assigned to the attributes, i.e., the actual names, test

1.2

1.3

1.4

scores, and so on. The field values for each student constitute a record, and the collection
of all_ the student records is the file.

(c) Either Name or Student Number can serve as a primary key, since each uniquely
determines the student’s record. Normally the professor uses Name as the primary key,
but the registrar may use Student Number.

A hospital maintains a patient file in which each record contains the following data:

Name., Admission Date, Social Security Number, Room, Bed Number, Doctor

(a) Which items can serve as primary keys?

(b) Which pair of items can serve as a primary key?

(¢) Which items can be group items?

(a) Name and Social Security Number can serve as primary keys. (We assume that no two

patients have the same name.)
(b) Room and Bed Number in combination also uniquely determine a given patient.

(c) Name, Admission Date and Doctor may be group items.

Which of the following data items may lead to variable-length records when included as

_items in the record: (a) age, (b) sex, (c) name of spouse, (d) names of children,

(e) education, (f) previous employers?
Since (d) and (f) may contain a tew or many items, they may lead to variable-length
records. Also, (e) may contain many items, unless it asks only for the highest level obtained.

Data base systems will be only briefly covered in this text. Why?

«Data base systems” refers to data stored in the secondary memoty ot the computer. The
implementation and analysis of data structures in the secondary memory are very different
from those in the main memory of the computer. This text is primarily concerned with data

structures in main memory, not secondary memory.
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ersing, (b) sorting and (c) searching.

.‘ 1.5 Give a brief description of (a) trav

. : " actly once
(a) Accessing and processing each record ex y

(b) Arranging the data in some given order

- i or keys
(¢) Finding the location of the record with a given key

) deleting.

1.6 Give a brief description of (a) inserting and (b | ie
ddi ually keeping a particular ordering

(a) Adding a new record to the data structure, us
(b) Removing a particular record from the data structure

— -— P - B : . . to all .. -
1.7 Consider the linear array NAME in Fig. 1.1 1, which 1s sorted alphabetically
(a) Find NAME[2], NAME[4] and NAME[7].

(b) Suppose Davis is to be inserted into the array.

locations. . i " _

(¢) Suppose Gupta is to be deleted from the array. How many names must be moved to

new locations?

How many names must be moved to new

(a) Here NAMEJ[K] is the kth name in the list. Hence,
NAMEJ2] = Clark, NAME[4] = Gupta, NAME[7] = Pace

(b) Since Davis will be assigned to NAME[3], the names Evans through Smith must be
moved. Hence six names are moved.

(¢) The names Jones through Smith must be moved up the array. Hence four names must be
moved.

NAME
1 Adam
Clark

E———
Evans
_______—‘——

Gupta
__-__"'_'—-—4
Jones
E—
Lane
]
Pace
—_—-_____'-‘--l
Smith
—__‘_‘_'_'———

Fig. 1.11

1.8 Consider the linear array NAME in Fi
figure determine a linear ordering of tp,
first name in the list, and LIN

with O denoting the end of the

@ N OO o AW N

& L12. The Values of FIRg . ther
€ Dameg T and LINKI[K] in 8¢
KIK] gives the ias follows, FIRST_gives the location of the |

i . Ocatio
list. Flnd the lmear n r(l):lgthef ]:hanle followi ng N AME[K]' |
O the names, b
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1.9

- FIRST NAME LINK
5 1 | Rogers 7 -

2 | Clark 8

3

4 | Hansen 10

5 | Brooks 2

6 | Pitt i

7 | Walker 0

8 | Fisher 4

10 | Leary 6

Fig. 1.12

The ordering is obtained as follows:
FIRST = 5, so the first name in the list is NAME[S]. which is Brooks.
LINK[5] = 2, so the next name is NAME[2]. which is Clark.
LINK][2] = 8, so the next name is NAME[&]. which is Fisher.
LINK[8] = 4. so the next name is NAME[4]. which is Hansen.
LINK][4] = 10, so the next name is NAME[10], which is Leary.
LINK[10] = 6, so the next name is NAME[6]. which is Pitt.,
LINK[6] = 1, so the next name is NAME[ 1], which 15 Rogers.
LINK[1] = 7. so the next name is NAME(7], which is Walker.
LINK[7] = 0. which indicates the end of the list.
Thus the linear ordering of the names is Brooks, Clark, Fisher, Hansen, Leary, Pitt,
Rogers, Walker. Note that this is the alphabetical ordering of the names. -

Consider the algebraic expression (7x + y)(5a - b)’. (a) Draw the corresponding tree
diagram as in Example 1.5. (b) Find the scope of the exponential operation. (The scope of
a node v in a tree is the subtree consisting of v and the nodes following v.)

(a) Use a vertical arrow (T) for exponentiation and an asterisk (*) for multiplication to
obtain the tree in Fig. 1.13.

’/+\y
7/ .\\k
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(b) The scope of the exponentiation Op

1.10 The following is a tree structure given by me

.on T is the subtree circled in the diagram |,
eratio !

3
corresponds to the expression (5a = &)™ . ‘
ans of level numbers as dlsc_msed in Example

1.4; | |
I 3 Overtime 02 R
01 Employee 02 Name 02 Number 02 Hours 03 Regular 03 Ov i

Draw the corresponding tree diagram.

is successor of th
The tree diagram appears in Fig. 1.14. Here each node VIS the succe € node

which precedes v and has a lower level number than V.

1.11

1.12

Employee

NaAer Hours Rate
Regular Overtime
Fig. 1.14

Discuss whether a stack or a queue is the appropriate structure for determining the order
in which elements are processed in each of the following situations

(a) Batch computer programs are submitted to the computer center
(b) Program A calls subprogram B, which calls subprogram C and; SO on
(c) Employees have a contract which calls for a seniority syste;m for hirir;g and firing

(a) Queue. Excluding priority cases, pro

(b) Stack. The last subprogram is executed first. :

ities of orjg; :
8in and destinatjop, respectively, of th

Iresponding dire
ers represeﬁt df;r.etlzlted graph of the data. (The graph i$
'E1s from one city to another but not

flight NUMBERI[K]. Draw the ¢q
directed because the flight numb
returning.)

The nodes of the graph are the f;

. . five Cit
is a flight from A to B, and |4 1€5. Draw ap, i . _
appéars in Fig. 1,16, el the arroy v oW from city A 1o city B if there
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CITY NUMBER ORIG DEST
1 | Atlanta 1 701 2 3
oa, _
2_ Boston 2 702 3 2
3 | Chicago 3 705 5 3
"-_—'————_.___
4 Miami 4 708 3 4
5 | Philadelphia 5 711 2 5
(a) 6 712 5 2
7 713 5 1
8 715 1 4
9 717 5 4
10 718 4 5
(b)
Fig. 1.15
701 e Boston

705

Philadelphia

® Miami

Fig. 1.16

1 13 Bncﬂy descnbe thé notions of (a) the complexity of an algorithm and (b) the 'Spacc-.»timé'
tradeoff of algorithms.

(a) The complexity of an algorithm is a functi’('m fln) which measures the time and/or
space used by an algorithm in terms of the input size n. o '

(b) The space-time tradeoff refers to a choice between algorllthm'lc solutions of a data
processing problem that allows one to decrease the running time of an algorithmic
solution by increasing the space to store the data and vice versa.
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* 1.14 Suppose a data set S contains n elemen S. scarch algorithm with the running time
L Tl Df the hncal' 1000 and (ii) n= 10 000.

Sis stored as @ linked list.

_(a) Compare the running time N
e of tlfe binary search algorithm when (.;')v::hén
L * (b) Discuss searching for 2 s Coniet vy linear search algorithm is f(n) = ui'i
" (a) Recall (Se(,_'IS) that the expected running of t:e” ! o ongingly, (i) for n = 1000, 7.«
and that the binary search algorithm is fln) = |0c20 Ob T = 5000 but T _ log, 10 00(; :
500 but T, = log, 1000 = 10; and (ii) for 1= 10 T 2 > N

14.
(h) The binary search algorithm assumes
the set S. But one cannot directly access
may have to use a linear search algorithm

that one can directly access the middle element j
the middle element in a linked list. Hence op
when S is stored as a linked list. :

118 'C“onsider' 'thc data in Fig. 1.15, which gives the differe'ﬁt-ﬂ_ights of .an z:;lrlufxcl.l Di:qcu.gs
different ways of storing the data so as to decrease the time in executing the following: -

" (a) Find the origin and destination of a flight, given the flight number. o
(b) Given city A and city B, find whether there is a flight from A to B, and if there is,
find its flight number. ]
(a) Store the data of Fig. 1.15(b) in arrays ORIG and DEST where the subscript is the flight
number, as pictured in Fig. 1.17(a).
(b) Store the data of Fig. 1.15(b) in a two-dimensional array FLIGHT where FLIGHT(J, K|

contains the flight number of the flight from CITY[J] to CITY[K], or contains 0 when
there is no such flight, as pictured in Fig. 1.17(h).

ORIG DEST FLIGHT

— ! 2 3 4 5
00 2 1 3 v 0 | o 1
e __*I..m,_._: | ool o 715 0
! | 2 | 2 0 o | 701 | . -
703 o | o0 T 3 | i - < AL
f i 702 0 7
704 ' — o8 0
el ©° | 4 \-T i
706 s | 3 | 2 0 0 | 718
| 5| 713 | 715 |
706 0 | o 4 2 L 72 | 7os

- b ] ENS 717 0 J
: . (b)
715 1 _ .

4
716 0 o |
717 5 a
718 4 5

(a)

Fig. 1.1y
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1.16 Suppose an airline serves n cities with s flights. Discuss drawbacks to the data
representations used in Fig. 1.17(a) and Fig. 1.17(b).

(a) Suppose the flight numbers are spaced very far apart; i.e. suppose the ratio of the
number s of flights to the number of memory locations is very small, e.g. approximately
0.05. Then the extra storage space may not be worth the expense.

(b) Suppose the ratio of the number s of flights to the number » of memory locations in the
array FLIGHT is very small, i.e. that the array FLIGHT is one that contains a large
number of zeros (such an array is called a sparse matrix). Then the extra storage space
may not be worth the expense.




Chapter Two

Preliminaries

2.1 INTRODUCTION

The development of algorithms for the creation and processing of data structures is a major feature
of this text. This chapter describes, by means of simple examples, the format that will be used to
present our algorithms. The format we have selected is similar to the format used by Knuth in his
well-known text Fundamental Algorithms. Although our format is language-free, the algorithms
will be sufficiently well structured and detailed that they can be easily translated into some pro-
gramming language such as Pascal, FORTRAN, PL/1 or BASIC. In fact, some of our algorithms
will be translated into such languages in the problems sections.

Algorithms may be quite complex. The computer programs implementing the more complex
algorithms can be more casily understood if these programs are organized into hierarchies of
modules similar to the one in Fig. 2.1. In such an organization, each program contains first a main
module, which gives a general description of the algorithm; this main module refers to certain
submodules, which contain more detailed information than the main module; each of the submodules
may refer to more detailed submodules; and so on. The organization of a program into such a
hierarchy of modules normally requires the use of certain basic flow patterns and logical structures
which are usually associated with the notion of structured programming. These flow patterns and
logical structures will be reviewed in this chapter.

The chapter begins with a brief outline and discussion of various mathematical functions which
occur in the study of algorithms and in computer science in general, and the chapter ends with a
discussion of the different kinds of variables that can appear in our algorithms and programs.

The notion of the complexity of an algorithm is also covered in this chapter. This important
measurement of algorithms gives us a tool to compare different algorithmic solutions to a particular
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Fig. 2.1 A Hierarchy of Modules

problem such as searching or sorting. The concept of an algorithm and its complexity is fundameny
not only to data structures but also to almost all areas of computer science.

2.2 MATHEMATICAL NOTATION AND FUNCTIONS

Floor and Ceiling Functions

Let x be any real number. Then x lies between two i - |
Specifically, "o Integers called the floor and the ceiling o y

If x is itself an integer, then [.x] = [ 1], Otherwise || 4 | [x]
= X .

Examplé 2.1
L3.1‘-’|_]=-3’ LJEJ=2

r314-| = 4' r\/g] -3

[-8.57 .
%-h

l-8.5] = g
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Remainder Function; Modular Arithmetic

Let k be any integer and let M be a positive integer. Then
k (mod M)

(read k moatulo M) will denote the integer remainder when & is divided by M. More exactly,
k (mod M) is the unique integer r such that

k=Mg+r where O0<r<M
When & is positive, simply divide k by M to obtain the remainder . Thus
25(mod 7) =4,  25(mod 5)=0, 35 (mod 11)=2, 3 (mod 8) =3

Problem 2.2(b) shows a method to obtain k (mod M) when k is negative.

The term “mod” is also used for the mathematical congruence relation, which is denoted and
defined as follows:

a=op (mod M) if and only if M divides b - a

M is called the modulus, and a = b (mod M) is read “a is congruent to b modulo M.” The following
aspects of the congruence relation are frequently useful:

0=M(mod M) and a+ M =a(mod M) | ’

Arithmetic modulo M refers to the arithmetic operations of addition, multiplication and subtrac-
tion where the arithmetic value is replaced by its equivalent value in the set

0, 1,2, ... M- 1}

or in the set
{L: 2: 3, ..z M) ,
For example, in arithmetic modulo 12, sometimes called “clock” arithmetic,
6+9=3, 7x5=11, 1-5=8, 2+10=0=12

(The use of 0 or M depends on the application.)
Integer and Absolute Value Functions

Let x be any real number. The integer value of x, written INT(x), converts x into an integer by
deleting (truncating) the fractional part of the number. Thus

INT(3.14) = 3, INT(V5) =2, INT(-8.5)=-8, INT(7)=7

Observe that INT(x) = Lx] or INT(x) = [ x] according to whether x is positive or negative.

The absolute value of the real number x, written ABS(x) or |x|, is defined as the greater of x ur
-x. Hence ABS(0) = 0. and, for x # 0. ABS(x) = x or ABS(x) = —x, depending on whether 1 is
positive or negative. Thus .

151 =15, 171=7. 1-3.331=3.33, 14441 =444, 1-0.075| = 0.075

We note that Ix| = [-x| and, for x # 0. lx| is positive.
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Summation Symbol; Sums :

gma). Consider a sequence apq
Here we introduce the summation § -‘
3. .... Then the sums

ymbol Z (the Grecek letter si

o+ d
’ 1 + n
al + {:2 + e 4 a” dnd (J,m + cili‘ + 1

will be denoted, respectively, by

2 a; and 2 4
j=1 Jj=m
The letter j in the above expressions is called a dummy index of dummy variable. Other letten)
frequently used as dummy variables are i, k, s and 1.

Example 2.2

n-n

n
Y. ab;=a,b, + ab, + -+ a b
1=1

5
ZJ'2=22+32+42+52=4+9+16+25==54

Jj=2

n
_Zj"1+2+---+n :
J=1

s es—

hL Iahl sum il'l E ¢ p] . i“ ¢ pp ar ver I e A" ‘I' S
I . ue n(n 1)/2. hat i ]

1 +24+34 S Y ﬂ(n'+1)

————

Thus. for example, 2

L+2+ 4502 206D

] . S 12
Factorial Function 2 &
The product of the positive int
That is, EBEIS from 1 10 4, inclucics -
; usive, ig denot d )
n'=1. €d by n! (read “n factorial *

: . b= .
It is also convenient to define 01 = | 2:3 fn =

2)(n ~ 1y,
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Example 2.3
(a) 20 = 1.2=2; 3'=1.2.3=6; 4' = 1.2-3-4 =24

(b) For n>1, we have n! = n-(n - 1)! Hence :
5! = 5.4! = 5.24 = 120; 6! =6-5! =6-120 = 720

T o e A D R 8 e

Permutations

A permutation of a set of n elements is an arrangement of the elements in a given order. For
example, the permutations of the set consisting of the elements a, b, ¢ are as follows:

abc, ach, bac, bca, cab, cbha

One can prove: There are n! permutations of a set of n elements. Accordingly, there are 4! = 24
permutations of a set with 4 elements, 5! = 120 permutations of a set with 5 elements, and so on.

Exponents and Logarithms

Recall the following definitions for integer exponents (where m is a positive integer):

a"=a-a--a(mtimes), a®=1, a"= —
am

Exponents are extended to include all rational numbers by defining, for any tational number m/n,

-

For example,

24=16, 2%=-L-L s _52_25
g% 16
. In fact, exponents are extended to include all real numbers by defining, for any real number x,

a* = lim a" where r is a rational number
r—=x

Accordingly, the exponential function f(x) = a” is defined for all real numbers.
Logarithms are related to exponents as follows. Let b be a positive number. The logarithm of

any positive number x to the base b, written

| log, x

represents the exponent to which b must be raised to obtain x. That is,
y=log,x and b =x

are equivalent statements. Accordingly,

log, 8 =3 since 2°=8;  log 100 =2 since 102 = 100
log, 64 = 6 since 26 = 64; log,, 0.001 = -3 since 10~2 = 0.001
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Furthermore, for any base b, _ 01
log, 1=0 since ? L
log, b= 1 since b = o of

arithm OFL % 7

The logarithm of a negative number and the logri[hmic functions

One may also view the exponential and loga

= logb X
=5 and g
. y. the graphs of thes

0 are not dcﬁned.

e two functions are related, (See |

as inverse functions of each other. Accordingl

Solved Problem 2.5.) .
Frequently, logarithms are expressed using

calculators, one obtains

log,o 300 = 24771 and log, 40 = 3.6889

as approximate answers. (Here ¢ = 2.718281 ---.) _ .
L%I;arithms to the base 10 (called common logarithms), logarithms to the base e (called naiypy

logarithms) and logarithms to the base 2 (called binary logar ithms) are of special lmpommi
Some texts write:

For example, using tableg ,,|
i

|

approximate values.

In x instead of log, x
lg x or Log x instead of log, x

This text on data structures is mainly concerned with binary logarithms. Accordingly,

The term log x shall mean log, x unless otherwise specified.

Frequently, we will require only the floor or the ceiling of a binary logarithm. This can k
obtained by looking at the powers of 2. For example,

Llog; 100J= 6 since 26 = g4 2" =128
[log, 10001=9 since 28
2 =512 and 29 -
and so on. o

2.3 ALGORITHMIC NOTATION

An algorithm, intuitively speaking, is
solving a particular problem. The form
Turing machine or its equivalent_ js

a finite gte

- Step-by-step | ' :
al definition o a Bt of well-defined instructions
section describes the format that s

. N algorj
very SOPhISIICated an gorith

y ol
used d lies b M, which uses the notion Oi:_
5€ . & 3
notation is best described by meap of e:)aprefent algorithmg thrsyo;:d the scope of this tcxl_-th .
mples, Ughout the text. This algor
Example 2.4
An array DATA of Numerical y
a G
and the value MAX of the lar é:tes 1S in Memg

DATA, one way to solye elerf"v"-nt of DrzT y want tg g

the Problem ;g as foli. " Given no nd ttje lo¢ation LOC
Ows; & information about
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Initially begin with LOC = 1 and MAX = DATA[1]. Then compare MAX with each
successive element DATA[K] of DATA. If DATA[K] exceeds MAX, then update LOC and
MAX so that LOC = K and MAX = DATA[K]. The final values appearing in LOC and MAX
give the location and value of the largest element of DATA.

A formal presentation of this algorithm, whose flow chart appears in Fig. 2.2, follows.

Algorithm 2.1: (Largest Element in Array) A nonempty array DATA with N numeri-
cal values is given. This algorithm finds the location LOC and the
value MAX of the largest element of DATA. The variable K is used
as a counter, ;
Step 1. [Initialize.] Set K : = 1, LOC : = 1 and MAX : = DATA[1].
Step 2. [Increment counter.] Set K : = K + 1.

Step 3. [Test counter.] If K > N, then:
Write: LOC, MAX, and Exit.

Step 4. [Compare and update.| If MAX < DATA[K], then:
Set LOC : = K and MAX : = DATA[K].

Step 5. [Repeat loop.] Go to Step 2.

( Start |

Y
Ke1
LOC«1
MAX«DATA[1]

B T T

R

-.-/ Write: LOC, MAX7 ,

e gk

——

Is MAX < DATA[K]?

i

LOC«K
MAX«DATA[K]

J

T T e AP A B T S

Fig. 2.2

NS O i F dn :.-_f.:v—w‘.mvxumuj.
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_ pata Strd -
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.thm consists of tW0 parts. The firs; Part j
Igortth” lifies the variables which oceyr ; i
iden hm consists of the list of Steps 1][:!

Q

tation of an @
sen - algorlthn}sthe algorit
ond part 0%

1l use in presenting our alg(,mhml

The format for the formal pre
paragraph which tells the purpose of
algorithm and lists the input data. The s€¢ _
is to be executed. : hat we W1

. ns t

The following summarizes certain copve::;l?lext section.

Some control structures will be covered in t

Identifying Number Algorithm 4.3 refers to the

: ‘ thy
Each algorithm is assigned an identifying number 29 fo'ltlgxsin Soglved Problem 5.3 in Chaptel:n;
algorithm in Chapter 4; Algorithm P5.3 refers to the alg(;:rs in a problem. _
Note that the letter “P” indicates that the algorithm app

Steps, Control, Exit

The steps of the algorithm are executed one after the other, b'egmm“g :mh Step 1; tl‘glests ’gd’cﬂl!f
otherwise. Control may be transferred to Step n of the algorlth-m by the statemen 0 1o Step !
For example, Step 5 transfers control back to Step 2 in Algo.rlthm 2.1. Generally S'peakmg, llhei:
Go to statements may be practically eliminated by using certain control structures discussed in
next section.

If several statements appear in the same step, e.g.,

Set K :=1, LOC := | and MAX := DATA([1].

then they are executed from left to right. N
The algorithm is completed when the statement

Exit.

is encountered. This statement is similar to the STOP statement used in FORTRAN and in flowcha
Comments -.

Each step may contain a comment in bracke

. ts Which gy
comment will usually appear at the beginnin indicates t

he mai tep. ™
£ Or the end of the gran " P TPOSe Of the ST

. step.
Variable Names

used as counters or subscripts wi]] al
even though lowercase may be yge
mathematical description and analys
Sec. 1.3 of Chapter 1, under “Array

S, as in MA .
X and DATA, Single-letter names of yariah?

S0 be— ca i[a] 5
d for these S;?sg lvna t_hg; 1algorithms (K and N, for exan?’
i fa )

. (Recall the discugg; - and n) in the accompy
5.”) N of italic and Jowercase symb®

Assignment Statement

Our assignment statements will yge the g
UtS-equ
al not

] ati()]'l = - ITII"#
Max < DATA() *hat is used in pascal. For &
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assigns the value in DATA[1] to MAX. Some texts use the backward arrow « or the equal sign =
for this operation.

Input and Output

?ata may be input and assigned to variables by means of a Read statement with the following
orm:

Read: Variables names.

Sirr}ilarly, messages, placed in quotation marks, and data in variables may be output by means of a
‘Write or Print statement with the following form:

Write: Messages and/or variable names.

Procedures

The term “procedure” will be used for an independent algorithmic module which solves a particular
problem. The use of the word “procedure” or “module” rather than “algorithm” for a given
problem is simply a matter of taste. Generally speaking, the word “algorithm” will be reserved for
the solution of general problems. The term “procedure” will also be used to describe a certain type
of subalgorithm which is discussed in Sec. 2.6.

2.4 CONTROL STRUCTURES

Algorithms and their equivalent computer programs are more easily understood if they mainly use
self-contained modules and three types of logic, or flow of control, called

(1) Sequence logic, or sequential flow

(2) Selection logic, or conditional flow

(3) Iteration logic, or repetitive flow
These three types of logic are discussed below, and in each case we show the equivalent
flowchart.

Sequence Logic (Sequential Flow)

Sequence logic has already been discussed. Unless instructions are given to the contrary, the
modules are executed in the obvious sequence. The sequence may be presented explicitly, by
means of numbered steps, or implicitly, by the order in which the modules .are written. (See Fig.
2.3.) Most processing, even of complex problems, will generally follow this elementary flow
pattern.

Selection Logic (Conditional Flow)

Selection logic employs a number of conditions whic’ lead to a selection of one out of several




alternative modules. The structures which implement this 1(:1
If structures. For clarity, we will frequently indicate the end O

or some equivalent.

Algorithm

Flo

;u!odule A

Module B

Module C

(End of If

\r

Module A

Module B

A

3

Module C

%

Fig. 2.3 Sequence Logic
gic are called conditional structures o

structure. ]

pata Stmctures

qui\-'ﬂwﬂt

f such a structure by the statement

~ These conditional structures fall into three types, which are discussed separately.

(1) Single Alternative. This structure has the form

The logic of this structure is pictured in Fig, 2.4(a). If the condition
may consist of one or more statements, is executed;

If condition, then:

[Module A]

[End of If structure.]

transfers to the next step of the algorithm.

l

Condition?

Module A

(a) Single alternative.

Y

+—_-'-‘__—___‘—-——‘

Fig.

l

Condition?

2.4

(b ‘
) Double alternative

holds, then Module A, which |
otherwise Module A is skipped and control



The logic of this structure allows only one of the modules to be executed. Sy :cifically, either the
module which follows the first condition which holds is executed, or the mocule which follows the

Preliminaries

2.1

(2) Double Alternative. This structure has the form

If condition, then:
[Module A}
Else:
[Module B]
[End of If structure.]
The loglc of this structure is pictured in Fig. 2.4(b). As indicated by the flow chart, if the
condition holds, then Module A is executed; otherwise Module B is executed.

(3) Multiple Alternatives. This structure has the form

If condition(l), then:
[Module A|]

Else if condition(2), then:
[Module A,]

Else if condition(M), then:
[Module Ayl
Else:

[Module B]
[End of If structure.]

final Else statement is executed. In practice, there will rarely be more than three alternatives.

.i.

e e ]

A R G ST R T LT R I A S

Example 2.5

The solutions of the quadra:cic equation
ax‘ + bx+c=0
where a # 0, are given by the quadratic formula

-bt ,)bz — 4ac

2a

X =

The quantity D = b - 4ac is called the discriminant of the equation. If D is negative,
then there are no real solutions. If D = 0, then there is only one (double) real
solution, x = - b/2a. If D is positive, the formula gives the two distinct real
solutions. The following algorithm finds the solutions of a quadratic equation.

Algorithm 2.2: (Quadratic Equation) This algorithm inputs the coefficients A, B, C
of a quadratic equation and outputs the real solutions, if any.

Step 1. ' Read: A, B, C.,
Step 2. Set D: = B? - 4AC.
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Step 3. If D > 0, then:
p (a) Set X1 := (-B + JD)/2A and

X2 := (-—B = \/E )/ZA'

Else: '
Write: ‘NO REAL SOLUTIONS

[End of If structure.)
Step 4. Exit.

ar—— "
e —————————— ——

— e

; e orithm 2, ;
Remark: Observe that there are three mutually exclusive condlltlon_s in Ste;;n ."; Ogﬁiaum thstl:l;t |
depend on whether D is positive, zero or negative. In such a situation, we may Y ¢
different cases as follows:
Step 3. (1) If D> 0, then:

---------
.........

This is similar to the use of the CASE statement in Pascal.
Iteration Logic (Repetitive Flow)

The third kind of logic refers to either of two types of structures involving loops. Each type begins |

with a Repeat statement and is followed by a module, called the body of the loop. For clarity, W¢ |
will indicate the end of the structure by the statement "‘

[End of loop.]

or some equivalent.
Each type of loop structure is discussed separately.

The repeat-for loop uses an index variable, such a .
have the form: s K, to control the loop. The loop will usually 5,

Repeat for K = R to _ |
[Module] Sby T: |

The logic of this structure is pictured in Fj ) ' | |

value or test value, and T the increment, Ogbsenf (a)k-] Here R Called the initial value, S the ol

K = R, theu with K=R + T, then with K = R + at the body of the 1o 1 |

flow chart assumes that the increment T is pogitiv,.. and 50 on, The ¢

then the cycling ends when K < §.

op is executed fitst W
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K«R
Yes — < Condition? -
No
Module Module
(body of loop) (body of loop)

Y

KeK+T

l l

(a) Repeat-While structure.

(a) Repeat-For structure.

Fig. 2.5

The repeat-while loop uses a condition to control the loop. The loop will usually have the form
Repeat while condition:
[Module]

[End of loop.]
The logic of this structure is pictured in Fig. 2.5(b). Observe that the cycling continues until the

condition is false. We emphasize that there must be a statement before the structure that initializes
the condition controlling the loop, and in order that the looping may eventually cease, there must

be a statement in the body of the loop that changes the condition.

Example 2, 6

A[gonthm 2.1 is rewritten using a repeat-while loop rather than a Go to statement:

" Algorithm 2.3: (Largest Element in Array) Given a nonempty array DATA with N
numerical values, this algorithm finds the location LOC and the

value MAX of the largest element of DATA.

1. [Initialize.] Set K := 1, LOC := 1 and MAX := DATA[1].
2. Repeat Steps 3 and 4 white K < N;
3. If MAX < DATA[K], then: :

Set LOC := K and MAX := DATA[K].

[End of If structure.]
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4. SetK:=K+1.
[End of Step 2 loop.]

5. Write: LOC, MAX.

6. Exit.

. . = = . A R vy
vy e TS e Sy
e

— L R S T R

’ ly we will omit the

Algorithm 2.3 indicates some other properties of our a]gomhm;egf; a'lI‘l{e repeat statement“r’::ard

“Step.” We will try to use repeat structures instead of Go to Sta};,; “En'd o Too® slatement may

explicitly indicate the steps that form the body of the loop. The tained in our logic Structurey

-explicitly indicate the step where the loop begins. The modules co}r: wal format in strasq, §

will normally be indented. for easier reading. This conforms to the us red

rogramming. : ,

P f%na;fmotl:cf new notation or convention either will be self-explanatory or will be explained whey

it occurs.

2.5 COMPLEXITY OF ALGORITHMS |'

The analysis of algorithms is a major task in computer science. In order to compare algorithms, we |

must have some criteria to measure the efficiency of our algorithms. This section discusses this

imporiant topic. 1'
Suppose M is an algorithm, and suppose n is the size of the input data. The time and space used |

by the algorithm M are the two main measures for the efficienc

; ! time for the ke i ceis |
measured by counting the maximum of memory needed b > pcuations. The sph

The complexity of an algorithm M is the function An) whi . .'
. : 1ch : : of
storage space requirement of the ‘algorithm In terms of the size n ofgtll:’: Sint[?l?t :ll::: ll;gregait?;d‘lle

storage space required by an algorithm is simply a multjp] . ;
_ otherwise stated or implied, the term “com y” shall I:'eefe?-ft;he data size n, Accordingly, unles|

plexit th ) . s |
The following example illustrates that the fy < unning time of the algorith™

. Nction . _ :
algorithm, depends not only on the size n of the inpuyt d};tt’;)il’l,:hl;:h glves the running time of |
; also on the particular data.

Example 2.7 1

Suppose we are given an English short stor
fvhcfﬁfg?hfﬂhf;: :: ?sﬁlrit locc:: rence of a givey 3 lette

, 1kely that w : i ' word .
small. On the other hand, if W ig e 3.1, "<2" the beginn:' . = 1 W is the 3-Letter

is , .
TEXT at al, 50 f(n) will ba g, the 3-lette, WOrd “z0 thgnot.lTEXT' S0 f(n) will be

i

vy TE
XT, and SUppose we want to search |

May not appear in
M—-M_h’m—_‘ /

i
{

S S
paa

i S

!
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The above discussion leads us to the question of finding the complexity function f{n) for certain
cases. The two cases one usually investigates in complexity theory are as follows:

(1) Worst case: the maximum value of f(n) for any possible input

2) ‘Average case: the expected value of f(n)
~Sometimes we also consider the minimum possible value of f(n), called the best case.

The analysis of the average case assumes a certain probabilistic distribution for the input data;
one such assumption might be that all possible permutations of an input data set are equally likely.
The average case also uses the following concept in probability theory. Suppose the numbers n,,

3 --es Ty OCCUT with respective probabilities p,, Py, ..., Py Then the expectation or average value
E is given by _ :

| E=np, +np, + - + np,
* These ideas are illustrated in the following example.

Example 2.8 Linear Search

Suppose a linear array DATA contains n elements, and suppose a specific ITEM of
information is given. We want either to find the location LOC of ITEM in the array
DATA, or to send some message, such as LOC = 0, to indicate that ITEM does not
appear in DATA. The linear search algorithm solves this problem by comparing ITEM,
one by one, with each element in DATA. That is, we compare ITEM with DATA[1], then
DATA[2], and so on, until.we find LOC such that ITEM = DATA[LOC]. A formal presen-

- tation of this algorithm follows. :

S Y AL T S TR T BT RS

Algoﬁ‘thm 2.4: (Linear Search) A linear array DATA with N elements and a specific
ITEM of information are given. This algorithm finds the location
LOC of ITEM in the array DATA or sets LOC = 0.

1. [Initialize] Set K := 1 and LOC := 0.
2. Repeat Steps 3 and 4 while LOC = 0 and K < N.
3. If ITEM = DATA[K], then: Set LOC: = K.
4. Set K := K + 1. [Increments counter.]
[End of Step 2 loop.]
5. [Successful?]
If LOC = 0, then:
Write: ITEM is not in the array DATA.

AR R b T e

Else:
Write: LOC is the location of ITEM.

[End of If structure.]
6. Exit. '

INEN——_ e

The complexity of the search algorithm is given by the number C of comparisons between
ITEM and DATA[K]. We seek C(n) for the worst case and the average case.
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element in the array DATA or is noy "
Cre

Worst Case

! . -t
Clearly the worst case occurs when ITEM is the las

okl \
all. In either situation, we have

C(n) =n

Accordingly, C(n) = n is the worst-case complexity of the linear search algorithm,

Average Case

Here we assume that ITEM does appear in DATA, and Ithat it is equally likely to ocey at
position in the array. Accordingly, the number of comparisons can be any of the numbers L2
... n, and each number occurs with probability p = 1/n. Then

C(n) = l-l+2-l+-~+n-—1-
n n n

S +24 )
h

n+l

2

n(n+1)
2

1
n

This agrees with our intuitive feeli '
_ ing that the average num i ;
location of ITEM is approximately ¢ g ber of comparisons needed to find i

| i equal to half the number of elements in the DATA list.
Remark: The complexity of the average case of an al

analyze than that gorithm is usually much more complicated®
the gveragc cas: n?iytl:zz:v aziiaglzsszsrtioreri tl,‘e Pl_‘.obabilistic distribution that one a:;umes for
implied, the complexity of an algorith , redl Situations. Accordingl_y, unless otherwise stated®

log, n, n, n On, such as
The rates of ‘ ' n log, n 2
: growth for thege standarq 2 N, n?, n3 o _
approximate values for certain ard  fyn )

values of Obserye ;}lndlcated in Fig. 2.6, which glche,I i

thmji ) . i
p(f)llr;:lc funCtl()n » grgt the fUnCtlons are listed in the ?r::cﬁ[n:
Nomial fynes: Ws most s] 1 funci®

- ¢ Slow entia .
With thege tions p¢ gro o ly, the expon v

Slandarq £, ti according to the exponent ¢
“HONS is 10 use the functional O

their rates of growth: the logarj
2" grows most rapidly, and the
o compare the function Afn)
defined as follows:

; otal®
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g(n) .
n log n n nlogn n? m 2n
5 3 5 15 25 | 125 | 32
10 4 10 40 100 103 | 103
100 7 100 1700 10¢ | 108 | 10%
1000 10 103 104 106 109 10390

Fig. 2.6 Rate of Growth of Standard Functions

Suppose f(n) and g(:_!) are functions defined on the positive integers with the property that f(n) is
bounded by some multiple of g(n) for almost all n. That is, suppose there exist a positive integer ng
and a positive number M such that, for all n > nj, we have

f(n)l < Mlg(n)l
Then we may write

f(n) = O(g(n))
which is read “f(n) is of order g(n).” For any polynomial P(n) of degree m, we show in Solved
Problem 2.10 that P(n) = O(n"); e.g.,
8n® — '576n% + 832n — 248 = O(n?)

We can also write
f(n) = h(n) + O(g(n)) when f(n) - h(n) = O(g(n))

(This is called the “big O" notation since f(n) = o(g(n)) has an entirely different meaning.)

To indicate the convenience of this notation, we give the complexity of certain well-known
searching and sorting algorithms:

(a) Linear search: O(n)

(b) Binary search: O(log n)

(c) Bubble sort: o(n*

(d) Merge-sort: O(n log n)
These results are discussed in Chapter 9, on sorting and searching.

25 OTHER ASYMPTOTIC NOTATIONS FOR COMPLEXITY OF
ALGORITHMS Q, ©, 0

The “big O” notation defines an upper bound function g(n) for f(n) which represents the time/
space complexity of the algorithm on an input characteristic n. There are other asymptotic nota-
tions such as Q, ©, o which also serve to provide bounds for the function fin).

Omega Notation (Q)

The omega notation is used when the function g(n) defines a lower bound for the function f(n).
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Definition | o )
{' Q(2(n)) ( ead as fof nis omegaof g of n), iff there exists a positive integer ngand a positive
(n) = Q(g(n)) (re |
Jr:umbcr M such that If(n)l 2 Mig(n)l, for all n 2 ny. o). Also, for f) = S0n? + 187 « 6
For f(n) = 18n + 9, f(n) > 18n for all n, hgncc f(n) = L2(n). , ‘
f(n) > 90n? for n 2 0 and therefore fin) = Q(n°). be several such fanctions, bu

For f(n) = Q(g(n)), g(n) is a lower bound function and there may of 83 possiblesich that e
it is appropriate that the function which is almost as large a function _ 5n + 1 leads to both f(n) =
definition of Q is satisfied, is chosen as g(n). Thus for example, f(n) = on + (, since f(n)= Q N
Q(n) and f(n) = Q(1). However, we never consider the latter to 'be corrf;;', Sd e i; - n)
represents the largest possible function of n satisfying the definition OF &y an -

informative.

Theta Notation (©)

The theta notation is used when the function f(n) is bounded both from above and below by the
function g(n).

Definition

J(n) = ©(g(n)) (read as f on n is theta of g of n) iff there exist two positive constants ¢; and c¢,, and
a positive integer ng such that ¢lg(n)l < Ifin)l < ¢,lg(n)l for all n > Hy.

From the definition it implies that the function &(n) is both an upper bound and a lower bound
for the function f(n) for all values of n, n > ny. In other words, f(n) is such that, f(n) = O(g(n)) and
f(n) = Q(g(n)).

For f(n) = 18n + 9, since f(n) > 18n and f(n) £27n for n > 1, we have f(n) = Q(n) and
fin) = O(n) respectively, for n >'1. Hence f(n) = ©(n). Again, 16n* + 30n - 90 = Q(n*) and 7.2" +

30n = ©(2"). '
Little Oh Notation (o)
Definition

f(n) = o(g(n))(read as f of n is little oh of g of n) iff f(n) = 0
For f(n) = 18n +9, h = 2 - ~ 9X8(n)) and f(n) Q(g(n).
‘o we have f(n) = O(n®) but f(n) = Q(n?). Hence f(n) = o(n*~However, f(n)

2.6 SUBALGORITHMS




Preliminaries - 2.19

The main difference between the format of a subalgorithm and that of an algorithm is that the

subalgorithm will usually have a heading of the form

NAME(PAR,, PAR,, ..., PARy)
Here NAME refers to the name of the subalgorithm which is used when the subalgorithm is called,
- and PAR,, PAR,, ..., PARg refer to parameters which are used to transmit data between the
subalgorithm and the calling algorithm. :

Another difference is that the subalgorithm will have a Return statement rather than an Exit
statement; this emphasizes that control is transferred back to the calling program when the execu-
tion of the subalgorithm is completed.

Subalgorithms fall into two basic categories: function subalgorithms and procedure subalgorithms.
The similarities and differences between these two types of subalgorithms will be examined below
by means of examples. One major difference between the subalgorithms is that the function
subalgorithm returns only a single value to the calling algorithm, whereas the procedure subalgorithm
may send back more than one value.

Example 2.9

The following function subalgorithm MEAN finds the average AVE of three numbers A,
- B and C. :

Function 2.5: MEAN(A, B, ()

1. Set AVE := (A + B + ()/3.
i 2. Return(AVE).

» Note that MEAN is the name of the subalgorithm and A, B and C are the param-

i eters. The Return statement includes, in parentheses, the variable AVE, whose value is

returned to the calling program.
The subalgorithm MEAN is invoked by an algorithm in the same way as a function

subprogram is invoked by a calling program. For example, suppose an algorithm
¢ contains the statement
i Set TEST := MEAN(T,, T,, T,)
; where Ty, T, and T; are test scores. The argument values Ty, T, and T, are transferred
‘ to the parameters A, B, C in the subalgorithm, the subalgorithm MEAN is executed,
and then the value of AVE is returned to the program and replaces MEAN(T,, T, Ts) in
i the statement. Hence the average of T;, T, and T, is assigned to TEST.

Example 2.10

The following procedure SWITCH interchanges the values of AAA and BBB.
Procedure 2.6: SWITCH(AAA, BBB) '

1. Set TEMP := AAA, AAA := BBB and BBB := TEMP.
2. Return. : '

R L
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example, the Call stata.
' ed by means of a Call statement. For "
. - e
The procedure 15 INVO
ment H(BEG, AUX)
Call SWITC 3
' X. Specifically, wh
f interchanging the values of BEG gn:U;Uare t';ansferreﬁ to t'::a e
has the net effect of | the argument of BEG an isterred
procedure SWITCH 1s invoked, he procedure 1 executed, which interchanges

tively; t
paramelters )}A:Ain:n?f:é:sapne; ;;:e:the new values of AAA and BBB are transferreq
the values o '

back to BEG and AUX, respectively.

et A — ——
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——

: i easily translated into an equivalent procedyrs |
ge[r:;:;k-ad?orgi ;‘;n::ocr; ;:b:;lg:;]‘;‘;? ;i?c}? eis usec); to return the cgmputed value to the calling
algorithm. For example, Function 2.5 may be translated into a procedure

MEAN(A, B, C, AVE)
where the parameter AVE is assigned the average of A, B, C. Then the statement
Call MEAN(T,, T, and Tj, TEST)

also has the effect of assigning the average of T}, T, and T to TEST. Generally speaking, we wil
use procedures rather than function subalgorithms.

- _4.7 VARIABLES, DATA TYPES

Each variable in any of our al

: n an gorithms or programs has a data type which determines the code tha
1s used for storing its value,

Four such data types follow:

(2) Real (or floating poiny).
A3) Integefr (or fixed point). Here

4) Lo-gical. Here the variﬁble e 0
it, 1 for trye and (
fo ) .
"2y be used f Se, respectively ) S the bytes 1111 1111 and

Or true and fy]
180rithms wil

The data types of variableg j
' $1n our 4 ) .
© Implied by the context ! not be explicitly stated as with comp'

programs but will usually b

I Example 2.11

Suppose a 32-bj
bit memory location X contaj
0110 1109 1100 0117 o f°“°“"'”9 "

quence its:
1101 0110 ce of bits:

0110 1109
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Char. | Zone Numeric | Hex Char. | Zone Numeric| Hex Char. | Zone Numeric | Hex
: S 1110 0010 E2 blank | 0100 0000 40

A 1100 0001 Ct T 0011 E3 1011 4B
B 0010 c2 u 0100 E4 < 1100 4C
C 0011 | C3 Vv 0101 | E5 ( 1101 | 4D
D 0100 C4 w 0110 E6 + 0100 1110 4E
E 0101 Cs X 0111 E7 & 0101 0000 50
F 0110 Ccé Y ¥ 1000 E8 $ 1011 | 5B
G 0111 c7 b4 1110 1001 E9 B 1100 5C
H \ 1000 cs ) 1101 5D
| 1100 1001 co 0 1111 0000 FO ) 0101 1110 5E
J 1101 = 0001 | Df 1 i 0001 F1 — [ 0110 0000 | 60
K 0010 D2 2 |} o010 F2 / 0001 | 61
L 0011 D3 3 (] - 0011 F3 : 1011 68
M 0100 | D4 4 1= " 0100 | F4 % 1100 | 6C
N 0101 D5 5 ) 0101 F5 > Y 1110 6E
0 0110 D6 6 " 0110 F6 2 0t10 1111 6F
P 0111 D7 7 | /0111 F7 : 0111 1010 7A
Q \ 1000 D8 8 v | 1000 F8 # 1011 7B
R 1101 1001 D9 9 1111 1001 F9 @ 1100 7C
= 0111 1110 7E

Fig. 2.7 Part of the EBCDIC Code

There is no way to know the content of the cell unless the data type of X is known.
(a) Suppose X is declared to be of character type and EBCDIC is used. Then the four
characters %G0% are stored in X.
(b) Suppose X is declared to be of some other type, such as integer or real. Then an
integer or real number is stored in X.

e e e — e e S LS . - DRI

r

The organization of a computer program into a main program and variods—subprogr&ns has led to

the notion of local and global variables. Normally, each program m ontaing #§ own list of
variables. called local variables, which can be accessed only by the giv rogrﬁ%ﬂme Iso,

subprogram modules may contain parameters, variables which tra between §subprq'gram
and its calling program. R

ST.

Consider the procedure SWITCH(AAA, BBB) in Example 2.10. The variabies AAA and L
BBB are parameters; they are used to transfer data between the procedure and a |
calling algorithm. On the other hand, the variable TEMP in the procedure is a local '
variable. It “lives” only in the procedure; i.e., its value can be accessed and changed

only during the execution of the procedure. In fact, the name TEMP may be used for

a variable in any other module and the use of the name will not interfere with the
execution of the procedure SWITCH. '
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be convenient to have certain variat}les which ¢ap
dules in a computer program. Variables that cap be
bal variables, and variables that can be accesseq by
ables. Each programming language has its oy,
le, FORTRAN uses a COMMON statement ¢,
to declare global and nonlocal variables,

Language designers realized that it would
accessed by some or even all the program mo
accessed by all program modules are called glo .
some program modules are called nonlocal vari
syntax for declaring such- variables. For examp1
declare global variables, and Pascal uses scope rules \ . .

Accofdingly, there are two basic ways for modules to communicate with each other:

(1) Directly, by means of well-defined parameters
(2) Indirectly, by means of non local and global variables

The indirect change of the value of a variable in one module by another modlule is callled a side
effect. Reacers should be very careful when using nonlocal and global variables, since errorg
caused by side effects may be difficult to detect.

Mathematical Notation and Functions

31 Find (@) 17.5), 175, 118}, LV30 |, L¥30 |, Lx); and () [7.57, [-7.57, [-187, [ V30 ]
T3¥307. T,

(@) By definition, | x] denotes the

greatest integer that does not exceed x, called the floor of
x. Hence,

17.5]=7 [-7.5] = -8 [-18)=-18
V30 ] =5 L1930 | =3 7] =3

(b) By definition, [ x] denotes the least i —
Hence, € least mteger that is not less than %, called the ceiling of x.

[751=38 [-757=—7
[V30]=6 1330 |= 4

3.3 (2) Find 26 (mod 7), 34 (mod 8), 2345
(b) Find -26 (mod 7), -2345 (mod 6),
(c) Using arithmetic modulo 15

[-18] = —18
r7ﬂ =4

(mod 6), 495 (mod 11).
~371 (mod 8), -39 (mod 3).

371 -
~2345 (mod 6) = 6 — 5 = | -39 (é'ﬂﬁdgf )_“08 3=
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(¢) Use a+ M =g (mod M):
9+13=22=22-15=7 7+11=18=18-15=3
4-9=-5=-5+15=10 2-10=-8=-8+15=7

2.3 List all the permutations of the numbers 1, 2, 3, 4.

Note first that there are 4! = 24 such permutations:

1234 1243 1324 1342 1423 1432
2134 2143 2314 2341 2413 2431
3124 3142 3214 3241 3412 3421
4123 4132 4213 4231 4312 4321

Observe that the first row contains the six permutations beginning with 1, the second row
those beginning with 2, and so on.

2.4 Find: (a) 275, 823, 25732 (b) log, 32, log,, 1000, log, (1/16); (c) Llog, 1000, Liog, 0.01].

(@) 275 =1/25=1/32; 823 = (¥8)2 =22 = 4; 252 = 1252 = 1/5% = 1/125.
(b) log, 32 = 5 since 2° = 32; log,, 1000 = 3 since 10° = 1000; log,(1/16) = —4 since 2~ =
1/2* = 1/16.
(¢) L1og,1000] = 9 since 2° = 512 but 2!° = 1024;
- 1og, 0.01] = =7 since 277 = 1/128 < 0.01 < 275 = 1/64.

2.5 Plot the graphs of the exponential function f(x) = 2% the logarithmic function g(x) = log, x
and the linear function h(x) = x on the same coordinate axis. (a) Describe a geometric
property of the graphs f(x) and g(x). (b) For any positive number ¢, how are f(c), g(c) and
h(c) related?

Figure 2.8 pictures the three functions.

Yi
f(x) = g*
h(x) = x

% —— g(X) =logax

—

1 X

Fig. 2.8



(a)
(b)

Data Structures

; are symmetric wij
re inverse functions: they y th fespeq
Since f(x) = 2" and g(x) = log, * @
to the line y = x.
For any positive number ¢, we have.

$(6) <O = o the functions
: i etween the !
In fact, as ¢ increases in value, the vertical distances b

h(c) — g(¢)  and f(c) - (o),

. ; lowly co
. | S tion g(x) grows very s Y Compareg
increase in value. Moreover, the logarithmic fUﬂC-a] function f(x) grows very Quickly

with the linear function A(x), and the exponenti
compared with h(x).

Algorithms, Complexity'

2.6 “Consider Algorithm 2.3, which finds the location LOC and the va']uefMA?( ofc the larngt
element in an array DATA with n elements. Consider the comp_lcmty unction C(n), which
measures the number of times LOC land MAX are upc'ialed in Step 3. (The number of
comparisons is independent of the order of the elements in DATA.)

(a)
(b)
(c)

(a)

(b)

(c)

Describe and find C(n) for the worst case.
Describe and find C(n) for the best case.

Find C(n) for the average case when n = 3, assuming all arrangements of the elements
in DATA are equally likely.

The worst case occurs when the elements of DATA are in increasing order, where each
g)mparlson of MAX with DATA(K] forces LOC and MAX to be updated. In this case,
(n)=n-1,

The best ca._sc occurs when the largest element appears first and so when the éompaﬂson
of: MAX with DATA[K] never forces LOC and MAX to be upd L
this case, C(n) = 0. pdated. Accordingly;in
Let 1, 2 and 3 denote, respectively,
DATA. There are six possible way
spond to the 3! = 6 permutations of 1,
number of times LOC and MAX
p- The six permutations p and p,

:hfhlargest, second largest and smallest elements of

2,3, F PPear in DATA, which cort
’ ef‘l W‘i’: eailh Permutation p, let n, denote th

en t . : B
e COrresp()nding valu:salgonthm is executed with mpu

Permutation p: 123 132 n, follow:

are updat

2
Value of 0 0 13 231 312 321
Assuming all permutations p are o qually e ! 1 2
, cly,

c@)= 2*0+1 Fltleg
(The evaluation of the aver 6 6

age value of
text. One purpose of this .- 0L C(n) fo - i
: proble , I arbitr - L
the complexity of the average c::; ;30::0 Mustrate ¢ ary n lies beyond the scope of th

i - gndif
an algm‘ithm,) iculty that may occur in fin ‘
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2.7 Suppose Module A requires M units of time to be executed, where M is a constant. Find the
complexity C(n) of each algorithm, where 7 is the size of the input data and b is a positiv
integer greater than 1. ‘

(a) Algorithm P2.7A: 1. Repeat for I =1 to N:
| 2. RepeatforJ=1toN:
3. Repeat for K =1 to N:
4, Module A.
[End of Step 3 loop.]
[End of Step 2 loop.]
[End of Step 1 loop.]

S. Exit.

(b) Algorithm P2.7B: 1. Set]:=1.
. Repeat Steps 3 and 4 while ] < N:
3. Module A.
4, Set]J:=B xJ.
[End of Step 2 loop.]
5. Exit.

o

Observe that the algorithms use N for n and B for b.)
(a) Here Cm= %2 X XM
i=lj=lk=1

The number of times M occurs in the sum is equal to the number of triplets (i, j, k),
where i, J, k are integers from 1 to n inclusive. There are n’ such triplets. Hence

C(n) = Mn* = 0(n®)
(b) Observe that the values of the loop index J are the powers of b:
L, b, b b3, b*, ..
Therefore, Module A will be repeated exactly T times, where T is the first exponent such
that

b" > n
Hence, T= Llog,, nl+1
Accordingly, C(n) = MT= O(log,, n)

2.8 (a) Write a procedure FIND(DATA, N, LOC1, LOC2) which finds the location LOC1 of
the largest element and the location LOC2 of the second largest element in an array

DATA with n > 1 elements.
(b) Why not let FIND also find the values of the largest and second largest elements?

(a) The elements of DATA are examined one by one. During the execution of the proce-
dure, FIRST and SECOND will denote, respectively, the values of the largest and



Each new element DATA[K)

oy ined.
second largest elements that have already been exam

is tested as follows. If
| SECOND < FIRST < DATAI[K]

new SECOND element and DATA[K] becomes the new FIRST

then FIRST becomes the .
element. On the other hand, if

SECOND < DATA[K] = FIRST
D element. Initially, set FIRST := DATA[])

ib the new SECON : -
then DATA[K] becomes hether or not they are In the right order. A

and SECOND := DATA[2], and check W
formal presentation of the procedure follows:

Procedure P2.8: FIND(DATA, N, LOCI, LOC2)
L Set FIRST := DATA[1], SECOND := DATA[2], LOC1 := 1,
LOC2 := 2. : -
2. [Are FIRST and SECOND initially correct?]

If FIRST < SECOND, then:
(@) Interchange FIRST and SECOND,
(b) Set LOC1 := 2 and LOC2 := 1.
[End of If structure.]
3. Repeat for K=3 to N:
If FIRST < DATAIK]. then:
(a) Set SECOND := FIRST and FIRST := DATA[K].
(b) Set LOC2 := LOC! and LOC1 := K.
Else if SECOND < DATA[K], then:
Set SECOND := DATA[K] and LOC2 := K.
[End of If structure.]
[End of loop.]
4. Return.

(b) Us;nfc;};igitional parameters FIRST and SECOND would be redundant, since LOC]1
an 2 automatically tell the calling program that D - :
: ) g ¢ ATA[LOCI
are, respectively, the values of the largest and second largest t:lf.-me]netl;1 c:)fD S:?ALOCQ]

2.9 :tg mtf:ger n > 11s called a prime number if its only positive divisors are |
- . . . - 4 b re "
erwise, n 1s called a composite number. For example, the followi and_ ™
numbers less than 20: . owing are the prime
2,3, S, 711, 13,17, 19

If : I .
n>1is .not prime, i.e., if n is composite, then n must have a di
k< Jnor. in other words, £ < n. l
Suppose we want to find all the prime numbers less th

visor k # 1 such that

e an a given number m, such as 30
consists of the following steps. First list the

1,2,3,4,5,6,7.8,9. 10 :
0,498,910, 11, 12, 13, 14
16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27 ’;81579 30
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Cross out 1 and the multiples of 2 from the list as follows:
A.2,3,4,5,6,7,8,9, 16, 11, ¥, 13, M4, 15
¥6, 17, )8, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 36

Since 3 is the first number following 2 that has not been eliminated, cross out the multiples
of 3 from the list as follows:

X, 2,3,4,5,8.7,8,9, 10, 11, V4, 13, 4, 15
]'6’ 171 l’g'_ 193 209 M‘l %; 23, %a 25! 263 M’ %'& 291 30

Since 5 is the first number following 3 that has not been eliminated, cross out the multiples
of 5 from the list as follows:

X,2,3,4,5,.6,7,8.9,10,11, V2,13, 4, 15
J6, 17, 8, 19, 26, A, 22, 23, 24, 25, 26, 21, 28. 29, 30

Now 7 is the first number following 5 that has not been eliminated, but 72 > 30. This means
the algorithm is finished and the numbers left in the list are the primes less than 30:
2,3,5,7.11, 13, 17, 19, 23, 29

Translate the sieve method into an algorithm to find all prime numbers less than a given
number 7.

First define an array A such that

Alll=1, AR21=2, A[3]=3, A4]=4,..,A[N-1]=N-1, A[N]=N
We cross out an integer L from the list by assigning A[L] = 1. The following procedure
CROSSOUT tests whether A[K] = 1, and if not, it sets

A[2K] =1, A[3K]=1, A[4K]=1, ...

That i1s, it eliminates the multiples of K from the list
Procedure P2.9A: CROSSOUT(A, N, K)

1. If A[K] = 1, then: Return.
2. Repeat for L = 2K to N by K:
Set A[L]:= 1.
(End of loop.]
3. Return.

The sieve method can now be simply written:

Algorithm P2.9B: This algorithm prints the prime numbers less than N.

1. [Initialize array A.] Repeat for K = 1 to N:
Set A[K] := K. '
2. [Eliminate multiples of K.] Repeat for K = 2 to /N .
Call CROSSOUT(A; N, K).
3. [Print the primes.] Repeat for K = 2 to N:
If A[K] # 1, then: Write: A[K].
4. Exit.
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2.10

2.11

S .P( ) ram+ant+ ot a,n™; that is, suppose degree P(n) =m. Prove (hy
uppose r(n) = 4y 1 2 !
P(n) = O(n™).

' > 1,
Let by = lagl, b, = layl, ..., b, = lay. Then, for @ =%

—@LJ{' b] +"‘+bm]nm

P(H) Sb0+bln+b?_n2+ "'+bmnm= [ m m-1

n n

< (by + by + -+ + by)n" = Mn"

where M = lagl + la,| + -- + la,|. Hence P(n) = O(n"). 5
For example, 5x° + 3x = O(x’) and X — 4 000 000x* = O(X).

Suppose that T,(n) and T,(n) are the time complexities of two program fragments P and |

. P, where T(n) = O(f(n)) and Ty(n) = O(g(n)), what is the time complexity of program |

2.12

fragment P, follewed by P,?

The time complexity of program fragment P, followed by P, is given by T,(n) + Tyn).
To obtain T,(n) + T,(n), we have '
T,(n) < c-f(n) for some positive number ¢ and positive integer n,, such that n 2 n, and
T,(n) < d- g(n) for some positive number d and positive integer n,, such that n 2 n,

Let ny = max(n,, ny). Then,

Ty(n) + Ty(n) <c - fin) + d - g(n), for n > n,
(i.e.) Ty(n) + Ty(n) < (¢ + d) max(fn), g(n)) for n > ng

Hence T,(n) + T,(n) = O(max(f(n), g(n))). (This result is referred to as Rule of Sums of 0
notation)

Given: T)(n) = O(f(n)) and T,(n) = O(g(n)). Find T(n)- Ty(n).

T((n) < c-f(n) for some pgsﬁitive number ¢ and positive integer n,, such that n > n, and
Ty(n) < d- g(n) for some positive number 4 and positive integer n, such that n > »n
Hence, T\(n)-Ty(n) < c-fin)-d-g(n) ”

< k-fin)- g(n)

Therefore Ty(n)-Ty(n) = O(f(n)-g(n)) (This result is referred to as

notation) Rule of Products of 0

Variables, Data Types

2.13

Describe briefly the difference between local variables

Local variables are variables which can
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2.14 Suppose NUM denotes the number of records .in a file. Describe the advantages in defin-
ing NUM to be a global variable. Describe the disadvantages in using global variables in
general. ‘

Many of the procedures will process all the records in the file using some type of loop.
Since NUM will be the same for all these procedures, it would be advantageous to have
NUM declared a global variable. Generally speaking, global and nonlocal variables may
lead to errors caused by side effects, which may be difficult to detect.

2.15 Suppose a 32 bit memory location AAA contains the following sequence of bits:
0100 1101 . 1100 0001 1110 1001 0101 1101
Determine the data stored in AAA.

There is no way of knowing the data stored in AAA unless one knows the data type of
AAA. If AAA is a character variable and the EBCDIC code is used for storing data, then
(AZ) is stored in AAA. If AAA is an integer variable, then the integer with the above
binary representation is stored in AAA.

2.16 Mathematically speaking, integers may also be viewed as reai numbers. Give some rea-
sons for having two different data types.

The arithmetic for integers, which are stored using some type of binary representation, is
much simpler than the arithmetic for real numbers, which are stored using some type of
exponential form. Also, certain round-off errors occurring in real arithmetic do not occur in

integer arithmetic.

Mathematical Notation and Functions
2.1 Find (@ [3:4), 1-3.4), 7], 175, LY75], Lel; (b) [3.47,T=3.41,[~77, T757, T Y757, Te.

2.2 (a) Find 48 (mod 5), 48 (mod 7), 1397 (mod 11), 2468 (mod 9).
(b) Find —48 (mod 5), —152 (mod 7), ~358 (mod 11), ~1326 (mod 13).
(¢c) Using arithmetic modulo 13, evaluate

9 + 10, 8+ 12, 3+4 3 -4, 2 -1, 5-8

2.3 Find (a) 13 + 81, 13 — 81, =3 + 81, 1 = 3 = 81; (b) 71, 8!, 141/121, 15Y/16!

2.4 Find (a) 37, 477 27727, (b) log,64, log,, 0.001, log, (1/8); (c) Lig 1 000 000, Lig 0.001]1.
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Algorithms, Complex o )
ider th lexity function C(n) which measures the number of umi.s ‘{JOC is Updyy

2.5 Fonsnd_cr; cfcgllnirithm 2.3. Find C(n) for the ave{age case when n_t}1 S, !dSF:lmmg al

zr:ntzgmen(;s of-%hc given four elements are equally likely. (Compare with Solve Pmblem

2.6.)

2.6 Consider Procedure P2.8, which finds the location LOCI of the !illrgesi‘ ellcrfllem anlCl the '
location LOC2 of the second largest element in an array .DATA \«‘::’II] rf ¥ elements, [ :
C(n) denote the number of comparisons during the execution of the procedure. |
(a) Find C(n) for the best case. |
(b) Find C(n) for the worst case. . o o
(c) Find C(n) for the average case for n = 4, assuming all arrangements of the given

elements in DATA are equally likely.

|
2.7 Repeat Supplementary Problem 2.6, except now let C(n) denote the number of times the 1
values of FIRST and SECOND (or LOC1 and LOC?2) must be updated. !
2.8 Suppose the running time of a Module A is a constant M. Find the order of magnitude of the
complexity function C(n) which measures the execution time of each of the following algo- .
rithms, where n is the size of the input data (denoted by N in the algorithms). |

(a) Procedure P2.22A: 1. Repeat for I = 1 to N: |
i 2, Repeat for J = [ to I: '
. s Repeat for K = 1 to J:
4. Module A.
[End of Step 3 loop.]
[End of Step 2 loop.]

[End of Step 1 loop.]
S. Exit.

(b) Prucgdure P2.22B: 1. SetJ :=N.
2. Repeat Steps 3 and 4 while J > |,
3. Module A. '
q. Set J := /2.

[End of Step 2 loop.]
5. Return. :

I

» Where J and K are Positive integers such that |
K) = 0. (For example, DIV(3, 15) = 1 but |
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2.2

2.3

2.4

2.5

Write a program using DIV(J, K) which reads a positive integer N > 10 and determines
whether or not N is a prime number. (Hint: N is prime if (i) DIV(2, N) = 0 (i.e., N'is odd)
and (ii) DIV(K, N) = 0 for all odd integers K where 1 < K2 <N)

Translate Procedure P2.8 into a computer program; i.e., write a program which finds the
location LOC1 of the largest element and the location LOC2 of the second largest element in
an array DATA with N > 1 elements. Test the program using 70, 30, 25, 80, 60, 50, 30, 75,
25, and 60.

Translate the sieve method for finding prime numbers, described in Solved Problem 2.9, into
a program to find the prime numbers less than N. Test the program using (a) N = 1000 and
() N = 10 000. '

Let C denote the number of times LOC is updated using Algorithm 2.3 to find the largest
element in an array A with N elements.

(a) Write a subprogram COUNT(A, N, C) which finds C. ,
(b) Write a Procedure P2.27 which (i) reads N random numbers between 0 and 1 into an
array A and (ii) uses COUNT(A, N, C) to find the value of C.
(¢c) Write a program which repeats Procedure P2.27 1000 times and finds the average of the
1000 C’s.
(i) Test the program for N = 3 and compare the result with the value obtained in
Solved Problem 2.6.
(if) Test the program for N = 4 and compare the result with the value in Supplementary

Problem 2.5.
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Chapter Three

String Processing

3.1 INTRODUCTION

Historically, computers were first used for processing numerical data. Today, computers are
frequently used for processing nonnumerical data, called character data. This chapter discusses

how such data are stored and processed by the computer.

One of the primary applications of computers today is in the field of word processing. Such
processing usually involves some type of pattern matching, as in checking to sce if a particular
word S appears in a given text T. We discuss this pattern matching problem in detail and, moreover,
present two different pattern matching algorithms. The complexity of thesc algorithms is also

investigated.
Computer terminology usually uses the term “string” for a sequence of characters rather than

the term “word,” since “word” has another meaning in computer science. For this reason, many
texts sometimes use the expression “string processing,” “string manipulation™ or “text editing”

instead of the expression “word processing.”
The material in this chapter is essentially tangential and independent of the rest of the text.

Accordingly, the reader or instructor may choose to omit this chapter on a first reading or cover
this chapter at a later time. '

3.2 BASIC TERMINOLOGY

Each programming language contains a character set that is used to communicate with the computer.
This set usually includes the following:
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WXYZ
ABCDEFGHIJKLMNOPQRSTUV

Alphabet:

Digits: 0123456;8‘9D
) . e s = |

Special characters:  + /*() ank space, frequently denoted by 0, varie,

which includes the bl
' f characters in,
d a string. The number O . g
g he empty string Or the nuj|
le quotation marks. The |

The set of special characters,
somewhat from one language to another.

A finite sequence S of zero or more character
string is called its length. The string with zero.
string. Specific strings will be denoted by eng:lo.sm
quotation marks will also serve as string delimiters. Hence . oo

'THE END' 'TO BE OR NOT TO BE' . |
¢ emphasize that the blank space is a

. : o -
are strings with lengths 7, 18, 0 and 2, respec.uvcly: : ’ _ e
character and hence contributes to the length of the string. Sometimes the quotation marks may be

omitted when the context indicates that the expression is a string. he characte
Let S, and S, be strings. The string consisting of the characters of S, followed by the characters

of S, is called the concatenation of S, and Sy; it will be denoted by S,//S,. For example,
'THE' //' O ' // ' END = 'THE END’

§ 18
characters is called t .
g their characters 1n sing

'THE' // 'END' = 'THEEND' but
Clearly the length of S,//S, is equal to the sum of the lengths of the strings S, and S,. ‘
A string Y is called a substring of a string S if there exist strings X and Z such that .
S = X/YIIZ |
[f X is an empty string, then Y is called an initial substring of S, and if Z is an empty string then Y ‘
is called a terminal substring of S. For example, ‘
'‘BE OR NOT' is a substring of ‘TO BE OR NOT TO BE' |

'THE' is an initial substring of "THE END'
Clearly, if Y is a substring of S, then the length of Y cannot exceed the length of S. ,|
Refr:ark.' Characters are stored in the computer using either a 6-bit, a 7-bit or an 8-bit code. The |
unit equal to the number of bits needed to represent a character is called a byte. However, unless |

otherwise stated or implied, a byte usually means 8 bits. A ¢ '
: ! . . A computer which can indivi '
byte is called a byre-addressable machine. P aceess an individul

3.3 STORING STRINGS
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. Example 3.1

Suppose the input consists of the FORTRAN program in Fig. 3.1. Using a record-
oriented, fixed-length storage medium, the input data will appear in memory as
pictured in Fig. 3.2, where we assume that 200 is the address of the first character of
the program. : _

The main advantages of the above way of storing strings are:

- (1) The ease of accessing data from any given record

(2) The ease of updating data in any given record (as long as the length of the new

C

data does not exceed the record length)

PROGRAM PRINTING TWO INTEGERS IN INCREASING ORDER
READ *, J, K
IF(J.LE.K) THEN

PRINT *, J, K

ELSE |
PRINT *, K, J
ENDIF
STOP
END
Fig. 3.1 Input Data
(S T T T T TeIrlo[clmalw[ Telr] NI I[Ne] [Tlwlol - ]
t t
200 210 220
T T TAERR FLI B R T ]
280 260 3:'30
(TTT1] [ Llel- kD] [FREN TITTT - |
: 3;'0 3ftm
360

IEEIEEERERRGEONLADEREE KT - |
t t t

' 460
440 450

I_H.II|IEINIDLIIIIIIIIIIlilHIH
t t

840 850 860
Fig. 3.2 Records Stored Sequentially in the Computer
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The main disadvantage- are:

(1) Time is wasted reading an entir
inessential blank spaces. )

(2) Certain records may require more space than available. o
f more or fewer characters than the original text,

(3) When the correction consists 0
changing a misspelled word requires the entire record to be changed.
SRR —

—— -,..w—.dw-rﬁqw--"-—'—ﬂm "

ple 3.1. This would require that g
r. this disadvantage can be easily
r array POINT which gives the
d in consecutive locationg
an updating of the array

e record if most of the storage consists of

Remark: Suppose we wanted 10 insert a new record in Exam

succeeding records be moved to new memory locations. Howeve
remedied as indicated in Fig. 3.3. That is, one can use 4 linea
address of each successive record, so that the records need not be store
in memory. Accordingly, inserting a knew record will require only

POINT.

EEEERERECEGR A JPIAL N TINEl [TWol -+ |

N
| *®

S S RCCOCEOAREASCEE NS SN R

:
| N SNRRRBUGUEACCACHN

TREN 1T ]

I
:

(T T T PR LT LR ]
! [l TN A 8 0 N LAY ) I

— (T TTTTTeEMo TTTTTTTTTTTTI L]
Fig. 3.3 Records Stored Using Pointers

Variable-Length Storage with Fixed Maximum

Although strings may be stored in fixed-le
knowing the actual l}ength of eal;hﬁ;ficril IL];:gth memory locations as above, there are advantages!
e oliae e i pecusles O.m Igh Sr gxam])lc, one then does not have 1o n;- ddl}luz—b-.
string operations (discussed in S y. .[' eginning part of the memory locati e
sed in Sec. 3.4) depend on having such variable }l‘e 0‘;;“0“- Also. cer®
¢ >-length strings.

he storage of vari
I'he : variable-length strings i
general ways: P SRS SEE5 SR s |
ed lengths can be done in th

(1) One can use a
mar ; : :
ker, such as two dollar s1gns {$‘£) to si nal t
X S1g he end of the string
e’

(2) One can list th :
e length of the stri
e string—as an additional item in the point I
er array, for examp
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Using the data.in Fig. 3.1, the f;

pictured in Fig. BALE rst method is pictured in Fig. 3.4(a) and the second method is
fl PROGRAM PRINTING TWO INTEGERS IN INCREASING ORDERSS |
1 Read *, J, K$$
2 -—-— -
3| e[ FU.LEK) THENSS |
4 *>—

1»l: PRINT *, J. K$$ |

1—’-END$$ J
(a) Records with sentinels,
— [ C PROGRAM PRINTING TWO INTEGERS IN INCREASING ORDER |
1 58] | READ* J,K ]
218 -—J
3|21 e | IF(J.LE.K) THEN ]
4 —]

24 —___
: : | PRINT* J,K

| _END ]

(b) Record whose lengths are listed.
Fig. 3.4

Remark: One might be tempted to store strings one after another by using some separation marker,
such as the two dollar signs ($$) in Fig. 3.5(a), or by using a pointer array giving the location of
the strings, as in Fig. 3.5(b). These ways of storing strings will obviously save space and are
sometimes used in secondary memory when records are relatively permanent and require little

[ CPROGRAM . .. ORDERS$S READ*,J,K$$ IF(J.LE.K) THENSS ... |
(a)

—

3. K JIFU.LE.K) THEN] ...
———IMROGHAM...OHDERI READ *, J, K | IF(J.LE.K) THEN] ]

N

s NHE

(b)
Fig. 3.5 Records Stored One after Another
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change. However, such methods of storage are usually inefficient when the strings apg they

lengths are frequently being changed. |

Linked Storage |

Computers are being used very frequently today for word processing, 1.€.. for lHPltlt;l;lg. pi:lcfessing
and outputting printed matter. Therefore. the computer must'be al?le to correc modify te|
printed matter, which usually means deleting, changing and inserting worfis. phrases, sentency|
and even paragraphs in the text. However, the fixed-length memory cells dlecussed above do no
easily lend themselves to these operations. Accordingly, for most c'xtenswc word processing
applications, strings are stored by means of linked lists. Such linked lists, 'and the way data ar
inserted and deleted in them, are discussed in detail in Chapter 5. Here we simply look at the way
strings appear in these data structures.

By a (one-way) linked list, we mean a linearly ordered sequence of memory cells, called nodes,
where each node contains an item, called a link, which points to the next node in the list (ie,

which contains the address of the next node). Figure 3.6 is a schematic diagram of such a linked
list.

XXX | »

Y

XXX | » H XXX | » > XXX | oe—=| XXX | &—= e o ¢

Fig. 3.6 Linked List

Strings may be stored in linked lists as follows. Each memory cell is assigned one character or
fixed number of characters, and a link contained in the cell gives the address of the cell containing
the next character or group of characters in the string. For example, consider this famous quotation:|

To be or not to be, that is the question.

Figure 3.7(a) shows how the string would appear in memory with one character per node, and,
Fig. 3.7(b) shows how it would appear with four characters per node. '

B[ BB e (T -

(a) One character per node.

7oL Tel—(EL TolR[s+[NO[T] T+ {To Te[—{EL.] Trlot— o
(b) Four characters per node.

Fig. 3.7

3.4 CHARACTER DATA TYPE

This section gives an overview of the way various programming languages handle the characte!

data type. As noted in the preceding chapter (in Sec. 2.7), each data type has its own formula fo
decoding a sequence of bits in memory.
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Constants

Many programming langu:
: guages denote stri , L
double quotation marks. For example string constants by placing the string in either single or

‘'THE END' and 'TO BE OR NOT TO BE'

are string constants of lengths 7 ms W
S s 7 and : . respecti i i '
aracter constants in this vay. 18 characters respectively. Our algorithms will also detine

Variables

fa::il;b};’éggf;“lrﬁiggml]aeni?atie hasi 1tas oxlvn rule§ for t'o_rming character variables. However, such
©xlebie: e TEHn. B Varhblreehutugorles: static, semistatic and dynamic. By a static character
e b b able whose length is df:fmcd before the program is cxc(;utcd and cannot

g ghout thg program. By a semistatic character variable, we mean a variable whose
lenth may vary during the execution of the program as long as the length does not exceed a
ma)'umum value determined by the program before the program is executed. By a dynamic character
variable, we mean a variable whose length can change during the execution of the program. These
three categories correspond, respectively, to the ways the strings are stored in the memory of the
computer as discussed in the preceding section.

Example 3.2

‘(a) Many versions of FORTRAN use static CHARACTER variables. For example, consider
the following FORTRAN program segment:
CHARACTER ST1x10. ST2+14
ST1 = 'THE END’
sT2 = 'TO BE OR NOT TO BE'
The first statement declares ST1 and ST2 to be CHARACTER variables with lengths
10 and 14, respectively. After both assignment statements are executed, ST1 and

ST2 will appear in memory as follows:

st1 [TAIELLEMNO[ [ 1] ST [TTo] [B[E] To[R[ IN[o[T[ [T}

That is, a string is stored left-justified in memory. Either blank spaces are added
on the right of the string, or the string i truncated on the right, depending on
whether the length of the string is less than or exceeds the length of the

memory location. _ ‘
(b) BASIC defines character variables as those variables whose name ends with a

dollar sign. Generally speaking, the variables are semistatic ones whose lengths
cannot exceed a fixed bound. For example, the BASIC program segment

Ag=''THE BEGINNING"'
gs='"'THE END"'

B

m————————
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| e segment 15 executed, the

iables. When th
to be character vana ;
B: B¢ will be 13 and 7, respectwely.

i denote s
uotation marks to
thar riables. For example, the

defines A$ and

lengths of A$ an

Also, BASIC uses do

(c) SNOBOL uses dynamic character va
segment

WORD="'COMPUTER ‘
TEXT="IN THE BEGINNING

' is executed,
defines WORD and TEXT-as character variables. When the‘ Seﬁmf-}r:;tw:v:: e |
the lengths of WORD and TEXT will be 8 and 16, respectively. e |

lengths may change later in the program. -
(d) PL/gl uses both static and semistatic CHARACTER variables. For example, the

PL/1 statement
DECLARE NAME CHARACTER(20).
WORD CHARACTER(15) VARYING:
designates NAME as a static CHARACTER variable of length 20 and designates
WORD as a semistatic CHARACTER variable whose length may vary but may not

exceed 15.
(e) In Pascal, a character variable (abbreviated CHAR) can represent on'y a single

character, and hence a string is represented by a linear array of characters. For
example,
VAR WORD: ARRAY[1..20] OF CHAR

declares WORD to be a string of 20 characters. Furthermore, WORD[1] is the first
character of the string, WORD[2] the second character and so on. In particular,
; . CHAR arrays have fixed lengths and hence are static variables.

L e e ——

tring constants.
SNOBOL program

L}

3.5 STRING OPERATIONS

Although a string may be viewed simply as a sequence or lin
fundamental difference in use between strings and o porin
consecutive elements in a string (such as words,
units unto themselves. Furthermore, the basic uni
not individual characters.

Consider, for example, the string

y of characters, there i

ther types of arra i ’ ; of
ys. Specifically, groups of

phrases and sentences), called subsm’ngf m:y be

ts of a i i
CCess tn a string are usyally these substrings,

'TO BE OR NOT TO BE'

We may view the string as
g as the I8-character sequ
TO, BE, OR, ... have their Own meaning. TR 10, B, B,

e E HOWC ] .
On thE Other hand, COI'lSldCI an ]S-CIemem Iil’lear art .
‘ d
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For the above reason, vari ‘el .
Lsed with other kinds of‘ arrl;oljs rl:stfl.ng operations have been developed which are not normally
o tion shows how these o ys. This section discusses these string-oriented operations. The next
perations are used in word processing. (Unless otherwise stated or

implied, we assume our character-t i
; Al -type variables are d ic ¢ i i
by the context in which the variabl. 35 gsed \ ¢ dynamic and have a variable length determined

Substring

Accessing a substri a of e . '
ciring GF gthe strisntm‘:f flr;Jm a given string requires three pieces of information: (1) the name of the
g itself, (2) the position of the first character of the substring in the given string

and (3) the length of the substrin iti p W
. g or the position of th i i
et g Gilly p ex e last character of the substring. We call this

SUBSTRING(string, initial, length)
to dcgotc the substring of a string S beginning in a position K and having a length L.

Example 3.3

(a) Using the above function we have:

SUBSTRING('TO BE OR NOT TO BE', 4, 7) = 'BE OR N°
SUBSTRING('THE END' , 4, 4) = 'OEND’

(b) Our function SUBSTRING(S, 4, 7) is denoted in some programming languages as

{ follows:

| - PL/1: SUBSTR(S, 4, 7)

'-" FORTRAN 77: S(4: 10)

UCSD Pascal: COPY(S, 4, 7)

{ BASIC: MID$(S, 4, 7) B
Indexing

Indexing, also called pattern matching, refers to finding the position where a string pattern P first

appears in a given string text T. We call this operation INDEX and write

INDEX(text, pattern)

text T, then INDEX is assigned the value 0. The arguments

If the pattern P does not appear in the . .
g constants Or. String variables.

“text” and “pattern” can be either strin
| Example 3.4 |

(a) Suppose T contains the text
'HIS FATHER IS THE PROFESSOR'
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' . 'OTHED' |
e INDEX(T, 'THE), INDEX(T, ‘THEN') and INDEX(T, 'O ) |
have the values 7, 0 and 14, respe.cti\e'ely.t i

(b) The function INDEX(text, pattern) is denote |
languages as follows: i
PL/1: INDEX(text, pattern) |

UCSD Pascal:  POS(pattern, text) L

Observe the reverse order of the arguments in UCSD Pascal. ]

76

d in some of the programming

Concatenation
Let S, and S, be strings. Recall (Sec. 3.2) that the concatenation of S, and S,, which we denote by

Sy/S,, is the string consisting of the characters of S, followed by the characters of S,.

|
Example 3.5

S//S; = MARKTWAIN' but S,//.'01'//S, = 'MARK TWAIN'

, (3) Suppose S, = 'MARK' and S, = 'TWAIN'. Then:

i (b) Concatenation is denoted in some programming languages as follows:
i

|

PL/1: S,11S,

| FORTRAN 77: S,//5,

1 BASIC: S +5,

P SNOBOL: 51 S, (juxtaposition with a blank space between S and S,)
Length

The number of characters in a string is called its length. We will write

LENGTH(string)
for the length of a given string. Thus
LENGTH('COMPUTER) = §

LENGTH('0" = ¢
Some of the programming languages denote t

LENGTH(' Y=0
his function as follows:

PL/1: LENGTH(stri
‘ ng)
BASIC: LEN(string) -
UCSD Pascal: LENGTH(string)
SNOBOL SIZE(string)
FORTRAN and Standard

Pascal, which use fixed- Stri
‘LENGTH functions fe. srings. Homers. . lfength string variables, do not have any built-i"
if one ignores al trailing | ariabl

blanks. Accord; ° May be viewed as having variable length
languages 5o that cordingly, ope could write 5 subprogram LtEg‘,l\‘I/ ?}r;:) in thes
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LENGTH(MARC') = 4
g function TRIM which omits trailing blanks:

‘ TRIM('ERIK') = 'ERIK'
This TRIM function is occasionally used in our algorithms.

3.6 WORD PROCESSING

In fact, SNOBOL has a built-in strin

In earlier (lilm:;;. character data processed by the computer consisted mainly of data items, such as
names and a ’regses..Today the computer also processes printed matter, such as letters, articles
and reports. It is in this latter context that we use the term “word processing.”

Given some printed text, the operations usually associated with word processing are the following:
(a) Replacement. Replacing one string in the text by another.

(b) Insertion. Inserting a string in the middle of the text.
(¢) Deletion. Deleting a string from the text.

The above operations can be executed by using the string operations discussed in the preceding
section. This we show below when we discuss each operation separately. Many of these operations
are built into or can easily be defined in each of the programming languages that we have cited.

Insertion

Suppose in a given text T we want to insert a string S so that S begins in position K. We denote
this operation by

INSERT(text, position, string)

For example,

INSERT ('ABCDEFG/, 3, 'XYZ') = 'ABXYZCDEFG'

INSERT (ABCDEFG!, 6, 'XYZ') = 'ABCDEXYZFG'
This INSERT function can be implemented by using the string operation defined in the previous
section as follows:

INSERT(T, K, S) = SUBSTRING(T, 1, K - 1) //S// SUBSTRING(T, K, LENGTH(T) - K + 1)

This is, the initial substring of T before the position K, which has length K - 1, is concatenated
with the string S, and the result is concatenated with the remaining part of T, which begins in

position K and has length LENGTH(T) - (K — 1) = Length (T) - K + 1. (We are assuming
implicitly that T is a dyamic variable and that the size of T will not become too large.)

Deletion

Suppose in a given text T we want to delete the substring which begins in position K and has
length L. We denote this operation by
DELETE(text, position, length)
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For example, | o
| DELETE( ABCDEFG ', 4, 2) = | AB(,II:G
DELETE( ABCDEFG ', 2, 4) = AFG

We assﬁme that nothing is deleted if position K = 0. Thus |
DELETE(' ABCDEFG ', 0, 2) =" ABCDEFG

The importance of this. “zero case” is seen later. ‘ s . _

The DELETE function can be implemented using the string operations given in the preceding
section as follows;

DELETE(T, K, L) =
SUBSTRING(T. 1, K —.1)//SUBSTRING(T, K + L, LENGTH(T) - K =L + 1)
That is, the initial substring of T before position K is concatenated with the terminal substring of T
beginning in position K + L. The length of the initial substring is K -1, and the length of the
terminal substring is:
LENGTH(T) - (K + L = 1) = LENGTH(T) - K - L + 1

We also assume that DELETE(T, K, L) = T when K = 0.

Now suppose text T and pattern P are given and we want to delete from T the first occurrence of
the pattern P. This can be accomplished by using the above DELETE function as follows:

DELETE(T, INDEX(T, P), LENGTH(P))

That is, in the text T, we first compute INDEX(T, P), the position where P first occurs in T, and
then we compute LENGTH(P), the number of characters in P. Recall that when INDEX(T, P) = 0
(i.e., when P does not occur in T) the text T is not changed.

Example 3.6 |

(a) Suppose T ='ABCDEFG' and P = 'CD'. Then INDEX(T, P) = 3 and LENGTH(P) = 2.
i Hence

DELETE ('ABCDEFG', 3, 2) = 'ABEFG'
(b) Suppose T = 'ABCDEFG' and P = 'DC'. Then INDEX(T, P) = 0 and LENGTH(P) = 2
Hence, by the “zero case,” .

DELETE('ABCDEFG ', 0, 2) = ' ABCDEFG '
as expected.

~TE(T INDEX(T, P) LEN
' » ), GT
until INDEX(T, P) = 0 (i, [H(P))

until P does not apnenr - |
follows. 0¢S not appear in T). An algorithm which accomplishes B
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~ Algorithm 3.1 OAft;"'t TTa“d a pattern P are in memory. This algorithm deletes every occurrence
in T.

1. [Find index of P.] Set K := INDEX(T. P).
2. Repeat while K # 0:

(a) [Delete P from T.)
Set T := DELETE(T, INDEX(T, P), LENGTH(P))
(b) [Update index.] Set K := INDEX(T, P).
{End of loop.]
3. Write : T.
4. Exit.

We emphasize that after each deletion, the length of T decreases and hence the algorithm must
stop. However, the number of times the loop is executed may exceed the number of times P
appears in the original text T, as illustrated in the following example.

| Example 3.7 ]

(a) Suppose Algorithm 3.1 is run with the data
T = XABYABZ, P=AB

Then the loop in the algorithm will be executed twice. During the first
execution, the first occurrence of AB in T is deleted, with the result that
T = XYABZ. During the second execution, the remaining occurrence of AB in T is
deleted, so that T = XYZ. Accordingly, XYZ is the output.

(b) Suppose Algorithm 3.1 is run with the data

T = XAAABBBY, P = AB

Observe that the pattern AB occurs only once in T but the loop in the algorithm
will be executed three times. Specifically, after AB is deleted the first time from
T we have T = XAABBY, and hence AB appears again in T. After AB is deleted a

second time from T, we see that T = XABY and AB still occurs in T. Finally, after
AB is deleted a third time from T, we have T = XY and AB does not appear in T,

and thus INDEX(T, P) = 0. Hence XY is the output.

A e L WHE T S S e P N

The above example shows that when a text T is changed by a deletion, patterns may occur that.
did not appear originally.

Replacement

Suppose in a given text T we want {0 replace the first occurrence of a pattern P by a pattern P,.
We will denote this operation by
REPLACE(text, pattern,, pattern,)
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For example | e |
REPLACE(XABYABZ), AB '. (:3 ) = )ICXCAYBAYBIEBZ
REPLACE(XABYABZ', 'BA', 'C) =

IS hange.
In the second case, the pattern BA does not occur, and hence there 15 n;)oslzlow egd N
We note that this REPLACE function can be expressed as a dcleuonh e ACF fisciloa nif
we use the preceding DELETE and INSERT functions. Specifically, the can
be executed by using the following three steps:

K := INDEX(T, P,)

T := DELETE(T, K, LENGTH(P)))

INSERT(T, K, P,) - |
The first two steps delete P, from T, and the third step inserts P, in the position K from which P,
was deleted.

Suppose a text T and patterns P and Q are in the memory of a computer. Suppose we want to
replace every occurrence of the pattern P in T by the pattern Q. This might be accomplished by
repeatedly applying

REPLACE(T, P, Q)
until INDEX(T, P) = 0 (i.e., until P does not appear in T). An algorithm which does this follows.

Algorithm 3.2: A text T and patterns P and Q are in memory. This algorithm replaces every
occurrence of P in T by Q. :

1. [Find index of P.] Set ¥ := INDEX(T, P).
2. Repeat while K # 0:
(a) [Replace P by Q.] Set T := REPLACE(T, P, Q).
(b) [Update index.] Set K := INDEX(T, P). '
(End of loop.]
3. Write: T.
4. Exit.

Warfzing: ﬁ&lthouglll this algorithm looks very much like Algorithm 3.1, there is no guarante
that this algorithm will terminate. This fact is illustrated in Example 3.8(b). On the other hant

suppose the length of Q is smaller than the length of P. Then the length
. : of T
ment decreases. This guarantees that in this special 8 after each replact

) case where Q is g .
omititenmEasie. . Q is smaller than P the algorith

)

~ Example 3.8

f

(a) Suppose Algorithm 3.2 is run with the data
T=XABYABZ, P=AB, Q=¢
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i (b) Suppose Algorithm 3.2 is run with the data
T=XAY, P=A, Q=AB

T{uen the algo_rithm will never terminate. The reason for this is that P will
always occur in the text T, no matter how many times the loop is executed.
Specifically,

T= XAB;( at the end of the first execution of the loop

T = XAB®Y at the end of the second execution of the loop

-------------------
............................................................

.T - )FAB“Y at the end of the nth execution of the loop
(The infinite loop arises here since P is a substring of Q.)

3.7 PATTERN MATCHING ALGORITHMS

Pattern matching is the problem of deciding whether or not a given string pattern P appears in a
string text T. We assume that the length of P does not exceed the length of T. This section
discusses two pattern matching algorithms. We also discuss the complexity of the algorithms so we
can compare their efficiencies.

Remark: During the discussion of pattern matching algorithms, characters are sometimes denoted
by lowercase letters (a, b, ¢, ...) and exponents may be used to denote repetition; e.g.,

a’b® ab® for aabbbabb and (cd)’ for cdcdcd

In addition, the empty string may be denoted by A, the Greek letter lambda, and the concatenation
of strings X and Y may be denoted by XY or, simply, XY.

First Pattern Matching Algorithm

The first pattern matching algorithm is the obvious one in which we compare a given pattern P
with each of the substrings of T, moving from left to right, until we get a match. In detail, let

Wy = SUBSTRING(T, K, LENGTH(P))

That is, let Wy denote the substring of T having the same length as P and beginning with the Kth
character of T. First we compare P, character by character, with the first substring, W,. If all the
characters are the same, then P = W, and so P appears in T and INDEX(T, P) = 1. On the other
hand, suppose we find that some character of P is not the same as the corresponding character of
W,. Then P # W, and we can immediately move on to the next substring, W,. That is, we next
compare P with W,. If P # W,, then we compare P with W3, and so on. The process stops (a) when
we find a match of P with some substring Wy and so P appears in T and INDEX(T, P) = K, or (b)
when we exhaust all the Wy’'s with no match and hence P does not appear in T. The maximum
value MAX of the subscript K is equal to LENGTH(T) - LENGTH(P) + 1.

Let us assume, as an illustration, that P is a 4-character string and that T is a 20-character string,
and that P and T appear in memory as linear arrays with one character per element. That is,



T= T[l]T[?‘.]T[B] ... T[19]T(20]

g 4-character substrings of T: 1
w,, = TO7ITUSITIINT(20) }

P= P[l]P[Z]P[3]P[4] and
Then P is compared with each of the follow1n

W, = THITRITBITI4]. W) = TRIT3ITHAIT)

17 such substrings of T.

Note that there are MAX=20-4+1= b e string a d T is an S'Charac[g,

i i r-c
A formal presentation of our algorithm, where Pisan
string, is shown in Algorithm 33 | N
Observe that Algorithm 3.3 contains two loops, one inside
through each successive R-character substring

W, = TKIT[K + 1] - T[K + R - 1]

i es ' aracte haracter. If any character
of T. The inner loop compares P with W, character by ¢ o :
“then control transfers to Step 5, which increases K and then lcadsalo the nﬁél‘!’u:ﬁf;;}% E:;(T(;f[;;{"
the R characters of P do match those of some Wy, then P appears in T and K is the O in
T. On the other hand, if the outer loop completes all of its cycles, then F does not appear in and
so INDEX = 0.

. ‘ i

Algorithm 3.3: (Pattern Matching) P and T are strings with lengths R an.d S. res'peclwely, and
are stored as arrays with one character per element. This algorithm finds the
INDEX of P in T.

1. [Initialize.) Set K := 1 and MAX : =S - R + 1.
2. Repeat Steps 3 to 5 while K < MAX:
3. Repeat for L :- | to R: [Tests each character of P.]
If P[L] # T[K + L - 1], then: Go to Step 5.
[End of inner loop.]
4. [Success.] Set INDEX = K, and Exit.
5. Set K:=K + 1.
[End of Step 2 outer loop.]
6. [Failure.] Set INDEX = 0.
7. Exit.

her. The outer loop rup

does not match,

The complexity o_f this pattern matching algorithm is measured by the number C of compariso
between characters in the pattern P and characters of the text T. In order to find C. we let M

iy o wh i b

Q9
C=Nl +N2+ "‘+NL
where L is the position L in T where P first a i
- . \ere © 1rst appears or L = MA i
next example computes C for some specific P and T where LEN}(G¥}? lglois not appear Im T,
20 and so MAX =20 -4 + | = 17. ¢ LENGTHE) = 4 and LENGTH(
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Example 3.9

= it:spopo;; Z:ci?aof}at;ndll = Cf‘d - cd = (cd)™. Clearly P does not occur in T.
' e cles, N, = ; :
match W,, Hence cy ¢ = 1, since the first character of P does not

C=1+1+1+ - +1=17

(b) ?”ptpose P = aaba and T = ababaaba.... Observe that P is a substring of T. In
2ac $E = Ws E["d so Ng = 4. Also, comparing P with W, = abab, we see that N, =
» since the first letters do match; but comparing P with W, = baba, we see that

N = 1, since the first letters do not match. Similarly, N3 = 2 and N, = 1.
Accordingly,

C=2+14+2+1+4=10

(c) Suppose P = gaab and T = aa --- a = a®°. Here P does not appear in T. Also,

every ka = aaaa; hence every N, = 4, since the first three letters of P do match.
Accordingly,

C=4+4+ - +4=17 - 4 =068

In general, when P is an r-character string and T is an s-character string, the data size for the

algorithm is

n=r+s§
The worst case occurs when every character of P except the last matches every substring Wy, as in
Example 3.9(c). In this case, C(n) = r(s —r + 1). For fixed n, we have s = n — r, so that

Cn)=r(n-2r+1)

The maximum value of C(n) occurs when r=(n + 1)/4. (See Problem 3.19.) Accordingly, substituting
this value for r in the formula for C(n) yields

(n+1)°

Cn)y= — = On°)

The complexity of the average case in any actual situation depends on certain probabilities which
are usually unknown. When the characters of P and T are randomly selected from some finite

alphabet, the complexity of the average case is still not easy to analyze, but the complexity of the
average case is still a factor of the worst case. Accordingly, we shall state the following: The

complexity of this pattern matching algorithm is equal to O(n*). In other words, the time required
to cxccu[é this algorithm is proportional to n?. (Compare this result with the one on page 3.20.)

Second Pattern Matching Algorithm

The second pattern matching algorithm uses a table which is derived from a particular pattern P
but is independent of the text T. For definiteness, suppose
P = aaba
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o ~~
[

(ries and how they are used. SUppOse T =T\ ToT3 ... whey,
ble entrl

. : , of T match those of P, j,

T denoles tt'lehmat!:m cf?c:rrtg?'ll?' and suppose the first lw? chd:acters N
" Ther . i orms:

. d(::::;l?lfs -t-hzz:t Then T has one of the following three ™

- (i) T = aab..., (i) T = aad..- (ii) T =

; and find that T3 = b. Then ye
where x is any character different from a or b. Suppr:)*:-)t} gtiv l;f;‘f;; 3 on the other {and, suppose
see if Ty = ich will give a matc -
next read T, to see if Ty =a. which w1

= (L I 1

to see if T4 = b: Layg
N . ce we next read T4 Ly,
characters of the substring W, match those of P. Hen and P # W3, since x

lso know that P # W,

suppose T; = x. Then we know that P # W, but we ; 0 KNOW o see if the first character of W,
does not appear in P. Hence we next read T, to see if Ty = d, 1.€»
matches the first character of P. ’ e, iiesd ol

There are two important points to the above procedure. First, when wlf]: iﬁai ;1;3:3 i e lasy[
compare T with those characters which appear in P. If none of these .matc ; :: N e nex
case, of a character x which does not appear in P. Second, after reading and checking 13,
read T,; we do not have to go back again in the text T. ‘ '

Figure 3.8(a) contains the table that is used in our second pattern matching al_gorlthm for the
pattern P = aaba. (In both the table and the accompanying graph, the pattern P and its substrings Q

will be represented by italic capital letters.) The table is obtained as follows. First of all, we let O,
denote the initial substring of P of length i; hence

Oo=A, Qi=a Qy=a° Qy=db, Q,=a’ba=P _

(Here Q, = A is the empty string.) The rows of the table are labeled by these initial substrings of P,
excluding P itself. The columns of the table are labeled « b and x, where x represents any
character that doesn’t appear in the pattern P. Let f be the function determined by the table; i.e., lel

RO 1D

a b X
00 ot Oo OU
O" Q? OO Qo
02 oz QS 00
Q; P Qo QOI

(a) Pattern matching table

(a) Pattern matching graph

Fig. 3.8
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denote the entry in the table in row Q; and column ¢ (where ¢ is any character). This entry £Q;, f) is

defined to be the largest Q that appears as a terminal substring in the string Q;t. the concatenation
of Q; and t. For example,

a* is the largest Q that is a terminal substring of Q,a = a*, 5o Q5 a) = Q,
A 'is the largest Q that is a terminal substring of Qb = ab, so f(Q;, b) = Qy
ais the largest Q that is a terminal substring of Qua = a, so f(Q,, a) = 0,

A 1s the largest Q that is a terminal substring of Qia = a’bx, so fiQ3, x) = Qg

and s0 on. Although Q, = a is a terminal substring of Q,a = a’, we have f(Q,, a) = Q, because Q,
is also a terminal substring of Q,a = a® and Q, is larger than Q,. We note that f(Q;, X) = Q, for any
Q, since x does not appear in the pattern P. Accordingly, the column corresponding to x is usually
omitted from the table.

Our table tan also be pictured by the labeled directed graph in Fig. 3.8(b). The graph is obtained
as follows. First, there is a node in the graph corresponding to each initial substring Q; of P. The
Q’s are called the states of the system, and Q, is called the initial state. Second, there is an arrow
(a directed edge) in the graph corresponding to each entry in the table. Specifically, if

.f(Qh 1) = Qj
then there is an arrow labeled by the character ¢ from Q,; to Q,- For example, f(Q,, b) = Q3, so there
is an arrow labeled b from Q, to Q,. For notational convenience, we have omitted all arrows
labeled x, which must lead to the initial state Q.

We are now ready to give the second pattern matching algorithm for the pattern P = aaba. (Note
that in the following discussion capital letters will be used for all single-letter variable names that
appear in the algorithm.) Let T = T, T,T; -+ Ty denote the n-character-string text which is searched
for the pattern P. Beginning with the initial state Q, and using the text T, we will obtain a
sequence of states S, S, Sj, ... as follows. We let S, = Q, and we read the first character T,.
From either the table or the graph in Fig. 3.8, the pair (S, T;) yields a second state S,; that is,
F(S,, T)) = S,. We read the next character T,. The pair (S,, T,) yields a state S3, and so on. There
are two possibilities:

(1) Some state Sy = P, the desired pattern. In this case, P does appear in T and its index is

K — LENGTH(P). _ .
(2) No state S, Sy, ---» S+ 1 18 €quai to P. In this case, P does not appear in T.

We illustrate the algorithm with two different texts using the pattern P = aaba.

Example 3.10

(a) Suppose T = aabcaba. Beginning witEh Q,, we use the characters of T arjd the
graph (or table) in Fig. 3.8 to obtain the following sequence of states:

_G ,q 50 —— la_,
QO (a Ql Ca Qz b 03 (c _}QO (a _}01 b }QO a 'Ql
We do not obtain the state P, so P does not appear in T.
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(b) Suppose T = abcaabaca. Then we obtain the following sequence of states:
g @_,q, 50, 280y —2P

(a Ch 30 __C_C_.)QU . .
% & ’ s appear in T and its index

Here we obtain the pattern P as the state Sg. Hence P doe
is 8 - LENGTH(P) = 4. e i
is 8 (P) | o RO —

O LY P T e SRR T LT L R e

The formal statement of our second pattern matching algorithm follows:

Algorithm 3.4: (Pattern Matching). The pattern matching table F(Q,. T) of a pattern P is in
' memory, and the input is an N-character string T = T, T, ... Ty. This algorithp,

finds the INDEX of P in T.

1. [Initialize.] Set K := 1 and S, = Q,
2. Repeat Steps 3 to 5 while Sg # P and K < N.
3. Read Ty.
4. Set Sg , | := F(Sk, Tx). [Finds next state.]
5 Set K := K + 1. [Updates counter.]

[End of Step 2 loop.]
6. [Successful?)

If S¢ = P, then:

INDEX = K - LENGTH(P).

Else:
INDEX = 0.
[End of If structure.]
7. Exit

Terminology; Storage of Strings

3.1 t W be the SU’illg ABCD (a) Fi € length o W
Le : . Ind t i W
1 the i il = hiiitas £ he le gth of W, (b) List all SUbStl‘il‘lgS of W, (C) List

(@) The number of characters in W is s length, s0 4 is the length of W
: ] 0 .
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(b) Any subsequence ; . '
] of characters of W s a substring of W. There are 11 such substrings:

Substrings: ABCD

ABC, BCD, AB,.BC CD, A,B
Lengths: ' ——— = "C‘Iz: '
g 4 3 2 1 0

(Here A denotes the empty string.)

(c) The initial substrings are
ABCD, ; : :
those substrings that begin with A,ABC’ AB. A, A: that is, both the empty string and

3.2 Assuming a pr i
Assami rf'ofli ;‘Er:;?n:mg language uses at least 48 characters—26 letters, 10 digits and a
mini pecia gharacters—glve the minimum number and the usual number of bits
o represent a character in the memory of the computer

= 3 6 5
coi:ﬂﬁferz < 45? ; 2", one requires at least a 6-bit code to represent 48 characters. Usually a
i p \ uat‘ahﬁd -bit code, such as ASCII. or an 8-bit code, such as EBCDIC, to represent
goﬁgc ters. 1s allows many more special characters to be represented and processed by the
uter.

3.3 Describe briefly the three types of structures used for storing strings.

(a) Fixed-length-storage structures. Here strings are stored in memory cells that are all of
the same length. usually space for 80 characters.

(b) Variable-length storage with fixed maximums. Here strings are also stored in memory
cells all of the same length; however. one also knows the actual length of the string in

the cell.
(¢) Linked-list storage. Here each cell is divided into two parts; the first part stores a single
character (or a fixed small number of characters), and the second part contains the

address of the cell containing the next character.

3.4 Find the string stored in Fig. 3.9, assuming the link value O signals the end of the list.
Here the string is stored in a linked-list structure with 4 characters per node. The value of
START gives the location of the first node in the list:
4 [ATH [2]

The link value in this node gives the location of the next node in the list:
2 |ING 7

his manner, we obtain the following sequence of nodes:

Continuing in t

YIS | 8 /— AJ |1

2 lOF B 11 p——| EAUT 12

Cc',yp OREV |6 ——>{ER. |0




CHAR LINK
START o
El g Sl
‘_______,__—4'—'___
2 | ING 7
3
a |ATH | 2] {
5
6 | ER. 0
7 | oFB | 11 ' ‘
8 | AJ 1
9
10 | OREV | 6
11 | EAUT | 12
12 | YIS 8
Fig. 3.9

Thus the string is:
A THING OF BEAUTY IS A JOY FOREVER.

3.5 Give some (a) advantages and (b) disadvantages of using linked sterage for storing strings.

(@) One can easily insert, delete, concatenate and rearran
storage.

(b) Additional space is used for storin
in the middle of the list.

ge substrings when using linkeﬁ

g the links. Also, one cannot directly access a charactef

3.6 Describe briefly the meaning of (a) static, (b) semistatic and (c) dynamic character variables.

: . . ogram is executed
during the execution of the program, and cannot chan
(b) The length of the variable may va i

left-justified in a mem

characters truncated.

ight or with the right-m
MEMBER and (p) if ¢

. L JONES’ is assigned !
IS assigned to MEMBER. |

(@) if ‘JOHN pAy
WASHINGTON
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The data will appear in MEMBER as follows:

(:) ::EMBER - O[N] TPTATuTL PIONE[ST TTT 1]
(b) MEMBER  [R]O[B[E[RTT |ANID[RTEW] WIA[S[H]T]N]

String Operations

T ="'A THING OF BEAUTY IS A JOY FOREVER.'

3.8 Recall that we use LENGTH(string) for the length of a string.

(a) How is this function denoted in (i) PL/. (ii i |
, (ii) BASI
and (v) FORTRAN? (1) (ii) BASIC, (iii) UCSD Pascal, (iv) SNOBOL

(b) Find LENGTH(S) and LENGTH(T).

(@) (i) LENGTH(String). (ii) LEN(string). (iii) LENGTH(string). (iv) SIZE(string).
(v) FORTRAN has no length function for strings, since the language uses only fixed-
length variables. -

(b) Assuming there is only one blank space character between words,
LENGTH(S) = 15 and LENGTH(T) = 35

3.9 Recall that we use SUBSTRING(string, position, length) to denote the substring of string
beginning in a given position and having a given length. Determine (a) SUBSTRINGS

(S, 4. 8) and (b) SUBSTRING(T, 10, 5).

(a) Beginning with the fourth character and recording 8 characters, we obtain
SUBSTRING(S, 4, 8) = 'NOPAULOY

(b) Similarly, SUBSTRING(T, 10, 5) ="' FOBEAU'

we use INDEX(text, pattern) to denote the position where a pattern first
n is assigned the value 0 if the pattern does not appear in the

30", (b) INDEX(S, '10Y", (c) INDEX(S, '0JO"), (d)
‘00A0’) and (f) INDEX(T, 'THE").

X(S. JO") = 1, () INDEX(S, 10Y) = 0, () INDEX(S, ' [IO) = 10, @)
EQD?QE ,;.) - 1,)(8) [NDEX(T, '0IAD) = 21 and (f) INDEX(T, 'THE' ) = 0. (Recall that

O is used to denote a blank space.)

3.10 Recall that
appears in a text. This functio
text. Determine (a) INDEX(S,
INDEX(T, 'A"), () INDEX(T,

to denote the concatenation of strings S| and S,.

3.11 Recell that we use S\/1S;
FORTRAN. (iii) BASIC, (iv) SNOBOL

(a) How is this function denoted in (i) PL/1, (i1)
and (v) UCSD Pascal?
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(h) x

x :ﬂm: (i.)) "THE' // 'END' and (i) 'THE' / 'O'//'END' s
1 Find (1) SUBSTRING(S. L1, 5)//,0'//SUBSTRIN
(T, 28, 3//'GIVEN', o

@ () SIS, (1) S\//S. (v < 4 < o _ i
V2 D115, (1) 8y + S5, (iv) S, S, (juxtaposition wit {
f.‘ 30d 8) and (v) CONCAT(S, §. o h a blank space e,
\‘ /’S} rcr"r‘ a of 1y . et =7 "

U'a 2 1o1CS 10 the string consisting of the characters of S followed b

e . : : th
of ;. Hence, (i) THEEND and (ii) THE END. | ¥ e harg
(¢) (i) JONES, JOHN PAUL and (ii) FORGIVENS.

. 9) and (ii) SUBSTRy,

(b)

3.12 Recall that we use INSERT(tex

L we L. position, string) to denote inserting a string S in a piye
text T beginning in position K. glmi

(@) Find (i) INSERT(AAAAA'. 1. 'BBB'), (i) INSERTCAAAAA". 3. 'BBB')and |
(i) INSERT('AAAAA', 6, 'BBBY. |
(b) Suppose T is the text 'THE STUDENT IS ILL. ' Use INSERT to change T so that

'Tladsczi (1) The student is very ill. (ii) The student is ill today. (iii) The student is very
ill today.

(a) (1) BBBAAAAA, (ii) AABBBAAA and (in1) AAAAABBB.
(b) Be careful to include blank spaces when necessary. (1) INSERT(T, 15, 'OVERY)

(11) INSERT(T, 19, 'OTODAY"). (iii) INSERT(INSERT(T, 19, 'OTODAY"), I
'O0VERY") or INSERT(INSERT(T, 15, 'OVERY"), 24, '0TODAY").

3.13 Find

(a) DELETE('AAABBB', 2, 2) and DELETE(JOHN PAUL JONES', 6, 5)
(b) REPLACE('AAABBB', 'AA'. 'BB') and
REPLACE('JOHN PAUL JONES', 'PAUL', 'DAVID’)
(a) DELETE(T, K, L) deletes from a text T the substring which begins in position Kaj
has length L. Hence the answers are |
ABBB and JOHN JONES ;

(b) REPL ACE(T, P, Py) replaces in a text T the first occurrence of the pattern P, byﬂ!

pattern P,. Hence the answers are |
BBABBB and JOHN DAVID JONES

Word Processing N )
3.14 to 3.17, S is a short story stored in a linear array LINE with ne °a..-
‘ is a static character variable storing 80 characters and representing

i i N), the”
_ the first line, contains only the title of the story, and LINi[ith]S bl!:
nameé of

In Solved Problems
such that each LINE([K]

1 .
of the stotr yn?fﬁlyutr:f [njme of the author. Furthermore, each paragraph begins
IiHCa contain:

: itla 1 the
nd there is no other indention except possibly the title in LINE(1] or
spaces, 4 '

author 1n LLINE[N].
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14 Write a i
3.14 € a procedure “Vhlch counts the number NUM of paragraphs in the short story S.

. B_cgl.nnmg. with LINE[2] and ending with LINE[N
eginning with 5 blank spaces. The procedure follows.
Procedure P3.14: PAR( LINE, N, NUM)

1. Set NUM := 0 and BLANK :='00000"
2. [Initialize counter.] Set K := 2.
3. Repeat Steps 4 and 5 while K < N - 1.
4 [Compare first S characters of each line with BLANK .|
If SUBSTRING(LINE[K]. 1. 5) = BLANK. then:
Set NUM = NUM + 1I.
[End of If structure.)

— 1], count the number of lines

5. Set K := K + 1. [Increments counter.] -
[End of Step 3 loop.]
6. Return.

3.15 Write a procedure which counts the number NUM of times the word “the” appears in the
short story S. (We do not count “the” in “mother,” and we assume no sentence ends with
the word “the.”

Note that the word “the” can appear as THEDO at the beginning of a line, as OOTHE at
the end of a line, or as OTHEDO elsewhere in a line. Hence we must check these three cases
for each line. The procedure follows.

Procedure P3.15: COUNT(LINE. N, NUM)
1. Set WORD := 'THE' and NUM := 0.
2. [Prepare for the three cases.]
Set BEG := WORD//')', END :="'00'7/WORD and
MID :='0' /WORD// '00". _
Repeat Steps 4 through 6 for K = | to' N:
4. [First case.] If SUBSTRING(LINE[K], I, 4) = BEG. then:
Set NUM := NUM + 1.
5. [Second case.] If SUBSTRING(LINE[K], 77, 4) = END, then:
Set NUM := NUM + 1.
[General case.] Repeat for J =2 to 76. _
If SUBSTRING(LINE[K], J. 5) = MID. then:
Set NUM := NUM + 1.
[End of If structure.]
[End of Step 6 loop.]
[End of Step 3 loop.]
7. Return.

e

g

at must be made in Procedure P3.15 if one wants to count the

. ea— . es th i
3.16 Discuss the changes y word W with length R.

number of occurrences of an aribitrar
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There are three basic types of changes.

in Step 1. . .
(a) Clearly, 'THE i be changed © 77 2 patc changes must be made in Steps 3,

(b) Since the length of W is rhand no;b?:i,li?;ni:;]:r;v T be fullowed by soms punctuaﬁ%
' ider the poss
(c) One must also consider

s w,oow, W, W
Hence more than the three cases must be treated.

e kth and /th paragraphs in the short story g

3.17 Outline an algorithm which will interchange th

The algorithm reduces to two procedures:
Procedure A. Find the values of arrays BEG and END where
LINE[BEGI[K]] and LINE[ENDI[K]]
contain, respectively, the first and last lines of paragraph K of the story§,
Procedure B. Using the values of BEG[K] and END[K] and the values of BEGI[L] anf

END[L], interchange the block of lines of paragraph K with the block o
lines of paragraph L.

Pattern Matching

3.18 For each of the following patterns P and texts T, find the number C of comparisons to
find the INDEX of P in T using the “slow” algorithm, Algorithm 3.3: _
(@) P=abc, T = (ab)’ = ababababab (c) P = aaa, T = (aabb)® = aabbaubbaabb
(b) P = abc, T = (ab)*" (d) P = aaa, T = abaabbaaabbbaaaabbbb
Recall that C = N, + N, + ... + N, where N, denotes the number of comparisons that tak
place in the inner loop when P is compared with Wy,
(a) Note first that there are )
LENGTH(T) - LENGTH(P) + 1 =10 -3+ | = §
substrings Wy. We have
C=2+1+2+1+2+1+2+1=4(3)= 12
and INDEX(T, P) = 0, since P does not appear in T.
(b) There are 2n -3 + 1 = 2(n — 1) subwords Wy. We have
C=2+1+2+1+..+2+ 1=+ D3) =3n+3
and INDEX(T, P) = 0.
(¢) There are 12 -3 + 1 = 10 subwords Wx. We have
C=3+2+1+1+342+1+1+342=19
and INDEX(T, P) = (.
(d) We have

C=2+I+3+2+1+1+3___13
and INDEX(T, P) = 7.
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3.19 SUPPO'::bP 15 :“ r-character string and T is an s-character string, and suppose C(n) denotes
the number ot comparisons when Algorithm 3.3 is applied to l; and T. (Here n=r + s.)
(a) Find the complexity C(n) for the best case |
(b) Prove that the maximum value of C(n) occ;urs when r = (n + 1)/4.

a) The best c SR )
(@) INDEX(T :;?)e_occurs “fhen P is an initial substring of T, or, in other words, when
vy L= 1. In this case C(n) = r. (We assume r < s.)
(b) By the discussion in Sec. 3.7, . -
C=Cn)=r(n-2r+)=nr-2r"+r
Here n is fixed, so C = C(n) may be viewed as a function of r. Calculus tells us that the
maximum value .of C occurs when C’ = dc/dr = 0 (here C’ is the derivative of C with
respect to r). Using calculus, we obtain:
C'=n-4r+1
Setting C’ = 0 and solving for r gives us the required result.

3.20 Consider the pattern P = aaabb. Construct the table and the corresponding labeled directed
graph used in the “fast,” or second pattern matching, algorithm. :

First list the initial segments of P: | o
Q0= A’ Q] ?_a_’_ Q‘Z = a29 Q3 . 03’ Q4 = a3b1 " QS = a3b2
For each character ¢ the entry f(Q; 1) in the table is the largest Q which appears as a
terminal substring in the string Q;. We compute:
fh a)=a, fla,a)=a f@a=d  f@a=a, f-(“ib‘ 2=
F(A b)Y =A,  fla,b)=A f(a?, b) = A, f(@ b)=ab, fab b)="P

Hence the required table appears in Fig. 3.10(a). The corresponding graph appears in

Fig. 3.10(b), where there 1s 2 node corresponding to each Q and an arrow from Q;to Q;
1 =0; in the table.

labeled by the character ! for each entry fQ;
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Find the table and corresponding graph for the second pattern matching algorithm where
3.21 Find the
the pattern is P = ababab. ‘
The initial substrings of P are:
Qo= A, 0, = a, g, = ab, QOz= aba,
The function f giving the entries in the table follows:

flA,a) =a flA, b)=A
fla,a)=a fla, b) = ab
flab, a) = aba flab, b) = A
flaba, a) = a flaba, b) = abab
flabab, a) = ababa ' flabab, b) = A
flababa, a) = a flababa, b) = P
The table appears in Fig. 3.11(a) and the corresponding graph appears in Fig. 3.11(b).
| a b

QO 01 Qg

G} 01 02

oz 03 Go

Q; | Q, Q.

Qi | Qs Qg

Qs | Q P

Strings
3.1 Find the string stored in Fig. 3.12.

3.2 Consider the string W = 'XYZST'. List (a) a||

substrings
i 1OSngs of W and (p) 41 initial substrings of

3.3 Suppose W is 2 strin

substrings of W. e Stfengtl i

the
¢ number of (q) substrings of W and (b) initial |
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START

CHAR L
AN
2 | HEP
3 -
4|8 0
5 |WET 2
6 THE 1
7
8 | EOPL 12
9 | TATE 4
10
11 |EDS 9
12 | EOF 6
Fig. 3.12

3.4 Suppose STATE is a character variable with fixed length 12. Describe the contents of
STATE after the assignment (a) STATE := 'NEW YORK/, (b) STATE := 'SOUTH CARO-
LINA' and (c) STATE := 'PENNSYLVANIA".

String Operations
In Supplementary Problems 3.5 to 3.10, let S and T be character variables such that

S = 'WE THE PEOPLE' and T ='OF THE UNITED STATES'

3.5 Find the length of S and T.
3.6 Find (a) SUBSTRING(S. 4, 8) and (b) SUBSTRING(T, 10, 5).

37 Find (a) INDEX(S, 'P), (b) INDEX(S, 'E), (c) INDEX(S, 'THE), (d) INDEX(T, 'THE,
(¢) INDEX(T, 'THEN") and (f) INDEX(T. 'TE).

3.8 Using S,//S, to stand for the concatenation of S, and Sy, find (a) 'NO'//'EXIT', (b) 'NO'// "D’
1 'E)%ITI' and (c) SUBSTRING(S, 4, 10)/TARED' /[SUBSTRING(T, 8, 6).

3.9 Find (a) DELETECAAABBB', 3, 3), (0) DELETE(AAABBB!, 1, 4), (c) DELETE(S, 1, 3)
and (d) DELETE(T, 1, 7).

3.10 Find (a) REPLACE(ABABAB', 'B', 'BAB'), (b)) REPLACE(S, 'WE', 'ALL") and (c)
REPLACE(T, 'THE', 'THESE').
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Find (a) INSERT(AAA', 2, 'BBB'), (b) INSERTCABCDE'. 3. 'XYZ') and (¢) INSgg,
3.11 Find (a i
(THE BOY', 5, 'BIGE").

. Use INSERT to ch; n
3.12 Suppose U is the text 'MARC STUDIES MATHEMATICS T{I(::.S l\:m MARCL‘ ;Tg‘j;llgg
. that it reads: (a) MARC STUDIES ONLY MATHFMA PL.[E.D SUATERL
MATHEMATICS AND PHYSICS. (c) MARC STUDIES AP / .

Pattern Matching

3.13 Consider the pattern P = abe. Using the “slow” pattern matching "1117’Uri””_“]-|““$°mh‘m ,3'3f |
find the number C comparisons to find the INDEX of P in cach of the following texts T- |
(a) a'®, (b) (@ba)'", (c) (cbab)", (d) d'* and (¢) d" where n > 3,

3.14 Consider the pattern P = 4%, Repeat Problem 3.34 with each of the following texts T:
(@) a®® (b) a" where n > 6: (c) d*0 and (d) d" where n > 6.

3.15 Consider the pattern P = a’ba. Construct the table and the corresponding labeled directed !

graph used in the “fast” pattern matching algorithm.

3.16 Repeat Problem 3.15 for the pattern P = aba?b.

PROGRAMMING PROBLEMS

$ a variable NPAR which contains the numb
paragraphs,

3.2 Write a program which reads a given WORD ang then ¢

ounts the number C of times WORD |
occurs in LINE. Test the progra

m using (a) WORD = ‘THE' and (b) WORD =

In Programming Problems 3.4

to 3.9, assume the preface o
variable TEXT. Assume 5 bla

um f this text is stored in a single character |
nk spaces indicates anew p

aragraph. ;
I

3.4 Write a program which constructs a linear array PAR such that PAR[K] contains the location |
of thf‘* Kth paragraph in TEXT, and which finds the value of a varigbje NPAR which
contains the number of paragraphs. (Compare with ngramming Problem 3| ) |
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3.5

3.6

3.7

3.8

3.9

Write a program which reads a given WORD "and then counts the number C of times WORD

occurs in TEXT. Test the program using (¢) WORD = 'THE' and (b) WORD = 'HENCE'.
(Compare with Programming Problem 3.2.)

Write a program which interchanges the J'" and K'" paragraphs in TEXT. Test the program

using J = 2 and K = 4. (Compare with Programming Problem 3.3.)

Write a program which reads words WORD1 and WORD?2 and then replaces each occur-

rence of WORD]1 in TEXT by WORD2. Test the program using WORDI = 'HENCE' and
WORD?2 = 'THUS'

Write a subprogram INST(TEXT, NEW, K) which inserts a string NEW into TEXT begin-
ning at TEXT[K].

Write a subprogram PRINT(TEXT, K) which prints the chgracter string TEXT in 11111‘?6:1;1;
at most K characters. No word should be divided in the middle and appear O‘Iih t\f;o 01w ° iine
some lines may contain trailing blank spaces. Each paragraph should beg81(r)10 wEb) IKS— i
and be indented using 5 blank spaces. Test the program using (@) K= " =

(c) K = 60.
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Arrays, Records and Pointers

\MNTRODUCTION

Data structures are classified as either linear or nonlinear. A data structure is said to be linear if its

g - - » - .

elements form a sequence, or, in other words, a linear list. There are two basic ways of representing
such linear structures in memory. One way is to have(the linear relationship between the elements
represented by means of sequential memory locations. These linear structures are called arrayflind

form The main subject matter of this chapter. The other way is to have the linear relationship

between the elements represented by means of pointers or links. These linear structures are cafled

linked lists; they form the main content of Chapter 5. Nonlinear structures such as trees and graphs

are treated in later chapters.
The operations one normally pe
list, include the following:

rforms on any linear structure, whether it be an array or a linked

gTraver?sal. Processing each element in the list.

(b) Search. Finding the location of the element with a
key.

(¢) Insertion. Adding a new element to the list.

(d) Deletion. Removing an element from the list.

(¢) Sorting. Arranging the elements in some type of order.

&M‘?’ging. Combining two lists into a single list.

The particular linear structure that one chooses for a given situatio
frequency with which one performs these different operations on the structure.

given value or the record with a given

n depends on the relative

B
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4.2 an Array. Since arrays are ugyy),

called , \
o linear structure " store relatively permanent collectig,
a in the structure are tonsiay,

ked list, discussed in Chaptey §

mmo
i iscusses a very 0 dy u

This chapter disc " they € frequently and the dat
easy to traverse, search and sort, €

g structur )
of data. On the other hand, if the sizé of llt'_xel e cture +s the lin
changing, then the array may not be as usefu

s ] C- - T
il po ! 0 ) \)
4.2 LINEAR ARRAYS , ond e

i.e., data elem
. data elements (i.e., uts o
i is a list of a finite number 7 of homogeneous d
inear array 18 a li
the same type) such that: vely by an index set consisting of

\ espect
(a) The elements of the array are referenced resp

consecutive numbers. ively i
(b) The elements of the array are stored respec

) ’ icitly stated, '
The number n of elements is called the length of SIZ¢ oF the an:ir:.lf I:l?; cl:f:lgth cfr the nunmﬂi
assume the index set consists of the integers 1,2, ..o - In ge '

i et b la
data elements of the array can be obtained from the index set by the formu
Length = UB - LB + 1 4.
d and LB is the smallest index, called the

| successive memory locations.

where UB is the largest index, called the upper boun
lower bound, of the array. Note that length = UB when LB = l. '
The elements of an array A may be denoted by the subscript notation

Ap Ay Ay, o A,

or by the parentheses notation (used in FORTRAN, PL/1 and BASIC)
A(D), A(2), ..., A(N)

or by the bracket notation (used in Pascal)
A1), A[2], A[3], ..., A[N]

We will usually usé the subscript notation or the bracket notation. Regardless of the notation, the

pomber K m A[K] is called a subscript or an index and A[K] is called a subscripted variable. Note
that subscripts allow any element of A to be referenced by its relative position in A

!
f

Example 4.1 ;

(a) Let DATA be a 6-element linear arra

DATA[1] = 247 DATA[2] = 56 p Ay of integers such that

DATA[S] = 156 TA3] = 429 DATA[4) = 135 DATA[5] = &7
Sometimes we will denote such
an arra ; 'y
DATA: 247, 56 Y by simply writing

The array DATA is frequently pictu'red ' 4?9, 135, 87, 156
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DATA

247
SR DATA

56 247 | 56 | 429|135 87 | 156

—

429

135
87

o o & W N

156

(a) ' (b)
Fig. 4.1

(b) An a_utomobile company uses an array AUTO to record the number of auto-
t_'notnles solq each year from 1932 through 1984. Rather than beginning the
index set with 1, it is more useful to begin the index set with 1932 so that

AUTO[K] = number of automobiles sold in the year K

Then LB = 1932 is the lower bound and UB = 1984 is the upper bound of AUTO.
By Eq. (4.1),

wcr

Length = UB - LB + 1 = 1984 - 1930 + 1 = 55

That is, AUTO contains 55 elements and its index set consists of all integers
from 1932 through 1984.

s = a— e ————— e et S

Each programming language has its own rules for declaring arrays. Each such declaration must
give, implicitly or explicitly, three items of information: (1) the name of the array, (2) the data type
of the array and (3) the index set of the array.

Example 4.2

(a) Suppose DATA is a 6-element linear array containing real values. Various
programming languages declare such an array as follows:

FORTRAN:  REAL DATA(6)
PL/1: DECLARE DATA(6) FLOAT;
Pascal: VAR DATA: ARRAY[1 ... 6] OF REAL

We will declare such an array ,when necessary, by writing DATA(6). (The context
will usually indicate the data type, SO it will not be explicitly declared.)

(b) Consider the integer array AUTO with lower bound LB = 1932 and upper bou?d
UB = 1984. Various programming languages declare such an array as .follows.

FORTRAN 77  INTEGER AUTO(1932: 1984)
PL/1: DECLARE AUTO(1932: 1984) FIXED;
Pascal: VAR AUTO: ARRAY[193Z ... 1984) of INTEGER

~ We will declare such an array by writing AUTO0(1932:1984).
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memory sp:
pascal) allocate T o )c’i (l;dffe for ar,
e size of the array is fixed during pr,
. s allow one to read an integer |, ang
nguages are said to allocate Memg

: ages (-8 7

Some programming langy  ation:;
statically, i.e., during program comp ramming Janguage
execution. On the other hand, some Proé h programmi“g la
then declare an array with 7 elements; SuC

dynamically.

&3 REPRESENTATION OF LINEA

8ram

R ARRAYS IN MEMORY

- e memory of the compyer:
LA beali ay in the memory of the compuie® Recazlilzthfe[thus use th)e, notation Pt
t a linear arr _ : e 42,
IS}ilply a sequence of addressed locations as plClurcd in Fig |

é A
LOC(LA[K]) = address of the element LA(K] of the array L | I

1000 r’—’_‘

e

1001

I

1002

1003

1004

Fig. 4.2 Computer Memory

As previously noted, the elements of LA are stored in successive memory cells. Accordingly, the
computer does not need to keep track of the address of ever .
el e
track only of the address of the first element of [ A denoted gy SERLERE, butl Dctsin iy
Base(LA)
and called the base address of LA. Using this addres B
address of any element of LA by the following fOrmu[a's ase

LOC (LA[K)) = Buse(LA) + w(K —
where w 1s the number of wordg
PEr mem
calculate LOC(LA[K]) is essentially the sa‘mg ?:),-C:“ forl t
K, one can locate and access the conte ny valu
nt of LA[K] Wi
tho

(LA), the computer calculates ¢

lower bound) 42

he array LA. Observe that the time .“‘
€ Ot K. Funhemore’ glven any SUbScan "
Ut scanning any other element of LA:
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i Example 4.3
Consider the array AUTO in Example 4.1(b), which records the number of automobiles
sold each year from 1932 through 1984. Suppose AUTO appears in memory as pictured

ir;' Fig. 4.3. That is, Base(AUTO) = 200, and w = 4 words per memory cell for AUTO.
Then '

LOC(AUTO[1932]) = 200, LOC(AUTO[1933]) = 204, LOC(AUTO[1934]) = 208, ...

The address of the array element for the year K = 1965 can be obtained by using Eq.
(4.2): '

LOC(AUTO[1965]) = Base(AUTO) + w(1965 - lower bound)
= 200 + 4(1965 - 1932) = 332

Again we emphasize that the contents of this element can be obtained without
scanning any other element in array AUTO.

200

201
AUTO[1932]

202 N

203

204 /

205 { \
AUTO[1933] \
206 %

207

208

s 209
' 210

/ 211

AUTO[1934]

- Fig. 4.3

AP AR

Remark: A collection A of data elements is said to be indexed if any element of A, bthlcgi:ci ::S;
call Ay, can be located and processed in a time that is independent of K. The 230

i : ‘ s. In fact,
indicates that linear arrays can be indexed. This is very important property of linear afray
linked lists, which are covered in the next chapter, o not have this property.
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4.4 TRAVERSING LINEAR ARRAYS

tto
3 ter. Suppose we wan
. f the compt
Let A be a collection of data elements stored in the memo,:f :; count the mm?bcr of E:lcmezrilrtls T
 print the contents of each element of A or suppose We Wa ersing A, that 15, by accessing and
with a given property. This can be accomplished by #a¥

xactly once. : -
processing (frequently called visiting) each element of Ahe mplicity of the algomhm comes from
The following algorithm traverses a linear array LA. .

: ‘sts. can also be easil
the fact that LA is a linear structure. Other linear structures, such as Imkid ;lssttsr,c e and graphs, i)se
traversed. On the other hand, the traversal of nonlinear structures, Suc
o o i with lower bound LB

Algorithm 4.1: (Traversing a Linear Array) Here LA is a linear a]i'r:ya inlporinrw
and upper bound UB. This algorithm traverses pply

PROCESS to each element of LA.

1. |Initialize counter.] Set K := LB.
2. Repeat Steps 3 and 4 while K < UB.
3. [Visit element.] Apply PROCESS to LA[K].
4 [Increase counter.] Set K := K + 1.
[End of Step 2 loop.]
S. Exit.
We also state an alternative form of the algorithm which uses a repeat-for loop instead of the
repeat-while loop.

Algorithm 4.1”: (Traversing a Linear Array) This algorithm traverses a linear array LA with
lower bound LB and upper bound UB.

1. Repeat for K = LB to UB:
Apply PROCESS to LA[K].
[End of loop.]
2. Exit.

be imitialized before PROCESS is applied to

any of the ele .
algorithm may need to be preceded by such 5 ments i

Example 4.4

Consider the array AUTO in Example 4.1(p), which r
sold each year from 1932 through 1984. Eac :

- - c’;arlds the Number of automobiles
out the given operation, involyes tray

tomobiles were

1. [Initialization step.] Set NUM = ()
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2. Repeat for K = 1932 to 1984:
If AUTO[K] > 300, then: Set NUM := NUM + 1.
[End of loop.]
3. Return.

.(b) Print each year and the number of automobiles sold in that year.

1. Repeat for K = 1932 to 1984:
Write: K, AUTO[K].
[End of loop.]
2. Return.

(Observe that (a) requires an initialization step for the variable NUM before traversing
the array AUTO.)

e

4,5 INSERTING AND DELETING

Let A be a collection of data elements in the memory of the computer. “Inserting” refers to the
operation of adding another element to the collection A, and “deleting” refers to the operation of
removing one of the elements from A. This section discusses inserting and deleting when A is a
linear array. '

Inserting an element at the “end” of a linear array can be easily done provided the memory
space allocated for the array is large enough to accommodate the additional element. On the other
hand, suppose we need to insert an element in the middle of the array. Then, on the average, half
of the elements must be moved downward to new locations to accommodate the new element and
keep the order of the other elements.

Similarly, deleting an element at the “end” of an array presents no difficulties, but deleting an
. element somewhere in the middle of the array would require that each subsequent element be
moved one location upward in order to “fill up” the array.

Remark: Since linear arrays are usually pictured extending downward, as in Fig. 4.1, the term
«downward” refers to locations with larger subscripts, and the term “upward” refers to locations
with smaller subscripts.

 Example 4.5

Suppose TEST has been declared to be a 5-element array but data have been recorded
only for TEST[1], TEST[2] and TEST[3]. If X is the value of the next test, then one
simply assigns |
: TEST[4] := X
to add.X to the list. Similarly, if Y is the value of the subsequent test, then we
simply assign '
TEST[5] =Y

to add Y to the list. Now, however, we cannot add any new- test scores to the list.
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e  patastwetwes

S

Example 4.6 N
r P es are

Suppose NAME is an 8-element linear array, and suppose fl;::icnaalr;; and suppose Weh
as in Fig. 4.4(a). Observe that the names are listed alpha ose Ford is added to the
want to keep the array names alphabetical at all times. Supg downward one location,
array. Then Johnson, Smith and Wagner must each be move. then Wagner must be '
as in Fig. 4.4(b). Next suppose Taylor is added to the array; o eray. Then the five
moved, as in Fig. 4.4(c). Last, suppose Davis is removed from moved upward one
names Ford, Johnson, Smith, Taylor and Wagner must each be i be very expensive if
location, as in Fig. 4.4(d). Clearly such movement of data wou

thousands of names were in the array.

NAME NAME NAME NAME
1 | Brown 1 | Brown 1 | Brown 1| Brown
_ 2| Davis 2 | Davis 2 | Davis 2 | Ford
3 | Johnson 3 | Ford 3 | Ford 3 | Johnson
4 | Smith 4 | Johnson 4 | Johnson 4 | Smith
5 | Wagner 5 | Smith 5 | Smith 5 | Taylor
6 6 | Wagner 6 _‘Eylor 6 | Wagner
7 7 7 | Wagner 7
8 8 8 8
(a) (b) (©) ‘"(d}
Fig. 4.4

R e S

S et

The following algorithm inserts a data element ITEM into the Kth Position in a line LA
' ar array

with N elements. The first four steps create space in LA by movi;
o ] Ing dow .
element from the Kth position on, We emphasize that thege elcmentf are nward one location each

* i.e., first LA[N], then LA[N - 1]. ..., and last LA[K]: otherwise g ght be L1 Feverse order—
Problem 4.3.) In more detail, we first set J := N and then, using J as a o
the loop is executed until J reaches K. The next step, Step § insert (}Unter, d ecrease J each time
space just created. Before the exit from the algorithm, the nurn!;er N f oM into the array in the
by 1 to account for the new element. oK elemems in LA is increased

Algorithm 4.2: (Inserting into a Linear Array) INSERT

Here LA is a linear array with N element(SL;,d Nli K ITEM)

K< N. This algorithm inserts an element ITEM n:ts " positive 'nteger such that
1. [Initialize counter.] Set j :=N ° fhe Ken Position in LA,
2. Repeat Steps 3 and 4 while | 5 y
3. [Move Jth element dour.

OWnward.] Set LAy = Lagy
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| ' 4. [Decrease counter.] SetJ :=J — 1.
' . [End of Step 2 loop.]
-5, [Insert element.] Set LA[K] := ITEM.
6. [Reset N.] Set N:=N + 1. -
7. ExiL. )

‘The following algorithm deletes the Kth element from a linear array LA and assigns it. to a
variable ITEM.

Algorithm 4.3: (Deleting from a Linear Array) DELETE(LA, N, K, ITEM)
.' Here LA is a linear array with N elements and K is a positive integer such that
| K < N. This algorithm deletes the Kth element from LA.
| 1. Set ITEM := LA[K].
2. Repeat forJ = KtoN - 1:

[Move J + Ist element upward.] Set LA[J] := LA[J + 1].
[End of loop.] :

3. [Reset the number N of elements in LA.] Set N: = N - 1.
4. Exit.

Remark: We emphasize that if many deletions and insertions are to be made in a collection of data
elements, then a linear array may not be the most efficient way of storing the data.

7{4.6 SORTING; BUBBLE SORT

Let A be a list of n numbers. Sorting A refers to the operation of rearranging the elements of Aso’
they are in increasing order, i.e., so that,

A[l] < A21 < A3l <... < A[N]
For example, suppose A originaily is the list
_ 8,4,19,2,7,13,5, 16
After sorting, A is the list
2,4,5,7,8,13, 16, 19

i ivi ] ficiently may be quite complicated. In
may seem to be a trivial task. Actually, sorting efl ' lic I
fac?og:cnrge areymany many different sorting algorithms; some of these algorithms are discussed in
Cha’pter 9. Here we present and discuss a very simple sorting algorithm known as the bubble sort.

Remark: The above definition of sorting refers to arranging numerical data in increasi_ng order; Fhis
rcstricti'on is only for notational convenience. Clearly, sorting may alsor mean arranging numencz'tl
rder or arranging non-numerical data in alphabetical order. Actually, A 1s
frequently a file of records, and sorting A refers to rearranging the records of A so that the values |

of a given key are ordered.

Bubble Sort _
Suppose the list of numbers A[ll. A[2], .- _A[N] is in memory. The bubble sort algorithm works as

follows: -



| | Data Structures T
/

in the desired order, so that All] < A
nd arrange them 2] < A[3], )
Step 1. Compare A[l] and A[Zg ;[3] and arrange them sO tl:ft Aégiti;ue [uglti'lrhﬁn oMb
Then compare A[%i] a;ange them so that A[3] < A[I ]. ATN) We co
s < .
A[3] and P:[tf ;[I;J] :.nd arrange them SO t‘hat ?{[N 1 th Jargest element s % b
' AN 11 W n — 1 comparisons. (During St€p £, - leted, A[N] wi Ubb]eg
Observe e Stf:p't% m‘c;:l:siiks” 0 the nth position.) When Step 1 is completed, Wil congy,
up” to the nth position _

the largest element. ess comparison; that is, now we stop after we COmpare gy

. 1 | '
Step 2. - Repeat Step 1 with one N - 1]. (Step 2 involves N — 2 comparisong ang
i arr A[N - 2] and A[ ; . ‘

ﬁ::llbé}t,e:)% izl?;npgetw, the second largest element will occupy A[N - 1])

Step 3. Repeat Step 1 with two fewer comparisons; that is, we stop after We. compare g4
possibly rearrange A[N - 3] and A[N - 2].

Mpare

Step‘N ~ 1CompareA[l]w1th A[2] and arrange them so that A[l] < A[2].
After n - 1 steps, the list will be sorted in increasing order. N
The process of sequentially traversing through all or part of a list is frequently called a “pass,”

so each of the above steps is.called a pass. Accordingly, the bubble sort algorithm requires n - |
passes, where n is the number of input items,

Example 4.7

Suppose the following numbers are stored in an array'A:

32, 51, 27, 8s, 66, 23, 13, 57

We apply the bubble sort to the array A. we discu

Pass 1. We have the following comparisons; 455 each pass separately.

(a) Compare A, and A,. Since 32 < 51, the [ict :
' e [1St
(b) Compare A; and A,. Since 51> 27, ° not altered,

in’terchange o1 and 27 s follows:

3_2,@@ 85, 66, 23, 13, 57

(c) Compare As and A, Since 51 <
) . 851 the
(d) Compare As and A, Since 85 > 66, inte

32, 27,
(e) Compare As and A,. S ’ 51.' 23, 13, 57

32, 27, 51, 66
(f) Compare A4 and A7. Since 85 » 13 ; @ 13, 57

(9) Compare A, anqg As.
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At the end of this first pass, the largest number, 85, has moved to the last

position. However, the rest of the numbers are not sorted, even though some of them
have changed their positions.

For the remainder of the passes, we show only the interchanges.

Pass 2. 27,) (33)51, 66, 23, 13, 57, 85
21, 33, 51,23,) (66,13, 57, 85
27, 33, 51, 23,(13) (66) 57, 85
27, 33, 51, 23, 13,67,) (66) 85

At the end of Pass 2, the second largest number, 66, has moved its way
down to the next-to-last position.

Pass 3. 27, 33, @ 13, 57, 66, 85

27, 33, 23,13, (51)57, 66, 85
Pass 4. 27,@23) (33)13, 51; 57, 66, 85
27, 23,(13)) (33) 51, 57, 66, 85
pass 5. (23) (27) 13, 33, 51, 57, 66, 85
23,(13) (27) 33, 51, 57, 66, 85

Pass 6. (13) (23) 27, 33, 51, 57, 66, 85

Pass 6 actually has two comparisons, A; with A, and A, and A;. The second
comparison does not involve an interchange.
Pass 7. Finally, A, is compared with A,. Since 13 < 23, no interchange takes place.

Since the list has 8 elements; it is sorted after the seventh pass. (Observe that in
this example, the list was actually sorted after the sixth pass. This condition is
discussed at the end of the section.)

S — — . S e LT R —

We now formally state the bubble sort algorithm.
Algorithm 4.4: (Bubble Sort) BUBBLE(DATA, N)

Here DATA is an array with N elements. This algorithm sorts the elements in

DATA.

1. Repeat Steps 2 and 3 for K =110 N -1

2. Set PTR := 1. [Initializes pass pointer PTR.]
3. Repeat while PTR < N — K: [Executes pass.]

(a) If DATA[PTR] > DATA[PTR + 1], then:
Interchange DATA[PTR] and DATA[PTR + 1].
[End of If structure.]
(b) Set PTR :=PTR + L.

[End of inner loop.]
[End of Step 1 outer loop.}

4. Exit.
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Observe that there is an inner 100p Wh]lfe d by an index K. Also

contained in an outer loop which is co?ltrob  oher s a cOUNer.
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Complexity of the Bubble Sort Algorithm

d in terms of the number of comparisopg
ly computed. Specifically, there are p - |
t in the last position; there are

as;.

Traditionally, the time for a sorting algorithm is mrj:asure'
The number f{n) of comparisons in the bubble sort 1s €asl -
comparisons during the first pass, which places the largest €ie fapasns o i
n — 2 comparisons in the second step, which places the second largest elem next-to-]ast

position; and so on. Thus

nin-1) 2 s
fM=(n-D+0n=-2)+...+2+ 1= = =%+0(n)=0{n)

-

3 . . b)
In other words, the time required to execute the bubble sort algorithm is proportional to »?,
where n is.the number of input items.

- Remark: Some programmers use a bubble sort algorithm that contains a 1-bit variable FLAG (ora
; logical variable FLAG) to signal when no interchange takes place during a pass. If FLAG = 0 after
. any pass, then the list is alréady sorted and there is no need to continue. This may cut down on the

number of passes. However, when using such a flag, one must initialize, change and test the

| jaariable FLAG during each pass. Hence the use of the flag is efficient only when the list originally
1s “almost” in sorted order.

WL 4.7 SEARCHING; LINEAR SEARCH

well-known algorithm called binary search
The complexity of searching algori :

search i1s a linear ti ; ns _
me algorithm, but (g binary ge " clements. we shall show that linear

proportional in time to log, n. Op the ot arch is 3 g ' : -
th:e VU € other hand, we also discuss thecgram(;,re 1? icient algor;thm‘
. Wback of relying only on
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Linear Search

Suppose DATA is a linear array with n elements. Given no other. information about DATA, the
most intuitive way to search for a given ITEM in DATA is to compare ITEM with each element of
DATA one by one. That is, first we test whether DATA[1] = ITEM, and then we test whether
DATA[2] = ITEM, and so on. This method, which traverses DATA sequentially to locate ITEM, is
called linear search or sequential search. |

To simplify the matter, we first assign ITEM to DATA[N + 1], the position following the last
element of DATA. Then the outcome ' :

LOC =N + |

where LOC denotes the location where ITEM first occurs in DATA, signifies the search is
unsuccessful. The purpose of this initial assignment is to avoid repeatedly testing whether or not
we have reached the end of the array DATA. This way, the search must eventually “succeed.”

A formal presentatiofl of linear search is shown in Algorithm 4.5.

Observe that Step 1 guarantees that the loop in Step 3 must terminate. Without Step 1 (see
Algorithm 2.4), the Repeat statement in Step 3 must be replaced by the following statement, which
involves two comparisons, not one:

Repeat while LOC < N and DATA[LOC] # ITEM:

On the other hand, in order to use Step |, one must guarantee that there is an unused memory
location

Algorithm 4.5: (Linear Search) LINEAR(DATA, N, ITEM, LOC)
Here DATA is a linear array with N elements, and ITEM is a given item of
information. This algorithm finds the location LOC of ITEM in DATA, or sets
LOC := 0 if the search is unsuccessful. : -

1. [Insert ITEM at the end of DATA.] Set DATA[N + 1] := ITEM.
2. [Initialize counter.] Set LOC := 1.
3. [Search for ITEM.]

Repeat while DATA[LOC] # ITEM:

Set LOC := LOC + 1. '

[End of loop.]
4. [Successful?] If LOC = N + 1, then: Set LOC := 0.
5. Exit.

at the end of the array DATA; otherwise, one must use the linear search algorithm discussed in
Algorithm 2.4.

Example 4.8

Consider the array NAME in Fig. 4.5(a), where n = 6.

(a) Suppose we want to know whether Paula appears in the array and, if so, where.
Our algorithm temporarily places Paula at the end of the array, as pictured in




.1k //”
he algorithm searches the array

_ paula. Then t . :
g NAMEZL ﬁt:tuappears in NAME[N + 1], Paula is not in
Since
ars in the array and, i_f s0, where,
end of the array, as pictured in
he algorithm searches the array
NAME[4] (where 4 < n), we

Fig. 4.5(b), by settin
from top to bottom.
the original array.
(b) Suppose we want to
Our algorithm tempora

Fig. 4.5(c), by setting .
frgm top to bottom. Since Susan first appear

know that Susan is in the original array.

know whether Susan appé
rily places Susan at the

71 = Susan. Then t
NAME(7) & iin

NAME
NAME NAME
1| Mary 1| mary 1 | Mary
I
2 | Jane 2 | Jane 2 | Jane
3 | Diane 3 | Diane 3 | Diane
4 | Susan 4 | Susan 4 | Susan
5 | Karen 5 | Karen 5 | Karen
6 | Edith 6 | Edith 6 | Edith
7 7 | Paula 7 | Susan
8 8 8
(@) (b) (©)

Fig. 4.5

e % z e - nd T———

Complexity of the Linear Search Algorithm

As notf-:d above, the complexity of our
compansons required to find ITEM in D
cases to consider are the average case an
Clearly, the worst case occurs when
ITEM does not appear in DATA. In thi(s)

search algorithm
ATA where DAT
d the worst case,

Ne must search throu
case, the algorithm

ﬂ”)=n+1

Als measured by the number f(n) of
contains n elements. Two important

gh tl}e entire array DATA, i.e., when
requires

probability thgg € pro :
. that ITEM does not appear in DAT: (I,Ei appears in D ATA[K notion of expectation. (See Sec.
- (Then p. .

comparisons when ITEM appears in DATA LFPy 4+ <o g s 1, and suppose g is the probabili‘y
_ finy=1. (K], the average ;;umcif ) Since the algorithm uses
In particular, suppose ¢ ®r of comparisons is given bY

is ver n-p
of DATA. Then g = 0 and e}, ;S‘I-mtlfl and ITE - Prnt(n+ 1y, g
= Un,

o ears Wit
Ccordingly ' equal probability in each eleme™

pl+2'p2+

i
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(n) = I»l—+2-—l-+...+n--1—+(n+].)-0=(l+2+‘..+n)‘l
)
n n n n

nn+l) 1 n+l
=72 a2

That is, in this special case, the average number of comparisons required to find the location of
ITEM .is approximately equal to half the number of elements in the array.

4.8 BINARY SEARCH

Suppose DATA is an array which is sorted in increasing numerical order or, equivalently,
alphabetically. Then there is an extremely efficient searching algorithm, called binary search,
which can be used to find the location LOC of a given ITEM of information in DATA. Before

formally discussing the algorithm, we indicate the general idea of this algorithm by means of an
idealized version of a familiar everyday example.

Suppose one wants.to find the location of some name in a telephone. directory (or some word in
a dictionary). Obviously, one does not perform a linear search. Rather, one opens the directory in
the middle to determine which half contains the name being sought. Then one opens that half in
the middle to determine which quarter of the directory contains the name. Then one opens that
quarter in the middle to determine which eighth of the directory contains the name. And so on.

Eventually, one finds the location of the name, since one is reducing (very' quickly) the number of
possible locations for it in the directory.

The binary search algorithm applied to our array DATA works as follows. During each'stagc of
our algorithm, our search for ITEM is reduced to a segment of elements of DATA:

DATA[BEG], DATA[BEG + 1], DATA[BEG + 2], ..., DATA[END]

Note that the variables BEG and END denote, respectively, the beginning and end locations of
the segment under consideration. The algorithm compares ITEM with the middle element
DATA[MID] of the segment, where MID is obtained by :

MID = INT((BEG + END)/2)

(We use INT(A) for the integer value: of A.) If DATA[MID] = ITEM, then the search is
successful and we set LOC := MID. Otherwise a new segment of DATA is obtained as follows:

(a) If ITEM < DATA[MID], then ITEM can appear only in the left half of the segment:
DATA[BEG], DATA[BEG + 1}, ..., DATA[MID - 1]

So we reset END := MID - | and begin searching again.
(b) If ITEM > DATA[MID], then ITEM can appear only in the right half of the segment:

DATA[MID + 1], DATA[MID + 2], ..., DATA[END]
So we reset BEG := MID + | and begin searching again.

Initially, we begin with the entire array DATA: i.e., we begin with BEG = 1 and END = n, or,
more generally, with BEG = LB and END = UB. :
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END < BEG :

ful, and in such a case we assign [ o¢ .
f indices of DATA. (I" most cases, e Ca;

|
If ITEM is not in DATA, then eventua

e search is unsuccess

: ition signals that th :
This condition sig lies outside the set O

NULL. Here NULL is a value that
choose NULL = 0.) N |
We state the binary search algorithm formally. i, LOE)

i i ; TA, LB, UB. .
Haorihm 48 g?mgg:';:r j:)a[:ﬁif aYr?:;q with lower bound LB and upper bound UB, ap4
: I'I%ii is a given item of information. The v-ariables BEG, END and Mpp
denote, respectively, the beginning, end and mldd.le locations of a Ségment of
elements of DATA. This algorithm finds the location LOC of ITEM in DATA

or sets LOC = NULL.

1. [Initialize segment variables.]
Set BEG := LB, END := UB and MID = INT((BEG + END)/2).

2. Repeat Steps 3 and 4 while BEG < END and DATA[MID] # ITEM.
3. If ITEM < DATA[MID], then:
Set END := MID - 1.
Else:
Set BEG := MID + 1.
(End of If structure.]
4. Set MID := INT(BEG + END)/?2).
[End of Step 2 loop.]
S. If DATA[MID] = ITEM' then:

Set LOC := MID.
Else: o
Set LOC := NULL,.
[End of If Structure.)
6. Exit,

Remark: Whenever ITEM does not i
dppear in DAT .
that BEG = END = MID. Then th CATA, the algorithm ;
the algorithm. This occurs in pme(;;”:fs[:p ytelds END < BEG ancf ‘::emtua:]y arrives at e Stsag;
€ next example ’ ontrol transfers to Step 3 0

Example 4.9

Let DATA be the followin
g sorted 13.
DATA: 11, 22, 30, 33 et array;

We apply the binary search to DAT:' 40, 44, 55, 60

f .
(3) Suppose ITEM - 4g — or different Values of ITEM
4, where the valyes of DATA[R EM i the ar
[BEG] ang DATA[EN oY DATA i Pictured in Fig
. . n €each sta '
. >-aGe of the

—

e  ———
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algorithm are indicated by circles and the value of DATA[MID] by a square.
Specifically, BEG, END and MID will have the following successive values:

1. Initially, BEG = 1 and END = 13. Hence
MID = INT[(1 + 13)/2] =7  and so DATA[MID] = 55
2. Since 40 < 55, END has its value changed by END = MID - 1 = 6. Hence
MID = INT[(1 + 6)/2] =3  and so  DATA[MID] = 30
3. Since 40 > 30, BEG has its value changed by BEG = MID + 1 = 4. Hence
MID = INT[( 4 + 6)/2] =5  and so DATA[MID] = 40
We have found ITEM in location LOC = MID = 5.

(1) (7)) 22.-30, 33, 40, 44,[55)60. 66, 77, 80, 88,09)
(2) (1)) 22.[30] 33, 40,(44)55. 60. 66, 77. 80, 88, 99

(3) 11, 22, 30,@33) [40) @4)55, 60, 66, 77, 80, 88, 99 [Successtul]
Fig. 4.6 Binary Search for ITEM = 40

(b) Suppose ITEM = 85. The binary search for ITEM is pictured in Fig. 4.7. Here BEG,
END and MID will have the following successive values:

1. Again initially, BEG = 1, END = 13, MID = 7 and DATA[MID] = 55.
2. Since 85 > 55, BEG has its value changed by BEG = MID + 1 = 8. Hence

MID = INT[(8 + 13)/2) =10  and so  DATA[MID] = 77

3. Since 85 > 77, BEG has its value changed by BEG = MID + 1 = 11. Hence
MID - INT[(11 + 13)/2] = 12 and so DATA[MID] = 88

4. Since 85 < 88, END has its value changed by END = MID - 1 = 11, Hence
MID = INT[(11 + 11)/2] = 11 and so DATA[MID] = 80

(Observe that now BEG = END = MID = 11.)
Since 85 > 80, BEG has its value changed by BEG = MID + 1 = 12, But now BEG > END,

Hence ITEM does not belong to DATA.

[ S S —

(1)@ 22, 30, 33, 40, 44,[5560, 66, 77, 80, ea.
(2) 11, 22, 30, 33, 40, 44, 55,(60,66, (77,80, 88,(99)
(3) 11, 22, 30, 33, 40, 44, 55, 60, 66, 77,(80))[88] (99)

(4) 11, 22, 30, 33, 40, 44, 55, 60, 66, 77,(80) 88, 99 [Unsuccessful]
Fig. 4.7 Binary Search for ITEM = 85

L7
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Example 4.10

' . Observe that
| Suppose DATA contains 1 000 000 elements s 1 000 o0
| 2= 1024 > 1000  and hence 2% >
E
5

i i i ithm, one requires only about 20
Accordingly, using the binary search algori m, _
comparis?}:s to ﬁid the location of an item in a data array w1_th. 1 000 000 elements,
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Limitations of the Binary Search Algorithm

Since the binary search algorithm is very efficient (e.g.,

an initial list of 1 000 00Q elements), why would One want to use any other search algorithm?
Observe that the algorithm requires two conditions: (1)

the list must be sorted and (2) one must
have direct access to the middle elemen In any sublist, This means that One must essentially use?
sorted array to hold the datg. But keeping data in 5 sorted array s normally very expensive when
there are many insertjons and deletions. in such situationg one may use a different
data structure, such ree, to store the d;\ta

it requires only about 20 comparisons with

. Accordingly,
as a linked list or g binary search ¢

%.9 MULTIDIMENSIONAL ARRAYS
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The element of A with first subscript j and second subscript k will be denoted-by
Ajg or All, K]

Two-dimensional arrays are called matrices in mathematics and tables in business applications;
hence two-dimensional arrays are sometimes called matrix arrays.

There is a standard way of drawing a two-dimensional /n X n array A where the elements of A
form a rectangular array with m rows and n columns and where the element A[J, K] appears in row
J and column K. (A row is a horizontal list of elements, and a column is a vertical list of elements,)
Figure 4.8 shows the case where A has 3 rows and 4 columns. We emphasize that each row

contains those elements with the same first subscript, and cach column contains those elements
with the same second subscript.

_ Columns __,_.—‘—';"'_'—
1 2 3 R
1A[1,1] All,2] A[1,3] All,4]
Rows 2| A[2,1] A[2,2] A[2,3] Al2.4]
3| AI3,1] A[3,2] A3,3] A3 4]

Fig. 4.8 Two-Dimensional 3 X 4 Array A

Example 4.11 -

Suppose each student in a class of 25 students is given 4 tests. Assuming the
students are numbered from 1 to 25, the test scores can be assigned to a 25 x 4
matrix array SCORE as pictured in Fig. 4.9. Thus SCORE[K, L] contains the Kth
student’s score on the Lth test. In particular, the second row of the array,

SCORE[2; 1], SCORE[2, 2], SCORE[2,3], SCORE[2, 4]
i contains the four test scores of the second student.

S ARG T kLA

R ik

1

Student Test 1 Test 2 Test 3 Test 4 ?
1 84 73 88 81 {

2 95 100 88 96 i

3 72 66 77 72 ;

25 78 82 70 85 a

Fig. 4.9 Array SCORE ?.

P ————T — — = —
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Suppose A is a two-dimensional m X n array. The first dimension of A contains the index set 1,
... m, with lower bound 1 and upper bound m; and the second dimension of A contains the index
set 1,2, .... n, with lower bound 1 and upper bound n. The length of a dimension is the number of
integers in its index set. The pair of lengths m x n (read “m by n”) is called the size of the array.
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h arrays aré sometl ;
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Some programming
bounds are not 1. (Suc
dimension still consists of the ¢ '
dimension. The length of a given dimens

obtained from the formula
Length = upper bound — lower bound + 1 4

i used for linear arrays.) Ge

(Note that this formula is the same as Eq (4.1), W‘h’Ch twhif LI ETTENS A8 regula):-_ )that ;’:T:iﬁly
speaking, unless otherwise stated, we will always assume : , that
the lower bound of any dimension of an array

Each programming language has its own ru
case with linear arrays, all element in such array .
example, that DATA is a two-dimensional 4 x 8 array Wit
PL/I and Pascal would declare such an array as follows:

FORTRAN: REAL DATA(4, 8)
PL/1: DECLARE DATA(4. 8) FLOAT,
Pascal: VAR DATA: ARRAY](!l .. 4, 1 .. 8] OF REAL,;

Observe rhat Pascal includes the lower bounds even though they are 1.

is equal to . Ny '
les for declaring multidimensional arrays. (As s th

s must be of the same data type.) Suppose, fo
h elements of the real type. FORTRAN,

Remark: Programming languages which are able to declare nonregular arrays usually use a colon
to separate the lower bound from the upper bound in each dimension, while using a comma to
separate the dimensions. For example, in FORTRAN,

INTEGER NUMB(2:5, -3:1)

dfaclarc§ NUMB to be a two-dimensional array of the integer type. Here the index sets of the
dimensions consist, respectively, of the integers
23,45 and  -3,-2,.1,0, ]

By Eq. (4.3), the length of the first dimension is

second dimension is equal to 1 — (=3) + ] = §. Theqllal t05-2+ 1 =4, and the length of the

us NUMB contains 4 - 5 = 20 elements.
Representation of Two-Dimensional Arrays in Memory

Pictured as a rectangular array of elements
d in memory by a block of m - n sequential
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: epends upon the pro : array. We emphasize that
Recall that, for a linear array LA the com grammlng language not the user

ut
of every element LA[K] of LA bt P ecr 9025 not keep track of the address LOC(LAIK)

does keep track of
LA The C-tOmputer uses the formula Of Base(LA), the address of the first element©

LOC(LA[K)) -

y. Although A ig

Base(LA) + WK - 1)



Arrays, Records and Pointers L.21

A Subscript A Subscript
(1.1) (1, )
(2, 1) » Column 1 (1,2)
(3, 1) {1‘3)>-How1
(1,2) (1, 4)J
(2,2) ¢ Column 2 (2, 1)
(3,2) (2,2)
(1, 3) (2. 3) > Row 2
(2,3) ¢ Column 3 (2,4)) o ' .
(@, 31[ (3. 1) -
9} 156 Row 3
(2, 4) r Column 4 (3,3)
(3.4) (3. 4))

(a) Column-major order (b) Row-major order
Fig. 4.10

to find the address of LA[K] in time independent of K. (Here w is the number of words per
memory cell for the array LA, and 1 is the lower bound of the index set of LA.)

A similar situation also holds for any two-dimensional m X n array A. That is, the computer
keeps track of Base(A)—the address of the first element A[l, 1] of A—and computes the address

LOC(A[J, K]) of A[J, K] using the formula

(Column-major order)  LOC(A[J, K]) = Base(A) + w[M(K - 1) + (J - 18] (4.4)
or the formula
(Row-major order) LOC(A[J, K]) = Base(A) + wINJ - 1) + (K - 1)] (4.5)

Again, w denotes the number of words per memory location for the array A. Note that the formulas
are linear in J and K, and that one can find the address LOC(A[J, K]) in time independent of J and

K.

Example 4.12

Consider the 25 x « matrix array SCORE in Example 4.11. Suppose Base(SCORE) = 200
and there are w = 4 words per memory cell. Furthermore, suppose the programming
language stores two-dimensional arrays using row-major order. Then the address of
SCORE[12, 3], the third test of the twelfth student, follows:

LOC(SCORE[12, 3]) = 200 + 4[4(12 - 1) + (3 - 1)] = 200 + 4[46] = 384
Observe that we have simply used Eq. (4.5).

e — —
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data will be physically stored in E:E;?;in data may be viewed logically as trees or graphg altho,
occur throughout the text; e.g.,

gh
. ; - cells.
physically the data will be stored linearly in memory ¢t

o t iC
Multidimensional arrays clearly illustra |

General Multidimensional Arrays

. vy > specifically, an  np-d; .
General multidimensional arrays are defined analogously. M(mI spe e “,hith }‘:‘meﬂmnﬂ
ale : 5 j b § I a A
m X my X ... X m, array B is a collection of m; - m, ... n, ddtadc T.,l;l(?r‘iri e }:,clc elemep
specified by a list of n integers—such as K;, K, ..., K,—called subscripts, Property thy

| <K <m
15 K] ﬁml, ngzs.’n?’, "

no=
The element of B with subscripts K. K,, ..., K, will be denoted by
B'Kl' Ky K, or B[K,. K,, ..., Kyl
The array will be stored in memory in a sequence of memory locations. Specifically, the Programming
language will store the array B either in row-major order or in column-major order. By row-major
order, we mean that the elements are listed so that the subscripts vary like an automobile odometer,
i.e.. s0 that the last subscript varies first (most rapidly), the next-to-last subscript varies second

(less rapidly), and so on. By column-major order, we mean that the elements are listed so that the
first subscript varies first (most rapidly), the second subscript second (less rapidly), and so on.])

Example 4.13

| Suppose B is a three-dimensional 2 x 4 X 3 array. Then B contains 2 . 4 . 3=24
i elements. These 24 elements of B

are usually pictured as in Fig. 4.11; i.e., the
appear in three layers, called pages, where each paqge ; - 4.115 1.e., they
! rectangular array of elements with th bode consists of the 2 x 4

¢ ° e same third 3 .
| of an element in a three-dimensional ré subscript. (Thus the three subscripts

array are called, respect;
5 and page of the element:) TI:.e two ways of storing B in n?e;t;\!elz, the rwa,F_cohj:nln2
% Observe thqt_ the_a.rrows N Fig. 4.1 indicate the 'y appear in Fig. 4.12.

cc'u”“""""ajOr order of the elements.
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Page 3
B[1, 1, 3] B[1,2,3] .B[1,3,3] B[1, 4, 3]

LT T

B[2,1,3] B[223 B33 B[2, 4. 3]
S m ™

B[(1, 1,2] B(1, 2, 2] B[1, 3, 2] B[1,4. 2
2T )

B2 1,2] B[222 B[232 B24.2]

Page 2

Page 1

B(1,1,1] B(1,2,1] B[1,3,1 B.41] ‘\‘
AaVAnD,
B[2,1.1] B[2,2,1] B[2,31] B[2,4,1]

Fig. 4.11
B Subscripts B Subscripts
(1,1,1) (1,1,1)
(2,1,1) (1,1,2)
(1,2, 1) T (1,1,3)
2.2,1) B RGER
(1,3,1) {152 2)
: o
(1,4,3) (2,4,2)
| (2, 4,3) (2,4,3)

(b) Row-major order

Fig. 4.12

(a) Column-major order

For a given subscript K;, the effective index E; of L; is the number of indices preceding K; in the

t, and E; can be calculated from
E, = K; — lower bound

., Ky] of an arbitrary element of C can be obtained from the

index se
(4.7)

Then the address LOC(C[K;, Ky, -

formula
Base(C) + W[((( res (EN[’N—I + EN-—])LN—Z) + ... + Es)Lz + E2)Ll + E]] (48)
or from the formula

Base(C) + wl(...(E\Ly + E)Ly + E)Ly + ... + En_)Ln + EN) (4.9)

according to whether C is stored in column-major or row-major order. Once again, Base(C)
denotes the address of the first element of C, and w denotes the number of words per memory

location.
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Example 4.14 |
ay MAZE is declared using
MAZE(2:8, -4:1, 6:10)

sions of MAZE are, respectively,
[;=10-6+1=5

Suppose a three-dimensional arr

Then the lengths of the three dimen )
e o Lz_l—(_4)+;-2;0elements
ingly, MAZE contains L, - L, - Ly=7 -6 5= e
Accst:lrgpogeythe programming ianguage stores MAZE in memory :)nr rc;:“m?ho‘: :532;:::
suppose Base(MAZE) = 200 and there are w = 4 word§ per memory f “. 2
an element of MAZE—for example, MAZE[5, -1, 8]—is obtained as follows. The
effective indices of the subscripts are, respectively,

51-5_2-3: EZ-_I_(_4):3'
Using Eq. (4.9) for row-major order, we have:
Elr.z = 3 . 6 = 18
El,+E,=18 + 3 =21
¢ (Ellz + E3)L3 + E3 =106 + 2 = 107
Therefore,

E;=8-6=2

e —

LOC(MAZE[S, -1, 8]) = 200 + 4(107) = 200 + 428 = 628
4.10  POINTERS; POINTER ARRAYS

Let DATA be any array. A variable P ;

. . . 1S Called d p()fnr 'f ““ . v :

if P contains ; ér 1t P “points™ ¢ i [

array irt! E:arlltz;ee:iﬁe?f g’f‘?; 'f:]efmen-t " DATA, AnalogOUSI}’ » an al‘I‘i)aanlz;allvle{m'(::m'llrll E)ATA":!:'

processing of the informatjon ir:SDdAl’)romter'.POimers and pointer arry sya ISd i Pl the
cs A. This section disc. “Hrays are used to facilitate

specific example, Cusses this usefy] tool in the context of a

Consider an Organization which divides it me

contains an alphabetized |i Mbership |jg; ;
p list of thoge members living in F"l Cet I.tm.tcn four groups, where each group
é aIn area, Sy Fig. 4.13 shows
Grous T + Suppose Fig. 4.
Eva:s -—-____E_r_[_)up 2 I“m\
Harris rora [ ave——Croup 4
F \
Lewis GT:SS Segal Saker
Klng G r
Penn J ray
Silver Ones
Troy Reed
Fig. 4.13 e
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such a listing. Observe that there are 21
respectively.

Suppose the membership list is to be stored in memory keeping track of: the different groups.
One way to do this is to use a two-dimensional 4 x n array where each row contains a group, or to
use a two-dimensional n x 4 array where each column contains a group. Although this data
structure does allow us to access each individual group, much space will be wasted when the
groups vary greatly in size. Specifically, the data in Fig. 4.13 will require at least a 36-element 4 X
9 or 9 X 4 array to store the 21 names, which is almost twice the space that is necessary. Figure
4.14 shows the representation of the 4 x 9 array; the asterisks denote data elements and the zeros
denote unused storage locations. (Arrays whose rows—or columns—begin with different numbers
of data elements and end with unused storage locations are said to be jagged.)

people and the groups contain 4, 9, 2 and 6 people,

(+* + *]o o o .0 o
i

0o o0 o o o0 o0 O

'|000

Fig. 4.14 Jagged Array

Another way the membership list can be stored in memory is pictured in Fig. 4.15(a). That is,
the list is placed in a linear array, one group after another. Clearly, this method is space-efficient.
Also, the entire list can easily be processed—one can easily print all the names on the list, -for
example. On the other hand, there is no way to access any particular group; e.g., there is no way to
find and print only the names in the third group.

A modified version of the above method is pictured in Fig. 4.15(b). That is, the names are listed
in a linear array, group by group, except now some sentinel or marker, such as the three dollar
signs used heres will indicate the end of a group. This method uses only a few extra memory
cells—one for each group—but now one can access gny particular group. For example, a programmer
can now find and print those names in the third group by locating those names which appear after
the second sentinel and before the third sentinel.-The main drawback of this representation is that
the list still must be traversed from the beginning in order to recognize the third group. In other
words, the different groups are not indexed with this representation.

Pointer Arrays

The two space-efficient data structures in Fig. 4.15 can be easily modified so that the individual
groups can be indexed. This is accomplished by using a pointer array (here, GROUP) which
contains the locations of the different groups or, more specifically, the locations of the first
elements in the different groups. Figure 4.16 shows how Fig. 4.15(a) is modified. Observe that
GROUP[L] and GROUP[L + 1] - 1 contain, respectively, the first and last elements in group L.
(Observc that GROUP[5] points to the sentinel of the list and that GROUP[S] - 1 gives us the

location of the last element in Group 4.)
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Example 4.15

Suppose one wants to print only the names in the
value of L is part of the in

respectively, the locations of
module accomplishes oyr task

1. Set FIRST := GROUP[L] ang LA
2. Repeat for K = FIRST to LAST:
Write: MEMBER(K).

[End of loop.)
3. Return.

The simplicity of the module
indexes the Lth group. The
convenience.

GR

the first and last pa

m

ST := GROUP[L +1]) -1

Comes from the f3
vVaniab|eg FIRST and

that the poi
Poin
LAST are used

426 | MEMBER
— |\
MBER 1 Evans
i =]
1 | Evans 2 __'f_"_'_s___f Group 1
2 | Harris \ Group 1 3 | Lewis
| i
3 | Lewis 4 | Shaw /
itV |
4 Shaw ] 5 $$$ )
\ IR
5 | Conrad 6 | Conrad
> Group 2 Group 2
13 Wagner ) 14 wagner
14 | Davis } —— 15 | $$%
15 | Segal 16 | Davis
50 | Balce 17 | Sogat Group 3
Group 4 18 | $%%
2:' — 19 | Baker
Group 4
24 Reed
25 | $3%
__-——-—__-_|
(a) _ (b)
" Fig. 4.15

. Lth group in Fig. 4.16, where the
B Sifles SROUP(L] ang OUP[L + 1] - 1 contain,

€ in the Lth group, the following

ter

array GROUP
Mainly for notational
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MEMBER
—_ 1 Evans
2 | Harris
GROUP Group 1
= 3 | Lewis
1 1
. 4 | Shaw )
2 5 __——\\‘.-
5 | Conrad
3| 14 ) .
4 16 . . ¢ GrOUp2
5| 22 [ 13 | Wagner
14 | Davis
‘ Group 3
15 | Segal
16 | Baker ]
) ) . ,  Group 4
21 | Reed
> 22 | $3% '
Fig. 4.16

A slight variation of the data structure in Fig. 4.16 is pictured in Fig. 4.17, where unused
memory cells are indicated by the shading. Observe that now there are some empty cells between
the groups. Accordingly, a new element may be inserted in a group without necessarily moving the
elements in any other group. Using this data structure, one requires an array NUMB which gives
the number of elements in each group. Observe that GROUP[K + 1] — GROUP[K] is the total
amount of space available for Group K; hence

FREE[K] = GROUPK + 1] - GROUP[K] - NUMB(K]
is the numbe: of empty cells following GROUP K. Sometimes it is convenient to explicitly define
the extra array FREE.

| 'l-'.xa_mple 4.16

Suppose, again, one wants to print only the names in the Lth group, where L is part
of the input, but now the groups are stored as in Fig. 4.17. Observe that

GROUP[L) and GROUP[L) + NUMB[L) - 1

contain, respectively, the locations of the first and last names in the Lth group. Thus
the following module accomplishes our task:
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4.28 e

MEMBER
GROUP —
1| tf—"""" " —
s
o 7 2 [H2™ 1} Group 1
3 | Lewis
3|19 —) —
4 | Shaw
4 | 23 — L
5
6
L.-7 Conrad
8 | Felt
rGroup2
NUMB
1 4 15 | Wagner |)
2 . 16
3 2
17
4| 6
18
“———19 | Davis
Group 3
20 | Segal } P
21
FREE 22 |
1] 2 ~———23 | Baker
2| 3 24 | Cooper
EEEE— _‘____—-———
3| 2 : » Group 4
29 [ 77— 1
h-h'_——h-
30
S
31
2 [
R \I
Fig. 4,17

1. Set FIRST := GROUP[
' L] and LAsT . |
2. Repeat for K FIRS ST = GROyp
N - T tO . [L] +
Write: MEMBER[K]. LAST: NUMB[L] - 1
[End of loop.]
3. Return,

The variables .
and i
. RST LAST are malnly Used for not nv
FI ational co \
enlence
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4.11 RECORDS; RECORD STRUCTURES

Collections of data are frequently organized into a hierarchy of field. records and files. Specifically,
a record is a collection of related data items, cach of which is called a field or attribute, and a file
is a collection of similar records. Each data item itself may be a group item composed of subitems;
those items which are indecomposable are called elemen:ary items or atoms or scalars. The names

given to the various data items are called identifiers. _
Although a record is a collection of data items, it differs from a linear array in the following

-Ways:

(a) A record may be a collection of nonhomogeneous data; i.e., the data items in a record may

have different data types.
(b) The data items in a record are indexed by attribute names, so there may not be a natural

ordering of its elements.

Under the relatiohship of group item to subitem. the data items in a record form a hierarchical
structure which can be described by means of “level” numbers, as illustrated in Examples 4.17 and
4.18.

BROWN,JOHNM. |Modie84] | BROWN,ROBERTS. |26] | BROWN,SUSANB. |22

MD'Y| |<—— Name ——-—-v-:} l«——— Name -—-——-—:)
Age

Age

+ Name > 4— —» |«——— Father - Mother——

Sex J “- Birthday

Fig. 4.18

Example 4.17

Suppose a hospital keeps a record on each newborn baby which contains the following
data items: Name, Sex, Birthday, Father, Mother. Suppose further that Birthday is a
group item with subitems Month, Day and Year, and Father and Mother are group
items, each with subitems Name and Age. Figure 4.18 shows how such a record could
appear. :

The structure of the above record is usually described as follows. (Note that Name
appears three times and Age appears twice in the structure.)

1 Newborn
" 2 Nanie
2 Sex
2 Birthday
3 Month
3 Day

3 Year
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2 Father
3 Name

3 Age

2 Mother
3 Name

3 Age |
alled a level number. Observe that each
bitems, and the level of the subitems is 1 more thap
items,

. is a group item if and only if it js
i Furthermore, an item
the level of the group item.

i i reater level number.
immegiately followed by an lth :l_t_h j.?. reater leve’ 1 - .

. N
The number to the left of gach identifier 1
group item is followed by 1ts su

j arrays of elements,
Some of the identifiers in a record structure may also refer to y ts. In fy

~ suppose the first line of the above structure is replaced by
1 Newborn(20)

This will indicate.a file of 20 records, and the usual subscript notation will be used to distinguis
between different records in the file. That is, we will write

Newborn,, Newborn,, Newborns,...
or Newborn[1], Newborn[2], Newborn[3],...

to denote different records in the file. .

‘Example 4.18 |

A class of student records may be organized .as follows:

1 Student(20)
2 Name

3 last

3 First

3 MI (Middle Initial
2 Test(3) )
2. Final
2 Grade
tt
stut:jzr:tag!bzo students. The identifier Test (3)
d3 tirne.s Aiewe that there are 8 elementary
structure, together, there are 160

The identifier Student(2o) indicates th
indicates that there are three tests ’
items per Student, since Test is couE:r
elementary items in the entire Studen:

. " "-—u.___,,_-m..‘.,._",- ....... — —/
Indexing Items ip a Record .

Suppose we want to ac

data name of the ite d

. ata item .
M since th M a recorq ' .

a el
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example. Age appears in two pluces in the record in Example 4.17. Accordingly, in order o
specity wparticular item, we may have to gualify the name by using appropriate group item names
in the straeture, This gualification is indicated by using decimal points (periods) to separate group
items from subitems,

Example 4.19

(a) Consider the record structure Newborn in Example 4.17. Sex and year need no
qualification, since each refers to a unique item in the structure. On the other
hand, suppose we want to refer to the age of the father. This can be done by

writing
Newborn.Father.Age or simply Father.Age
The first reference is said to be fully qualified. Sometimes one adds qualifying

| identifiers for clarity.
(b) Suppose the first line in the record structure in Example 4.17 is replaced by

1 Newborn(20)

That is, Newborn is defined to be a file with 20 records. Then every item
automatically becomes a 20-element array. Some languages allow the sex of the
sixth newborn to be referenced by writing

Newborn.Sex[6] or simply Sex[6]
Analogously, the age of the father of the sixth newborn may be referenced by
writing

Newborn.Father.Age[6] or simply Father.Age[6]

(c) Consider the record structure Student in Example 4.18. Since Student is declared
to be a file with 20 students, all items automatically become 20-element arrays.
Furthermore, Test becomes a two-dimensional array. In particular, the second

test of the sixth student may be referenced by writing
Student.Test[6, 2] or simply Test[6,2]
The order of the subscripts corresponds to the order of the qualifying
identifiers. For example,
Test[3, 1]
does not refer to the third test of the first student, but to the first test of the
third student.

. W a TR W WS TR T 8w R

Remark: Tests sometinies use tunctional notaton instead of the dot notation to denote qualifying
identitiers. For example, one writes
Age(Fatner(Newborn)) instead ot Newborn.Father.Age

and
Nomo(Student[811) Trstead o Student.Name.First[8]
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dentifiers in the

functional notation is the reverse o "
g

Observe that the order of the qualifyng 1

order in the dot notation. :
: L
4.12 REPRESENTATION OF RECORDS IN MEMORY, PARALLEL ARRAYS

the el
, Pascal and CO

data ements of a record cannot be stored i, Q
mogeneous ) BOL, do have record StruCtupeg

Since records may contain nonho
such as PL/1

array. Some programming languages,
built into the language.

Example 4.20

ple 4.17. One can store such a record

. orn in Exam
Consider the record structure Newb ate called a

~in PL/1 by the following declaration, which defines a data aggreg
structure:, |
DECLARE 1 NEWBORN,
' 2 NAME CHAR(20),
2 SEX CHAR(1).
2 BIRTHDAY,
3 MONTH FIXED,
3 DAY FIXED,
3 YEAR FIXED,
2 FATHER,
3 NAME CHAR(20),
3 AGE FIXED,
2 MOTHER
3 NAME CHAR(20),
Observe that the variables SEX > SR RN
t the vanables SEX and YEAR are unique; henc
not be qualified. . ' e references
qualified. On the other hand, AGE is not unique. Accordingly, to them nced

| FATHER.AGE  or MOTHER. AGE
depending on whether one wants to reference the father’
. r's age or

.,

one should use

——

e

o the mother’s age.

e ——

Suppose a programming langua
. ) ge does .
available in PL/1, Pascal and COBOL. Asst%igzvfh available the

record may have to be stored in individual variabje
the other hand, suppose one wants to store an ¢ S, One for each of j
belonging to the same identifier do have the ntire
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Example 4.21

Suppose a membership list contains the name, age, sex and telephone number of each
member. One can store the file in four parallel arrays, NAME, AGE, SEX and PHONE, as
pictured in Fig. 4.19; that is, for a given subscript K, the elements NAME[K], AGE[K],
SEX[K] and PHONE[K] belong to the same record.

NAME AGE SEX PHONE
1| John Brown 28 Male ~234-5186
2| Paul Cohen 33 Male 456-7272
3| Mary Davis 24 Female 777-1212
4| Linda Evans 27 Female_- 876-4478
5| Mark Green 31 Male 255-7654

Fig. 4.19

e e e e e S e e e s =

Example 4.22

Consider again the Newborn record in Example 4.17. One can store a file of such
records in nine linear arrays, such as

NAME, SEX, MONTH, DAY, YEAR, FATHERNAME, FATHERAGE, MOTHERNAME, MOTHERAGE .
one array for each elementary data item. Here we must use different variable names

for the name and age of the father and mother, which was not necessary in the
previous example. Again, we assume that the arrays are parallel, i.e., that for a fixed

subscript K, the elements
NAME[K], SEX[K], MONTH{K], ..., MOTHERAGE[K]

belong to the same record.

——

Records with Variable Lengths

Suppose an elementary school keeps a record for each student which contains the following data:
Name, Telephone Number, Father, Mother, Siblings. Here Father, Mother and Siblings contain,
respectively, the names of the student’s father, mother, and brothers or sisters attending the same

school. Three such records may be as follows:
Adams, John; 345-6677; Richard; Mary; Jane, William, Donald

Bailey, Susan; 222-1234; Steven; Sheila; XXXX ’
- Clark, Bruce; 567-3344; XXXX, Barbara; David, Lisa
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Here XXXX means that the parent has died or is not living with the student, or that the studep, ha

~-no sibling at the school. :
The above is an example of a variable-length record. sinc

Zero or more names. One way of storing the file in arrays is

linear arrays NAME, PHONE, FATHER and MOTHER takin

the records, and arrays NUMB and PTR giving, respectively,
In an array SIBLING.

4.13 MATRICES

NAME PHONE  FATHER MOTHER NuMB  PTR_
Adams, John | [345.6677] [ Richard | | Mary 3 5
Bailey, Susan| |222-1234| | Steven | | Sheila 0 0

I
Clark, Bruce | |567-3344| | XXXX Barbara 2 2
Fig. 4.20

¢ the data element Siblings cap ¢
pictured in Fig. 4.20, where th
g care of the first four data jtep ”
the number and location of Siblings

o N ;AW N

Ontajy

SIBLING

David

Lisa

Jane

William

Donald

“Vectors” and “matrices” are mathematical terms which refer to collections of numbers which are

analogous, respectively, to linear and two-dimensional arrays. That is,

(a) An n-element vector V is a list of n numbers usually given in the form
V=(V,, Vay, .

(b) An m X n matrix A is an array of m -

follows:

In the context of vectors and matrices, the term scalar is used for individual numbers. '
A matrix with one row (column) may be viewed as g vector a

Ay A
Ay Ap
Anr | A

m

viewed as a matrix with only one row (column).
A matrix with the same ““mbf“ n of rows and columns is called 3 square matrix or an n-squar’
matrix. The diagonal or main diagonal of an n-square matrix 4 consists of the elements Air Ap

.3 A.ﬂ.ﬂ'

=]

V)

n numbers arranged in m rows and n columns a8

nd, similarly, a vector may e
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The next section will review certain algebraic operations associated with vectors and matrices.

Then the following section discusses cfficient ways of storing certain types of matrices, called
sparse matrices.

Algebra of Matrices

Suppose A and B are m X n matrices. The sum of A and B, written A + B, is the m X n matrix
obtained by adding corresponding elements from A and B: and the product of a scalar k and the
matix A written & - A, is the m X n matrix obtained by multiplying each element of A by k.
(Analogous operations are defined for n-element vectors.) '

Matrix multiplication is best described by first defining the scalar product of two vectors.
Suppose U and V are n-element vectors. Then the scalar product of U and Vv, written U - V, is the
scalar obtained by multiplying the elements of U by the corresponding elements of V, and then
adding: '

Ll - 1'= Lf}\'l + L'?:"!: + aaw F U"Vﬂ = 2 Uka
k=1
We emphasize that U - Vis a scalar, not a vector.

Now suppose A is an m X p and Suppose B is a p x n matrix. The product of A and B, written
AB. is the m x n matrix C whose ijth element Cj; is given by

r
C” = .‘{HBU + AI:ZBEJ + ...+ AiPBPJ = z A."kBkj
k=1
That is, C; is equal to the scalar product of row i of A and column j of B.

i
. Example 4.23

(a) Suppose

1 -2 3 3 0 -6

A'(o 4 5) an B‘[z -3 1)

4+ B 143 -2+0 3+(-6))_(4 -2 -3
+B=1p4+2 4+(-3) 5+1 ) \2 1 6

3.1 3-(=2) 3-3)_(3 -6 9
A=l13.0 3-4 35 (0 12 15
(b) Suppose U= (1, -3 4 5) V= (2, -3, -6, 0) and W= (3, -5, 2, -1). Then:

U-V-1-2+(-3)-(-—3)+4-(—6)+5-0=2+9-24+0._13
u.w=1,3+(_3)-(—5)+4-2+5-(-1)-3+15+8—5=21

Then:

o TR

e

RES— i
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A=(1 3) and B""(}; 2 6
2 trix. The elements in the

4.36 _

(c) Suppose

disa2x3ma

ively, by multiplying the first row of A by

The product matrix AB is defined an
first row of AB are obtained, respect

each of the columns of B:
1.2+3-3 1:0+3-2 1-(—-4)+3-6J:(11 6 14)

1 3\(2 0 —4
a6 2 <)~ | |
Similarly, the elements in the second row of AB are obtained, respectively, by
multiplying the second row of A by each of the columns of B:

1 3\(2 0 —4 11 6 14 :(11614
2 4){3 2 6) |2-2+44-3 2.0+4-2 2:(-4)+4-6 16 8 16

f That is, AB=[11 g 14)

e

16 8 16

e

djrr':;h: .foll?wing algorithm. finds the product AB of matrices A and B, which are stored as two-
stonal arrays. (Algorithms for matrix addition and matrix scalar multiplication whi:':h are

very similar to algorithms for vect iti
’ or additio inlicati . . .
reader.) n and scalar multiplication, are left as exercises for the

Algorithm 4.7: (Matrix Multiplication) MATMUL(A, B, C, M. P N)
. Let A be an M X P matrix array, and let B l::e ,
algorithm stores the product of A and B in ap

;. Repeat Steps 2 to 4 for | = I to M:
3. Respeat Steps 3 and 4 for J = l to N:
. et C(L 1] := 0. [Initial: l
) al
4, Repeat for K = I to P: =Sk o
CLI=ca, 04 A

[End of inner loop.] [, K} * B[K, 1]

S. Ekxit.

The complexity of a i
e matrix multiplicat;
multiplications. The reason that a:jlgll.cauon algorithy, is m

multiplication takes st e ﬁtrons are not counted Casured by counting the number C of
4.7 is equal to than compy e, additiop T;ln Such a gorithms js thautm o uter

- The compleyjy .

Y of the aboy i
e Algorithm

—

This comes from the fact that Step 4 ihigh =meon. g
, Contains th

times. Extensive research h
L as been do ) eo _
minimize the number of multiplicatj ne op findip g ‘}1)’ mulnplication i
in this area. ons. The next €Xxam Orithms Or maty; 1S executed m - n-p
€ gives gp ;. X Multiplication which
an j plication whi
surprising result
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Example 4.24

Suppose A and B are 2 x 2 matrices. We have:

a b e f ae +bg af +bh
A-[‘ d]' 5" [9 h) and  AB = [ce-i-dg o +dh

In Algorithm 4.7, the product matrix AB is obtained using C = 2 - 2 - 2 = 8 multiplications.
On the other hand, AB can also be obtained from the following, which uses only 7
multiplications:

(1+4-5+7) (3+5)
AB“( 2+ 4) (1+3—2+6)]

1. (a+ d)(e + h)
2. (c+ d)e
3. a(f- h)
4. d(g - e)
5. (@ + b)h
6. (c-a)e+ )
7. (b-d)(g+ h)

Certain versions of the programming language BASIC have matrix operations built into the
language. Specifically, the following are valid BASIC statements where A and B are two-dimensional
arrays that have appropriate dimensions and K is a scalar:

MAT C = A +B
MAT D = (K)*A
MAT E = A*B

Each statement begins with the keyword MAT, which indicates that matrix operations will be
performed. Thus C will be the matrix sum of A and B, D will be the scalar product of the matrix A
by the scalar K, and E will be the matrix product of A and B.

4.14/ SPARSE MATRICES

Matrices with a relatively high proportion of zero entries are called sparse matrices. Two general
types of n-square sparse matrices, which occur in various applications, are pictured in Fig. 4.21. (It
is sometimes customary to omit blocks of zeros in a matrix as in Fig. 4.21.) The first matrix, where
all entries above the main diagonal are zero or, equivalently, where nonzero entries can only occur
on or below the main diagonal, is called a (lower) triangular matrix. The second matrix, where
nonzero entries can only occur on the diagonal or on elements immediately above or below the
diagonal, is called a tridiagonal matrix.




N

1 4 3
a 3 6

B 2 : 7

3 b 1 1 0

E 6 -5 8]
-7 g -1 3 3 1
{5 -2 0o 2 8 e -

(a) Tnangular matrix

Fig. 4.21

as [\n.n.lh]lu'll.\lnl‘..ll arrays ||]'.1_\ m,”\_

cImory k
o only those entries which yy,

The natural method of rcprcsunling matrices m-m
suitable for sparse matrices. That is, onc may SAYS s
be nonzero. This is illustrated for triangular matrices i
discussed in the solved problems.

pace by storit _
y the following example. Other cases will p

Example 4.25

Suppose we want to place in memory the triangular array A in Fig. 4.22. Clearly it
would be wasteful to store those entries above the main diagonal of A, since we know
they are all zero; hence we store only the other entries of A in a linear array B as
indicated by the arrows. That is, we let

B[1] = a5, B[2] = @y, B[3] = a,;, B[3] = a3,
Observe first that B will contain only

1+2+3+4+...+n=1n(n+1)
2

elements, which is about half as man '
. o : y elements H :
Since we will require the value of g as a two-dimensional n x n array.

in :
gives us the integer L in terms of .]M;nd ?(U:v}?;?gfams, e il want. the: fonmula Hiet

e
Observe that L L = oy
serve that L represents the num .
Now there are ber of elements in the |ist up to and including axy-

1+2+3+...+(J.;1)= _‘?E_‘:_ll
;:illm:lr_mts in th: rows above Ay, and there ire ¥ 2
uding ay. Accordingly ¢ K elements
' N row J up to and

L J0-1)

yields the index that accesses the yq| 2 *K
dlue

GJK fl‘om the I3
e
— linear array B,

e
“""'—""'v--..______ — .——__"_’/
P ——e——

.
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= A

az > 822

Qg — > az 833)

Q

..................
.....................

dm > adpp T apg—r—>a,,
Fig. 4.22

ISOEVED 2R OBRENS

Linear Arrays

4.1 Consider the linear arrays AAA(5:50), BBB(-5:10) and CCC(18).

(a) Find the number of elements in each array.

(b) Suppose Base(AAA) = 300 and w = 4 words per memory cell for AAA. Find the
address of AAA[15], AAA[35] and AAA[55]. :

(a) The number of elements is equal to the length; hence use the formula
Length=UB - LB + 1

Accordingly, Length(AAA) =50 -5+ 1 =46
Length(BBB) = 10 - (-5y+ 1 = 16
Length(CCC)=18-1+1=18

Note that Length(CCC) = UB, since LB = 1.

(b) Use the formula

137

LOC(AAA[K]) = Base(AAA) + w(K - LB)
Hence: LOC(AAA[15])= 300 + 4(15 - 5) = 340
LOC(AAA[35])= 300 + 4(35 - 5) = 420

AAA[55] is not an element of AAA, since 55 exceeds UB = 50.

‘4.2 Suppose a company keeps a linear array YEAR(1920:1970) such that YEAR[K] contains
the number of employees born in year K. Write a module for each of the following tasks:

(a) To print each of the years in which no employee was born.
(b) To find the number NNN of years in which no employee was born.



—
Structures
4.40 M

old at the end of
:  least S0 years ¢
who will be @

. T l()yees
(¢) To find the number N50 of emp At the end
the year. (Assume 1984 is the current year.) i]] be at least L years old att of the
(d) Tc find the number NL of employees who W!
year. (Assume 1984 is the current year.)

Each module traverses the array.

(a) 1. Repeat for K = 1920 to 1970:
If YEAR[K] = O, then: Write: K.
[End of loop.|
2. Return.

~(b) 1. Set NNN := 0.

2. Repeat for K = 1920 to 1970:
’ If YEAR[K] = 0, then: Set NNN := NNN + 1.
[End of loop.]

3. Return. . )
(¢) We want the number of employees born in 1934 or earlier.
1. Set NS5O := 0.

2. Repeat for K = 1920 to 1934:
Set N50 := N50 + YEAR[K].
(End of loop.]
3. Return.
(d) We want the number of employees born in year 1984 — L or earlier.
1. Set NL :=0and LLL := 1984 - L
2. Repeat for K = 1920 to LLL:
Set NL := NL + YEAR[K].
(End of loop.]
3. Return.

4.3 Suppose a 10-element array A contains the valﬁ

€S ap, a,, ...
after each loop. 2

» a1 Find the values in A
(@) Repeat forK=11t009:
Set A[K + 1] := A[K].
[End of loop.]
(b) Repeat for K =9 to | by -]:
Set A[K + 1] := A[9].
[End of loop.]

(a) First A[2] := A[]] sets Al2] = g, th
A I» the valye
%en :5] = 2[2] sets A[3] = q, te curreif VASJ.
en ] := A[3] sets 5[4] = a,, the Current ue of A[:’Z],
Thus every element of A Value of A[3]. Ang
. SO on.

will have the val
gmal vaye of A
.
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() Fiest ALLI0] 1 = A[9] sets A[10] = aq.

Then A[9]:= A[8] sets A[9] = ay.

Then A[S]: = A[7] sets A[8] = a-. And so on.

Thus every value in A will move to the next location. At the end of the loop, we still
have A[l] = x,.

Remark: This example illustrates the reason that, in the insertion algorithm, Algorithm 4.4,
the elements are moved downward in reverse order, as in loop (b) above.

44 Consider the alphabetized linear array NAME in Fig. 4.23.

(aj

tbi

(ch

iat

tb)

ic)

NAME
Allen

-

Clark

Dickens

Edwards

Goodman

Hobbs

—
I lrwin
| Klein

| Lewis .
i

o W o ~N OO ;M s W P

| Morgan
|

Richards

—y

—
—

12 | Scott
13 Tucker

14 | walton

Fig. 4.23

Find the number of elements that must be moved if Brown, Johnson and Peters are

inserted into NAME at three different times.
How many elements are moved if the three names are inserted at the same time?

How does the telephone company handle insertions in a telephone directory?

Inserting Brown requires 13 elements to be moved, inserting Johnson requires 7 elements

to be moved and inserting Peters requires 4 elements to be moved. Hence 24 elements

are moved.

[f the elements are inserted
once (with the obvious algorithm).

The telephone company Keeps a runni
telephone directory once a year.

at the same time, then 13 elements need be moved, each only

ng list of new numbers and then updates the
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Searching, Sorting

4.5 Consider the alphabetized lincar arra
(a) Using the linear search algorithm,

(b) Indicate how the algorithm ma

(a) C(Hobbs) = 6, since

. 1 4 23r
E in Fig. % s
yATg;)Al:;Ithm 4.5, how many compqusons € are useq lo

i ~ array to m;

locate Hobbs, Morgan and Fnsner}‘,? e change d for fsfm:]pgr f?;t)id y make o,
- does this atfect | - '
unsuccessful searchemore efﬁcncnt.::::l S Gk kit egioning with Allen, ung
Hobbs 1s com

Hobbs is found in NAME[%AME[IO]. | |
CMorgan) = 10, since N OtEct qp_pelars ll:;lccd in NAME[15] and then Fisher is compary
SRR f:::lf :\lfilr];r:lirltlllénlelt)'lllpit ‘< found in NAME[15]. Hence the search j

unsuccessful. ordingly, the linear search can stop after ,

(b) Observe that NAME is alphabetized. Acc YYY such that XXX < YYY (i.e., such tha,

4.6

. . ’ ith a name - :
given name XXX is compared wi YaYY)- With this algorithm, C(Fisher) =5, since the

ically, XXX es before .
Alphibetically . pared with Goodman 1n NAME][5].

search can stop after Fisher is com

Suppose the binary search algorithm, Algorithm 4.6, is applied to the array NAI_VIE in Fig,
4.23 to find the location of Goodman. Find the ends BEG and END and the middle MID
for the test segment in each step of the algorithm.

Recall that MID = INT((BEG + END)/2), where INT means integer value.
Step 1. Here BEG = 1 [Allen] and END = 14 [Walton), so MID = 7 [Irwin].
Step 2. Since Goodman < Irwin, reset END = 6. Hence MID = 3 [Dickens].
Step 3. Since Goodman > Dickens, reset BEG = 4. Hence MID = 5 [Goodman].
We have found the location LOC = 5 of Goodman in the array. Observe that, there were

C=3 comparisons.

4.7

Modify the binary search algorithm, Al

aljgithn. gorithm 4.6, so that it becomes a search and insertion

TA. In such a case, ITEM is inserted

before or after DATA[MID] accordin
er ITEM < DATA[MID] or ITEM”

DATA[MID]. The algorithm follows.

Algorithm P4.7: (Binary Search ang Inserti

and ITEM is a gjven : . orted a i lements:
location LOC gf %'IF\EII\} lxt:n]; of informatiop. 'I’hisrr zfggggg i‘iids the
/| ]A'h ATA or inserts ITEM in its proper place in
€ps 1 through 4. Same a« : )
5. If ITEM < D AT A[Mgﬁ) l)n tﬁlgomhm 4.6.
Set LOC = MID en:

g to wheth

on) DATA is a g

Else:

: Set LOC .=
[End of If Struc[u]:gl:) + 1
6. Insert ITE '

_ M into DAT
7. Exit. A[LOC] Using Algorithm 4.2
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4.8 Sl_lppose Ais a sorteu.tl array with 200 elements, and suppose a given element x appears
\A‘lth. the same pm!)abxl-lty in any place in A. Find the worst-case running time fin) and the
average-case running time g(n) to find x in A using the binary search algorithm.

For any value of k let n, denote the number of those elements in A that will require k
comparisons to be located in A. Then:

ke 1 2 3 4 5 6 7 8
n: 1 2 4 8 16 32 64 73

The 73 comes from the fact that 1 + 2 + 4 + ... + 64 = 127 so there are only 200 - 127 = 73

elements left. The worst-case running time f(n) = 8. The average-case running time g(n) is
obtained as follows: .

1 8
gn)=— 3%
M=

k‘ﬂk
k .

1
1-142-2+3-4+4-8+5-16+6-32+7-64+8-73
200

1353
= 200 = 6.765

Observe that, for the binary search, the average-case and worst-case running times are
approximately equal.

4'..9 Using the bubble sort algorithm, Algorithm 4.4, find the number C of comparisons and the
number D of interchanges which alphabetize the n = 6 letters in PEOPLE.

The sequences of pairs of letters which are compared in each of the n — 1 = 5 passes follow:
a square indicates that the pair of letters is compared and interchanged, and a circle indicates
that the pair of letters is compared but not interchanged.

Pass1. |[PE|/OPLE, EPOPLE, EOPPJLE
EOPPLIE EOPLPE|EOPLEP

Pass 2. @PLEP, ELEP, EOE}_EP
EOL/PEP, EOLEPP

Pass 3. @L.EPP, E_(-)___]__,EPP, EL|OE|PP
ELEOPP

Pass 4. @EOPP, E[ILElOPP, EELOPP

Pass 5. @LOPP, EELOPP

Since n = 6, the number of comparisons willbe C =5+ 4 + 3 + 2 + 1 = 15. The number D
of interchanges depends also on the data, as well as on the number n of elements. In this

case D =9,

141
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d in the analysis of various sorting and Seaﬂ-‘hing
edl

4.10 Prove the following identity, which 18 US
algorithms:

142+3+-%07 2

and backward, we obtain:
1) +n
C+ 2+ 1

follows:

+nm+D+(n+1)

Writing the sum S forward
S=l+2+3+ _”+(ﬂ"
S=n+m-1D+n-2)*

We find the sum of the two values of S by adding pairs as

2S=(n+1)+(n+1)+(n+l)+..

Multidimensional Arrays; Matrices

4.11 Suppose multidimensional arrays A and B are declared using
A(-2:2,2:22) and  B(1:8, -5:5, -10:5)
(a) Find the length of each dimension and the number of elements in A and B.
(b) Consider the element B[3, 3, 3| in B. Find the effective indices E,, E,, E; and the

address of the element, assuming Base(B) = 400 and there are w = 4 words per
memory location. =

(a) The length of a dimension is obtained by:

Length = upper bound - lower bound + 1
Hence the lengths L; of the dimensions of A are:

Li=2-(-2)+1=5 and L,=22-2+1=21

Accordingly, A has 5% 21 = 105 elements. The lengths L, of the dimensions of B are:

Therefore, B has 8 - 11 - 16 = 1408 elements ‘ -
(b) The effective index E, is obtained from E. _ k

LB is the lower bound. Hence LB, where k; is the given index and

(E3L2+E2)L!=15118:12‘08 ‘(E"E?LL2+EZZI43+8=ISI
3 +
Therefore, LOC(B(3, 3, 3 = 4¢q 4(1210§ 4E(2))Ll *E;=1208 + 2 = 1210
= %00 + 4840 < 5240
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4.12 Let A be an n X n square matrix array. Write a module which

(a) Finds the number NUM of nonzero elements in A

(b) F@nds the SUM of the elements above the diagonal, i.e., elements A[l. J] where I <]
(¢) Finds the product PROD of the diagonal elements (a,,, a,,,

(@) 1. Set NUM := 0.
2. Repeat for =1 to N:
3. Repeat for J = 1 to N:
If AL, J] # 0, then: Set NUM := NUM + 1.
[End of inner loop.]

[End of outer loop.]
Return.

Set SUM := 0.
Repeat for J = 2 to N: o
Repeat forI=11t0J - I:
Set SUM := SUM + A[I, J].

[End of inner Step 3 loop.]
4. Return.

4 2k aﬂﬂ')

(b)

(o3 I b= g

(¢) 1. Set PROD := 1. [This is analogous to setting SUM = 0.]
2. Repeat for K =1 to N:
Set PROD := PROD*A[K, K].
[End of loop.]
3. Return.

4.13 Consider an n-square tridiagonal array A as shown in Fig. 4.24. Note that A has n
elements on the diagonal and » - 1 elements above and n — | elements below the

diagonal. Hence A contains at most 3n — 2 nonzero elements. Suppose we want to store
A in a linear array B as indicated by the arrows in Fig. 4.24; ie..

B[l] = ay;. BI2] = a)5. B[3] = ay. B[4] = as,
Find the formula that will give us L in terms of J and K such that
B[L] = A[J, K]
(so that one can access the value of A[J, K] from the array B).
ay —=2ai2
821 —> 22 —>4z23

agz—»dgy—»3d34

an,n—i‘-—-—h— dnn

Fig. 4.24 Tridiagonal Array
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3(J - v _J + 1 elements to the leg
and K J | l

J-2)% 2 elements above AlJ, ]

ote that there are K

of A[J, K]. 2
Hence ’ 1]+I=ZJ+K—
L=pg-2)+2+K-J+ A[K. J] for all J and
e K = . )
4.14 A matrix array A is said to be symmetric if AlJ. K] :
: n n-square

(a) Here there is an g

ses etric?
(a) Which of the following matrices are symnm

2-—35111112:-:
_3_2411113],
s 6 8 11 LT -t <

i 5 ic rix A in memory.
(b) Describe an efficient way of storing a symmetric mat e ficient way o
(¢) Suppose A and B are two n-square symmetric matrices. e
storing A and B in memory.

(a) The first matrix is not symmetric, since a,; = 4 bUt _‘932 =6. Th.e secorrc.i n_]atflx i nof a
square matrix so it cannot be symmetric, by definition. The third mfnrzx‘ls Symmetric, |
(b) Since A[J, K] = A[K, J], we need only store those elements of A which lie on or below

the diagonal. This can be done in the same way as that for triangular matrices described
in Example 4.25. '

(¢) First note that, for a symmetric matrix, we need store only either those elements on or

‘below the diagonal or those on or above the diagonal. Therefore, A and B can be
stored in an n X (n + 1) array C as pictured in Fig. 4.25, where C[J, K] = AlJ, K] when
J2Kbut C[J, K] =B[J, K —-1] when J < K.

Bs By e by .. by by,
azy 352“ mb‘_b& bza b?m—l b2n
331 332 333\ ‘\\.b'a\a nen ba.ﬂ'—‘l ban
. \&n1 8n2 8n3 a4 ) ;" ~ b
-~ Dp,
Fig. 4.25

Pointer Arrays; Record Structures

~ 4.15 Three lawyers, Davis, Levine ang Nelson, s
own clients. Figure 4.26 shows three » Share the

wa Same office, g

ys of organizing the daty

Y CLIENT 444 .
ENT[K]. "d an array LAWYER such that

ach lawyer has his
phabetized arra
LAWYER[K] is the lawyer for CLI
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CLIENT LAWYER DAVIS LEVINE NELSON
1 | Adams Nelson 1 | Brown 1 | Dixon 1 | Adams
2 | Brown Davis 2 | Cohen 2 | Fischer 2 | Gibson,
3 | Cohen Davis 3 | Eisen . . 3 Harris
4 | Dixon Levine
5 | Eisen Davis
6 | Fischer Levine
7 | Gibson Nelson (b)
8 | Harris Nelson LAWYER NUMB PTR CLIENT
: ' ) 1 | Davis 94 1 ——> 1 | Brown

2 | Levine 72 125 2 | Cohen
(a) 3 | Nelson 86 275

_, 125 | Dixon

126 | Fischer

___, 275 | Adams
276 | Gibson

(c)
Fig. 4.26

(b) Here there are three separate arrays. DAVIS, LEVINE and NELSON, each array
containing the list of the lawyer’s clients.

(¢) Here there is a LAWYER array. and arrays NUMB and PTR giving, respectively, the
number and location of each lawyer’s alphabetized list of clients in an array CLIENT.

Which data structure is most useful? Why?

The most useful data structure depends on how the office is organized and how the
clients are processed.

Suppose there are only one secretary and one telephone number, and suppose there is a
single monthly billing of the clients. Also, suppose clients frequently change from one
lawyer to another. Then Fig. 4.26(a) would probably be the most useful data structure.

Suppose the lawyers operatc completely independently: each lawyer has his own secretary
and his own telephone number and bills his clients differently. Then Fig. 4.26(b) would

likely be the most useful data structure.
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1 h
nd each lawyer has to pry,

. ntly a
lients freque S
Suppose the office processe: ol th266((:0)1 would likely be the most useful data Stmcture'h.

n Fig. 4
own clients frequently. The | a student’s record:

mbers.
T nt i itial
.16 The following is a list of eN‘ e 3 Last 3 First 3 Mlg(lr\\ddl:t?xle?, h\lfleﬁ;lz >
1 Student thjl“mgchiy ; Month 3 Year 2 SAT
2 Birthday

ierarchi ture. .
(a) Draw the corresponding h1erarch|ca:lt sltrl]';l:
(b) Which of the items ar€ elementary 1t€ms:

are listed linearly, the 1
he items. The cone5pqn

ries, with level P

' evel numbers describe the hieray y
(a) Although the items ding hierarchical structure follows;

relationship between t

1 Student ]
2 Number _ |
2 Name }
3 Last .
3 First ;
3 Ml ;
2 Sex :
2 Birthday
3 Day
3 Month .
3 Year |
2 SAT |
3 Math
3  Verbal

). Three Tests, Final, Grade ]i
" xample, B+ or C or A—. Describe a PL/1 struct*

Here Grade is a 2
to store the data.

An element in a record str
separately, we store them ip

-character entry, fo

ucture may be ap

an array. Such g array itself. Instead of storing the thre¢ s

structu .
DECLARE STUDENT(20) 1 ollows:
2 NAME
3
: IﬁﬁassTr CHARACTER(10),
3 CHARACTER(10),
% TS }(;_‘I};(ARACTER(I)-
i FINAL FIXED’
2 GRADE o,

CHARACTER(2);
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4.18 A college uses the folloWing structure for a graduating class:

* (a) How many elementary items are there in the file?

i Student(200)

2 Name
3 Last
3 First
3 Middle Initial
2 Major
2 SAT
3 Verbal
3 Math
2 GPA(4)
2 CUM

Here. GPA[K] refers to the grade point average during the kth year-and CUM refers to

the cumulative grade point average.

(b) How does one access (i) the major of the eighth student and (ii) the sophomore GPA

of the forty-fifth student?
(c) Find each output:

(i) Write: Name[15]
(ii) Write: CUM
(iii) Write: GPA[2].
(iv) Write: GPA[L, 3].

(a) Since GPA is counted 4 times per student, there are 11 elementary items per student,

4.19

so there are altogether 2200 elementary items.
(b) (i) Student.Major[8] or simply MAJOR(8]. (ii) GPA[45, 2].
(¢) (i) Here Name|[15] refers to the name of the fifteenth student. But Name is a group
item. Hence LAST[15], First[15] and MI[15] are printed.
(ii) Here CUM refers to all the CUM values. That is,

CUM[1], CUM[2], CUM|[3], CUM[200]

are printed.
(iii) GPA[2] refers to the GPA array of the second student. Hence,

GPA[2, 1], GPA[2, 2], GPA[2, 3], GPA[2, 4]

are printed.
GPAIl, 3] is a single item, the GPA during the junior year of the first student. That

(iv)
- is. only GPA[L, 3] is printed.

An automobile dealership keeps track of the serial number and price of each of its
AUTO and PRICE, respectively. In addition. it uses the data
record structure with pointer variables. The new
and used cars are listed together in AUTO. The

automobiles in arrays
structure in Fig. 4.27, which combines a

Chevys, new Buicks, new Oldsmobiles,
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AUTO PRICE
..—-!—"____-. '

"]
— |

1 DEALER
2 NEW

1
| 2
3 CHEVY
4 NUMB /""_’—"P
—

4 PTR

3 BUICK
4 NUMB

4 PTR & "'_L
3 OLDS
>

4 NUMB

4 PTRH P-—/ N—

2 USED
g NUMB !
S Y,

3 PTR o

Fig. 4.27

viriables NUMB and PTR under USED give. respectively. the number and location of
the list of used automobiles.

(a) How does one index the location of the list of new Buicks in AUTO?
(b) Write a procedure to print serial numbers of all new Buicks under $10 000.

(a) Since PTR appears more than once in the record structure, one must use BUICKPRR
to reference the location of the list of new Buicks in AUTO.

(b) One must traverse the list of new Buicks but print out only those Buicks whose prict
is less than $10 000. The procedure follows:

Procedure P4.19: The data are stored in the structure in Fig. 4.27. This procedur
outputs those new Buicks whose price is less than $10 000.

1. Se[. FIRST := BUICK.PTR. [Location of first element in
Buick list. |

2. Set LAST := FIRST + BUICK.NUMB - 1. [Location of 128
element in list.]
3. Repeat for K = FIRST to LAST.
If PRICE[K] < 10 000, then:

Write: AUTO[K] PR
. PRIC .
[End of If strycpure ] BIKl
[End of loop ’
4. Exit.
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POINTER ACCESSORIES

o[ ,

82 | Air-conditioning
83 | AM-FM radio
26 82
84 | Rustproofing
85 | $8%

Fig. 4.28

Arrays

4.1 Consider the linear arrays XXX(-10: 10), YYY(1935:1985), ZZZ(35). (a) Find the number
of elements in each array. (b) Suppose Base(YYY) = 400 and w = 4 words per memory cell
for YYY. Find the address of YYY[1942], YYY[1977] and YYY[1988].

4.2 Consider the following multidimensional arrays:
X(=5&3; 3:39) Y(3:10, 1:15, 10:20)

(a) Find the length of each dimension and the number of elements in X and Y.

(b) Suppose Base(Y) = 400 and there are w = 4 words per memory location. Find the
effective indices Ej, Ep, E3 and he address of Y[5, 10, 15] assuming (i) Y is stored in
row-major order and (i) ¥ is stored in column-major order.

4.3 An array A contains 25 positive integers. Write a module which

(a) Finds all pairs of elements whose sum is 25.
(b) Finds the number EVNUM of elements of A which are even, and the number ODNUM

of elements of A which are odd.

s a linear array with n numeric values. Write a procedure
MEAN(A, N, AVE) '

4.4 Suppose A i
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" tic medan or avergps =
, . arithmett age
in A. The ¢ ge x oy,

f the values
which finds the average AVE 0

. K . X 1 dctlned y ] + X
values Xy, X2 . X + X +.. n

= n
which scores range between () ang |

;1N
nts takes 6 tests EST. Write a module which

f 30 stude array T

4.5 Each studentin a class 0 e stored in & 30 X 6

Suppose the test scores ar
ch test

. or ed
(a) Finds the average grade f h student whe

(b) Finds the final grade for eac q
' ighest tes es
student’s five highest test SCOT ‘ -
(¢) Finds the number NUM of students who have

60 |
(d) Finds the average of the final grades

Pointer Arrays; Record Structures |

4.6 Consider the data in Fig. 4.26(c). (a) Write a procedure which prints the list of clien
belonging to LAWYER[K]. (b) Assuming CLIENT has space for 400 elcme.nts, defmeanl
array FREE such that FREE[K] contains the number of empty cells following the list u[!I
clients belonging to LAWYER[K].

re the final grade is the average of e

ailed. i.c. whose final grade is |eg lhani

4.7 The following is a list of entries, with level numbers, in a file of employee records:

1 Employee(200), 2 S5N(Social Security Number), 2 Name,

3 Last, 3 First, 3 MI (Middle Initial), 2 Address, 3 Street, |

3 Area, 4 City. 4 State, 4 ZIP, 2 Age, 2 Salary, 2 Dependents

(a) Draw the corresponding hierarchical structure.
(b) Which of the items are elementary items?
(¢) Describe a record structure—for -
; —_ ex ' .
Deseribe ample, a PL/I structure or a Pascal record—to siof
4.8 Consider th ‘ in Fi i
e data structure in Fig. 4.27, Write a

procedure to carry out each of the following

(Note: Parts (c) and (d
of automobiles.)

4.9 A class of student records ig o
I Student(35), 2

i

. ganized yg follows:
ame, 3 Last, 3 First

2 Test(4), Hina]

* 3 MI (Middle Initial), 2 M&”
2 Grade
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(a) How many elementary items are there?

(b) Describe a record structure—for example, a PL/1 structure or a Pascal record, to store
the data.

(c) I?f:scribe the output of each of the following Write statements: (i) Write: Final[15],
(11) Write: Name[15] and (iii) Write: Test[4].
4.10 Consider the data structure in Solved Problem 4.18. Write a procedure which

(a) Finds the average of the sophomore GPA scores
(b) Finds the number of biology majors
(c) Finds the number of CUM scores exceeding K

Arrays

Assume that the data in Table 4.1 are stored in linear arrays SSN, LAST, GIVEN, CUM and

YEAR (with space for 25 students) and that a variable NUM is defined which contains the actual
number of students.

4.1 Write a program for each of the following:

(a) Listing all students whose CUM is K or higher. (Test the program using K = 3.00.)
(b) Listing all students in year L. (Test the program using L = 2, or sophomore.)

4.2 Translate the linear search algorithm into a subprogram LINEAR(ARRAY, LB, UB, ITEM.
LOC) which either finds the location LOC where ITEM appears in ARRAY or returns LOC
= 0.

4.3 Translate the binary search and insertion algorithm into a subprogram BINARY(ARRAY,
LB, UB, ITEM, LOC) which finds either the location LOC where ITEM appears in ARRAY
or the location LOC where ITEM should be inserted into ARRAY. ' '

Table 4.1
Social Security Number Last Name Given Name CUM Year

11581329 |  Adams |  Bruce 2.55 2
169-38-4248 Bailey Irene L. 3.25 4 |
166-48-5842 Cheng Kim 3.40 T
187-52-4076 Davis John C. 2.85 2
126-63-6382 Edwards Steven 1.75 3

| 135-58-9565 Fox Kenneth 2.80 2

(Contd.)
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_ﬂjﬁf——‘ Ho Kins Gary i )
192-60-3157 | = Deborah M. | 305 T
160-60-1826 | Klein 1260 By
166-52-4147 Lee h e 330 ——M\E

186-58-0430 Murphy ) X :
187-58-1123 ~ Newman - 03 —
174-58-0732 Osborn __m — ““2\
183-52-3865 Parker | % o 2]
135-48-1397 Rogers Mary J. 7- ~—-L..~ |
182-52-6712 Schwab Joanna 2.95 ﬁL |
164-48-8539 Thompson David E. 3.15 | __th
187-48-2377 White Adam 2.50 2]

. |
4.4 Write a program which reads the social security number SOC of a student and uses LINEAR|

to find and print the student’s record. Test the program using (a) 174-58-0732, (b) l‘}2-55.i
5554 and (c) 126-63-6382. i

4.5 Wfite a program which reads the (last) NAME of a student and uses BINARY to find andll
print the student’s record. Test the program using (a) Rogers, (b) Johnson and (c) Bailey. |

4.6 Write a program which reads the record of a student

| SSNST, LASTST, GVNST, CUMST, YEARST !
and uses BINARY to insert the record into the list. Test the

(a) 168-48-2255, Quinn, Michael, 2.15, 3
-(b) 177-58-0772, Jones, Amy, 2.75, 2

program using:

4.7 Write a program which reads the

last
student’s record from the ljst. Te vasg NAME of a st

St the program using

udent and uses BINARY to delete .
4.8 Write a program for each of the following:

(2) Parker and (b) Fox.

(a) Using the array SSN to

sorted array of the eleme
in SSN.

dEfi ne an-ays

, NU
nts in SSN and MBER

and PTR BER i ¢
PTR[K] . such that NUM

ontains the location of NUMBER[K] |

SOC

tUde“t’soi ® Student and using BINAR and the arrﬂsy |
- (Compare wig Programming Pr

0732, (ii) 172-55-55 4
44)
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Pointer Arrays

Assume the data in Table 4.2 are stored in a single linear array CLASS (with space for 50
names). Also assume that there are 2 empty cells between the sections, and that there are
linear arrays NUMB, PTR and FREE defined so that NUMB(K] contains the number of
elements in Section K, PTR[K] gives the location in CLASS of the first name in Section K,
and FREE[K] gives the number of empty cells in CLASS following Section K.

Table 4.2
Section 1 Section 2 Section 3 Section 4
[ Brown T Abrams | Allen _ Burns
Davis Collins Conroy Cohen
Jones Forman Damario Evans
Samuels Hughes Harris Gilbert
Klein Rich Harlan
Lee Sweeney ‘Lopez
Moore Meth
Quinn Ryan
Rosen Williams
Scott '
Taylor
Weaver

4.9 Write a program which reads an integer K and prints the names in Section K. Test the

program using (a) K = 2 and (b) K = 3.

4.10 Write a program which reads the NAME of a student and finds and prints the location and

section number of the student. Test the program using (a) Harris, (b) Rivers and (c) Lopez.

4.11 Write a program which prints the names in columns as they appear in Table 4.2.

4.12 Write a program which reads the NAME and section number SECN of a student and inserts
the student into CLASS. Test the program using (a) Eden, 3; (b) Novak, 4; (c) Parker, 2;
(d) Vaughn, 3; and (e) Bennett, 3. (The program should handle OVERFLOW.)

4.13 Write a program which reads the NAME of a student and deletes the student from CLASS.
Test the program using (a) Klein, (b) Daniels, (c) Meth and (d) Harris.
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Miscellaneous mory and X and Y are scalars, v

. n
gram using A = (16, -6, 7) p :‘

ys in me .
1]

arra
4.14 Suppose A and B are n-element Vecw;\ . B. Test the pro
program to find (a) XA + YB and (b) -
2, -3), X =2 and Y=-5. o b Algorithm 4.7,

4.15 Translate the matrix multiplication algorithm, Alg M. P. N)
MATMUL(A, B, C, M. _
p X n matrix B. Test the Progr,

nto a subprogram

atrix A and a
which finds the product C of an m X p matrix

using , 3 -7 -3
(4 -3 5} B=|5 -1 6 2
A=lg 1 -2 0o 3 -2 |1

4.16 Consider the polynomial
f)=ax + a)X + .+ ax + a4y,
Evaluating the polynomial in the obvious way would require
n(n+1)
2

multiplications and » additions. However, one can rewrite the polynomial by successively
factoring out x as follows:

n+(n=-1+..+1=

J&x) = ((... ((ayx + )X + az)x + ..)x + a,)x + a

This uses only n multiplications and » additions. T
is called Horner’s method.

n+l

his second way of evaluating a polynomi

(a) Rewrite the polynomial f(x) =

5x — 6x° + 7a2 4 8x —
Horner’s method.

9 as it would be ewaluated using

. efficient 1~1 is the
constant.) Write a procedure HORNER( AN+ 1 X 11[)0\2 : h, f.. .and A[N +Yl]-lp(x}
for a given value X using Hornerus method v ANy, 1C inds the value Y =

Test the program using X = 2 and o fiom part (a)



Chapter Five

Linked Lists

5.1 INTRODUCTION ~

The everyday usage of the term “list” refers to a linear collection of data items. Figure 5.1(a)
shows a shopping list; it contains a first element, a second element,..., and a last element. Frequently,
we want to add items to or delete items from a list. Figure 5.1(b) shows the shopping list after
three items have been added at the end of the list and two others have been deleted (by being

crossed out).

Milk Milk
eggs eggs
butter tomatoes
tomatoes apples
apples bread
oranges chicken
bread corn
. lettuce
|
(a) (b)
Fig. 5.1

Data processing frequently involves storing and processing data organized into lists. One way to
store such data is by means of arrays, discussed in Chapter 4. Recall that the linear relationship
between the data elements of an array 1s reflected by the physical relationship of the data in
memory, not by any information contained in the data elements themselves. This makes it easy to
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: hand, arrays j
array. On the other ; ave
compute the address of an element in an ; :
disa(ll)vantages—e.g.. it is relatively expensive to insert and delcte.clcrlnezf)sugi:gra:iay' Also,
an array usually occupies a block of memory space, one cannot simply

Ple the gy,
an array when additional space is required. (For this reason, arrays are called dense lists ang arJ
said to be static data structures.)

: gy ; in the list contain g fj
Another way of storing a list in memory is to have each element in

a link or pointer, which contains the address of the next elemen.t m'ltlhe ;llft- .;I‘hus_
elements in the list need not occupy adjacent space in memory. Tl:us Wi gl €1 ea;x
and delete elements in the list. Accordingly, if one were mainly interested in searchi

data for inserting and deleting, as in word processing, one would not store the data in a
rather in a list using

Certiy

eld, Calleg

Succesgjy,
Cr 10 ingey
ng through

1 array by

pointers. This latter type of data structure is called a Zt’n_ked list and is the myjy

subject matter of this chapter. We also discuss circular lists and two-way lists—which are Natury|
generalizations of linked lists—and the

ir advantages and disadvantages.

5.2 LINKED LISTS

A linked list, or one-way list. is a linear collection of data elements, called nodes, where the linear
order is given by means of pointers. That is, each node is divide

d into two parts: the first part
contains the information of the element, and the second part, called the link field or nextpointer
field, contains the address of the next node in the st

...). Th
node, and there is an arrow drawn fron

e right part repres
practice of

1 it to
drawing an arrow from a field to
- given field. The pointer of the la

any invalid address.

ents the nextpointer field of the
'¢ NeXt node in the list. This follows the usual
a4 node when the address of the node appears in the

St node contains a specig] value, called the nyuy pointer, which is

NAME
or et —
START

\.

1

| O m — —
\» + 1 | 1
— [ SRR A e e
4
- Nextpointer field or u1ird node
~— Information part of third node
Fig. 5.2

Linked List with 6 Nodes
(In actual practice. 0 or a negative nu
by x in the diagram. signals the end of the list, The
variable—called START or NAME—which containg the address
there is an arrow drawn from START to the first node. Clear]
START to trace through the list. A spec

1al case is the )ist th
the null list or emprv list and is denoted by the ny]] pointer i

f
mber is used for the null poj

st also containg g list pointer|
of the first node in the list; hence|
Y. We need only this address in|
at has no nodes. Such a list is called!
n the variable START.
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Example 5.1 '

A hospital ward contains 12 beds, of which 9 are occupied as shown in Fig. 5.3.
Suppose we want an alphabetical listing of the patients. This listing may be given by
the pointer field, called Next in the figure. We use the variable START to point to the
first patient. Hence START contains 5, since the first patient, Adams, occupies bed 5.
Also, Adams’s pointer is equal to 3, since Dean, the next patient, occupies bed 3;
Dean’s pointer is 11, since Fields, the next patient, occupies bed 11; and so on. The
entry for the last patient (Samuels) contains the null pointer, denoted by 0. (Some
arrows have been drawn to indicate the listing of the first few patients.)

Bed
Number | Patient Next
START 1 Kirk 7
2 -
('_ 3 Dean _—11__
4 —Maxwoll-___:_]g___
5 Adams 3 :>
6
7 Lane 4
B 8 Green _‘1—_
; < 9 S_amuels :_,LL,—
PR
< 11 Fields 8 >
12 Nelson —_9—
Fig. 5.3

5.3 REPRESENTATION OF LINKED LISTS IN MEMORY

n LIST will be maintained in memory, unless otherwise specified or
implied, as follows. First of all, LIST requires two linear arrays—we will call them here INFO and
LINK—such that INFO[K] and LINK[K] contain, respectively, the information part and the
nextpointer field of a node of LIST. As noted above, LIST also requires a variable name—such as
START—which contains the location of the beginning of the list. and a nextpointer sentinel—
denoted by NULL—which indicates the end of the list. Since the subscripts of the arrays INFO and
LINK will usually be positive, W€ will choose NULL = 0, unless otherwise stated.

Let LIST be a linked list. The




, Jat the nodes of a list need noy St

oo ists indicate (l _
ol Jinked lists . 1h ~ list me e .
xamplero und LINK, and that more than one list may be maintaineg 5: i,

The following € |
" L have its Own pointer vyr;
er. each 118! must have pointer varigpl, . °%

elements in the arrays IN ,
linear arrays [NFO and LINK. HoweY

ation of its first node.

L}

Ning,
loc

Example 5.2 :
e each node of the list contains 3

i i 3 linked list in memory wher _
::g:{: fﬁirgli:fe\::e can obtain the actual list of characters, or, 1n other words, the
string, as follows:
START = 9, so INFO[9] = N is the first character.

LINK[9] = 3, soO INFO[3] =0 is the second character.
LINK[3] = 6, so INFO[6] = O (blank) is the third character.
LINK[6] = 11, sO INFO[11] = E s the fourth character.
LINK[11] = 7, sO INFO[7] = X is the fifth character.

LINK[7] = 10, so INFO[10] = I is the sixth character.
LINK[10] = 4, so INFO[4] = T is the seventh character.
LINK[4] = 0, the NULL value, so the list has ended.

In other words, NO EXIT is the character string.

l INFO LINK
i 14
% .
i

START —
: S % Fo19(. | 8
i 4 T 0
| CH

|x6 | D 11
3" 71X 10
: %\ ‘N 3 D
f 11 T "—'?—-
‘ B
i 12 - _"'—l-
——
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Example 5.3

Figure 5.5 pictures show two lists of test scores, here ALG and GEOM, may be
maintained in memory where the nodes of both lists are stored in the same linear
arrays TEST and LINK. Observe that the names of the lists are also used as the list
pointer variables. Here ALG contains 11, the location of its first node, and GEOM
contains 5, the location of its first node. Following the pointers, we see that ALG
consists of the test scores

‘ 88, 74, 93, 82
and GEOM consists of the test scores

84, 62, 74, 100, 74, 78

TEST  LINK
q
2 74 14 Node 2 of ALG
) _
AG [ —— 4| 82 0 | Node4ofALG
. 5| 84 12 | Node 1 of GEOM
6| 78 0
7| -74 8 Node 3 of GEOM
il 8 | 100 13
9
10
~—>11 | 88 2 | Node1ofALG
12 | 62 7 | Node 2 of GEOM
13 | 74 6
14 93 4 Node 3 of ALG
15
16
Fig. 5.5

(The nodes of ALG and some of the nodes of GEOM are explicitly labeled in the
diagram.)




BROKER which

Grant, Scott, Vito, Katz

'."."'-.tJ' Y
5.6 l
panee 22 has his own list of
a
Suppose a brokerage firm has four brol:jers a'ndﬁt;ac: :ﬂ?rkhe;t e il Four sk o
1 n . 2.0, .
may be organize’ °2 ) LINK contains the
CUStONeTS-aSUCehardia:athe 3s(ame array CUSTOMER, anc_l anlsacl,rr:: array
S . .
f\iiﬁ?ﬁ'irter‘?elds of the nodes of the. htsts.a ;frl;iri (;iNaT 0 o et POINTIK] points tc
i is d 4 pointer
contains the list of brokers, an it
the beginning of the list of customers of BROKER[K]
OKER  POINT CUSTOMER  LINK
BR en
i 4 |\
1 Vito
1| Bond 12— Q B
2
2| Kelly 3 /, e
Hall 0 Cf Hunter \ﬁ\-\
3 a
0
4 | Nelson 9 4 | Katz
5
6 Evans 0
7
8 Rogers 15
8 Teller 10
10 | Jones 1§
11 _
L—" 12 | Grant 17
i" - 13 /,-ﬂ--"”
- 14 | McBride 6
15 | Weston 0
16
17 | Scott 1 )
18
19 Adams 8
20 L\
Fig. 5.6
Accordingly, Bond's list of customers, as indicated by the arrows, consists of
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similarly, Kelly’s list consists of

Hunter, McBride, Evans

and Nelson’s list consists of

Teller, Jones, Adams, Rogers, Weston
Hall’s list is the null list, since the null pointer 0 appears in POINT[3].

e — T —— T .

Generally speaking, the information part of a node may be a record with more than one data

item. In such a case, the data must be stored in some type of record structure or in a collection of
parallel arrays, such as that illustrated in the following example.

Example 5.5 |

Suppose the personnel file of a small company contains the following data on its nine
employees: ‘

Name, Social Security Number, Sex, Monthly Salary

Normally, four parallel arrays, say NAME, SSN, SEX, SALARY, are required to store the
data as discussed in Sec. 4.12. Figure 5.7 shows how the data may be stored as a
sorted (alphabetically) linked list using only an additional array LINK for the

nextpointer field of the list and the variable START to point to the first record in the
list. Observe that 0 is used as the null pointer.

NAME SSN SEX SALARY  LINK
1
» | Davis | [192-38-7282| | Female | | 22800 | | 12 |
3 | Kelly 165-64-3351 Male 19000 7
4 | Green 175-56-2251 Male 27 200 14
5 —
6 | Brown 178-52-1065 Female 14 700 9
7 | Lewis 181-58-9939 Female 16 400 10
e | L —7T1T |
(9—- Cohen 177-44-4557 Male 19 000 2
10 | Rubin 135-46-6262| | Female 15500 0
PR I I
g Evans 168-56-8113 Male 34 200 4
13
14 | Harris 208-56-1654 Female 22800 3

Fig. 5.7

r




_ Data Structures —
5-8 J _/’/—' -

5.4 TRAVERSING A LINKED LIST

) - T2 ——" ith START poins:
S ; linear arrays INFO and LINK wit POintj,
inked list in memory stored 1n . .
Let LIST o la lmkf anld NULL indicating the end of LIST. Suppose we l‘:’a“:ht(: ;rav.erse LisT,,
to dthe: tfnrst e :g;e:aCh ode exactly once. This section presents an algorithm that does so and
order to proc

uses the algorithm in some applicatior_ls. .

: : . aris

Our traversing algorithm uses 2 pointer varit ‘ e
being processed. Accordingly, LINK[PTR]| points t0 the nex

assignment

ble PTR which points 10 the node that is currepy),
de to be processed. Thus y,

PTR := LINK(PTR]

. . .- sel 1 1 T, 8
moves the pointer to the next node in the list, as pictured in Fig =

PTR

E}

|
|
I
|
|
I
|
|

— _+ [ 3 L :_ q—_'

Fig. 5.8 PIR: = LINK[PTR]

The details of the algorithm are as follows. Initialize PTR or START. Then process INFO[PTR
the information at the first node. Update PTR by the assignment PTR := LINK[PTR], so that PT
points to the second node. Then process INFO[PTR], the information at the second node. Agi
update PTR by the assignment PTR := LINK[PTR], and then process INFO[PTR], the informatic

at the third node. And so on. Continue until PTR = NULL, which signals the end of the list.
A formal presentation of the algorithm follows.

EAlgorlthm 5.1: (Traversing a Linked List) Let LIST be a linked list in memory. This algorith
: traverses LIST, applying an operation PROCESS to each element of LIS
The variable PTR points to the node currently being processed.

1. Set PTR := START. [Initializes pointer PTR.]

2. Repeat Steps 3 and 4 while PTR # NULL.

o o i Apply PROCESS to INFO[PTR]. ‘

A . . Set PTR := LINK[PTR]. [PTR no i

Y . (End of Step 3 toop] points to the next node.]
Observe the similarity betweén Algorithm 5.1 and Algori -

serve : Igorith i ]

The S'lmllal'lty comes from the fact that both are linearg st-ucTu4.1, w}}lCh travel.‘ses e ;11‘::

ordering of the elements. n fes which contain a naure
Caution: As with linear arrays, the oper

variables which must be initialized before P

Consequently, the algorithm may be precede

T, AT

ation PROCESS in Algorithm 5.1 may use c&

C1120CESS is applied to any of the elements in S
by such an initialization step.
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Example 5.6

The following procedure prints the information at each node of a linked list. Since the

procedure must traverse the list, it will be very similar to Algorithm 5.1.

“Procedure: PRINT(INFO, LINK, START)
This procedure prints the information at each node of the list.

1. Set PTR := START.

2. Repeat Steps 3 and 4 while PTR # NULL:

3. Write: INFO[PTR].

4, Set PTR := LINK[PTR]. [Updates pointer.]
[End of Step 2 loop.]

5. Return.

In other words, the procedure may be obtained by simply substituting the

statement
Write: INFO[PTR]

for the processing step in Algorithm 5.1.

e

Example 5.7

The following procedure finds the number NUM of elements in a linked list.

Procedure: COUNT(INFO, LINK, START, NUM)

1. Set NUM : = 0. [Initializes counter.]

2. Set PTR : = START. [Initializes pointer.]

3. Repeat Steps 4 and 5 while PTR # NULL.

4. Set NUM : = NUM + 1. [Increases NUM by 1.]

5. Set PTR : = LINK[PTR]. [Updates pointer.]
[End of Step 3 loop.]

6. Return.
Observe that the procedure traverses the linked list in order to count the number of
elements; hence the procedure is very similar to the above traversing algorithm,
Algorithm 5.1. Here, however, we require an initialization step for the variable NUM
before traversing the list. In other words, the procedure could have been written as
follows:

COUNT(INFO, LINK, START, NUM)

1. Set NUM := 0. [Initializes counter.]
2. Call Algorithm 5.1, replacing the processing step by:

Set NUM := NUM + 1.
3. Return.

Procedure:

Most list processing procedures have this form. (See Solved Problem 5.3.)
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5.5 SEARCHING A LINKED LIST

o _ .« in Secs. 5.3 and 5.4. Suppose a specific ITEM af:

- ked list in memory, stored as 1n : : ‘ i .y |

Fe'[ UT" t::i: ‘:r\je; This section discusses (WO searching alg_Orllhm-‘» for finding thel’:‘)‘:“}l}mn L()p

u}t(tal:?:(;ge “;h'::re I'fEM first appears in LIST. The first algorithm do?rs 'not a:s;me that the data iy |

0 i . . rted.

LIST are sorted, whereas the second algorithm does afsume thatl}dISf'l :;Sfi?- o ecord containt
If ITEM is actually a key value and we are searching through @ 1_ 1Ning

ITEM, then ITEM can appear only once in LIST. _
LIST Is Unsorted

Suppose the data in LIST are not necessarily sorted. Then one sealjchef" fo;/[ITF,‘T 1}:1_ LIST by

traversing through the list using a pointer variable PTR and comparing ,ITE Tv;‘itb e come

INFO[PTR] of each node. one by one, of [ IST. Before we update the pointer P y
' PTR := LINK[PTR]

we require two tests. First we have to check to sce whether we have reached the end of the list; ie,
first we check to see whether '

PTR = NULL
If not, then we check to see whether
| INFO[PTR| = ITEM

The two tests cannot be performed at the same time. since INFO[PTR] is not defined when PTR=
NULL. Accordingly, we use the first test to control the execution of a loop, and we let the second
test take place inside the loop. The algorithm follows.

Algorithm 5.2 SEARCH(INFO, LINK, START, ITEM, LOC) 1

LIST is a linked list in memory. This algorithm finds the location LOC of the
node where ITEM first appears in LIST, or sets LOC = NULL.

1. Set PTR := START.
2. Repeat Step 3 while PTR # NULL.:
3. If ITEM = INFO[PTR], then:

Set LOC := PTR, and Exit.
Else:

Set PTR := LINK[PTR]. [PTR .
[End of If structure.] .] [ now points to the next node.]

[End of Step 2 loop.] -

4. [Search is unsuccessful.] S
s oo .] Set LOC := NULL.

The complexity of this ¢ ; e
arvags digeimed 13:] Sec. 4-7‘11%(})1;1:1;[11[}1: the same as that of the linear search algorithm for lin®
elements in LIST, and the a'vera e_s‘ ‘e Worst-case running time is proportional to the number nt
condition that ITEM se-case running time is approxi : ith
appears once in LIST but with eq mately proportional to n/2 (With"

ual probability in any node of LIST): |
|
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Example 5.8

Consider the personnel file in Fig. 5.7. The

number NNN of an employee and then give following module reads the social security

salary. s the employee a 5 percent increase in
1. Read: NNN.
2. Call SEARCH(SSN, LINK, START, NNN LOC)
3. If LOC # NULL, then: S
o Set SALARY[LOC] : = SALARY[LOC] + 0.05+SALARY[LOC],
se:

Write: NNN is not in file.
[End of If structure.]
4. Return.

(The module takes care of the case in which there is an error in inputting the social
security number.)

e

e B

LIST is Sorted

Suppose the data in LIST are sorted. Again we search for ITEM in LIST by traversing the list
using a pointer variable PTR and comparing ITEM with the contents INFO[PTR] of each node,

one by one, of LIST. Now, however, we can stop once ITEM exceeds INFO[PTR]. The algorithm
follows. '

- Algorithm 5.3: SRCHSL(INFO, LINK, START, ITEM, LOC)

LIST is a sorted list in memory. This algorithm finds the location LOC of the
node where ITEM first appears in LIST, or sets LOC = NULL.

1. Set PTR := START.
2. Repeat Step 3 while PTR # NULL:
3, If ITEM < INFO[PTR], then:
Set PTR := LINK[PTR]. [PTR now points to next node.]
Else if ITEM = INFO[PTL}, then: _
Set LOC := PTR, and Exit. [Search is successful.]
Else.Sel LOC := NULL, and Exit. [ITEM now exceeds INFO[PTR}].]
[End of If structure.] -
[End of Step 2 loop.]
4. Set LOC := NULL.
5. Exit.

The complexity of this algorithm is still the same as that of other linear search algorithms;
that is. the gorst—case running time is proportional to the number # of elements in LIST, and the

average-case running time is approximately proportional to n/2.
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Recall that with a sorted linear array we can apply a binary search whose running
eca

1 h algorithm cannot be applied 10 q g
rti _ On the other hand, a binary searc ; : . s
llj'r(;tlz’(:i lli(.:‘tla.:ifclotizefe iSI:IO way of indexing the middle element in the list. This property is one
in )

. P €.
the main drawbacks in using a linked list as 2 data structur

i
€
o

Example 5.9

g. 5.7. The following module reads the name

: i nnel file in Fi . .
Consider, again, the perso rcent increase in salary.

EMP of an employee and then gives the employee a 5 pe
(Compare with Example 5.8.)

1. Read: EMPNAME. i
2. Call SRCHSL(NAME, LINK, START, EMPNAME, LOC). -
3. If LOC # NULL, then:
Set SALARY[LOC] := SALARY[LOC] + 0.05*SALARY[LOC].
Else:
Write: EMPNAME is not in list.

[End of If structure.]

4. Return.

Observe that now we can use the second search algorithm, Algorithm 5.3, since the
list is sorted alphabetically.

N e e A R T T T L

5.6 MEMORY ALLOCATION; GARBAGE COLLECTION

The maintenance of linked lists in memory assumes the
lists and hence requires some mechanism which
Analogously, some mechanism is required whe
available for future use. These matters are discu
the inserting and deleting of nodes is postponed until later sections

Together with the linked lists in memor ial list i
. Y, a special | intai i i
memory cells. This list, which has its own poi : Mo the rined which consists of uoss

C inter, ig ' ; é
storage list or the free pool. called the list of available space or the frét

Sluppose our linked lists are implemented by p
sections, and suppose insertions and deletions are [

possibility of inserting new nodes into the
provides unused memory space for the new nodes
reby the memory space of deleted nodes becomes
ssed in this section, while the general discussion o

as its list pointer variable. (Hence this f
. . rée-storage Jj ill also
data structure will frequently be denoted by \,\/rit:im:;nrhst Wil also be called the AVAIL list.) Suc?

LIST(INFO, LINK, START. AVAIL)
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Example 5.10

Suppose the list of patients
LINK (so that the patient in
the linear array BED may be
available bed, BED[2] is the
Hence BED([6] has the null p

n Example 5.1 is stored in the linear arrays BED and

bed K is assigned to BED[K]). Then the available space in
linked as in Fig. 5.9. Observe that BED[10] is the first
next available bed, and BED[6] is the last available bed.
ointer in its nextpointer field; that is, LINK[6] = 0.

BED LINK
START E 1| Kirk 7
e 6
Li\ Dean 11 )
| Maxwell | -| 12/
5 | Adams_ 1
AVAIL | 10 (e .
7 | Lane 4
8 | Green 1
9 | Samuels 0
10 2
11 | Fields 8
12 | Nelson 9

Fig. 5.9

B e e

Example 5.11

(a) The available space in the linear array TEST in Fig. 5.5 may be linked as in

(b)

()

Fig. 5.10. Observe that each of the lists ALG and GEOM may use the AVAIL list.
Note that AVAIL = 9, so TEST[9] is the first free node in the AVAIL list. Since
LINK[AVAIL] = LINK[9] = 10, TEST[10] is the second free node in the AVAIL list.
n. . |
?::s:;e:lthe personnel file in Fig. 5.7. The available space in the linear array
NAME may be linked as in Fig. 5.11. Observe that the free-storage list in NAME
consists of NAME[8], NAME[11], NAME[13], NAME[5] and NAME[1]. Moreover,
observe that the values in LINK simultaneously list the free-storage space for
the linear arrays SSN, SEX and SALARY. o . |
The available space in the array CUSTOMER in Fig. 5.6 may be linked as in
Fig. 5.12. We emphasize that each of the four lists may use the AVAIL list for a

new customer.
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AVAIL
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Fig. 5.11

TEST  LINK

3 — | | 16

: 0] [

s | 1

11 A S e

5| 84| |12

6| 78 0

S EARE

oo | [0

10 3

9 11 88 2

12 | 62 7

13 | 74 6

14 | 93 4

15 0

16 15

Fig.’5.10

NAME SSN SEX SALARY  LINK
0
Davis 192-38-7282 Female 22 800 12
Kelly 165-64-3351 Male 19000 7
Green 175-56-2251 Male 27 200 14
Brown 178-52-1065 Female 14700 9
Lowis | |181-58-9939 | | Female | | 16400 | | 10

— /]
Cohen | |177-44-4557 | | ware | [ -
| [1asisszsa] [ramar]| o] [
——— | °Toeh2 | emale 15500 0
Evans m o] — 13
T F——| | Male | 4200 4
— | 5
Harris m __F;_n'l_;I: "_2;;60— ~
= LSS0 | ,

ﬂ
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BR
OKER ?OiNT CUSTOMER  LINK

1[ Bona | [2] 1 | Vito 4
2| Kelly 3 2 16
3| Hall 0 3 | Hunter 14
4| Nelson 9 4 | Katz 0
5 o 20
AVAIL | 11 o [ | | 0]
) . 13
8 Rogers T;
9 Teller T

10 | Jones 19
L_._, 11 18 |

12 | Grant T
13 o]

14 McBride— 6

15 | Weston 0

16 S

17 I Scott 1

18 5

19 | Adams 8

20 7

Fig. 5.12

o R

Example 5.12

Suppose LIST(INFO, LINK, START, AVAIL) has memory space for 7 = 39 nges,
Furthermore, suppose LIST is initially empty. Figure 5.13 shows the values of LINK so

that the AVAIL list consists of the sequence

INFO[1], INFO[2], INFO[10]
that is, so that the AVAIL list consists of the elements of INFO in the usual order.
Observe that START = NULL, since the list is empty.

_—
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INFO  INFO

—
E—

START | 0

)

&
3

—
T

F-N

AVAIL | 1 ——

o W @ N OO ;M W M

-y

Fig. 5.13
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Garbage Collection

Suppose some memory space becomes reusable because a node is deleted from a list or an entire
list 1s deleted from a program. Clearly, we want the space to be available for future use. One way
to bring this about is to immediately reinsert the space into the free-storage list. This is what we

will do when we implement linked lists by means of linear arrays. However, this method may be
too time-consuming for the operating system of a computer ' “hoo '

! , which ma ve
method, as follows. Y ‘Ce0SE 0, Bl {sma

The operating system of a computer may
storage list. Any technique which does this co ion is fed spae gulo the s
usually takrs place in two steps. First the computer runs
are currently in use. and then the computer ~
onto the I'l:ec-storage list. The garbagepcollezttlit:]l:::ai);lfa?kt:h;l:z:zm\sgi;lCl?]lsleq-ing all untaggeld §paCB
«Ll(:nggntthc;‘f sgﬁ:it?;nno 55;11;;&}1’1 al} ]eflt( in the free-storage list, or when lh;r&;sljoinsl)i(dslzmsdmhl;s”?i;n;
Any further discusqi-on about [J;_b‘Pﬁa‘lng. e sarbage collection i Invisi : ¢ '

S lis topic of garbag 1sible to the programmer

¢ collection lies be ‘
5 beyond the ¢ s text.
Overflow and Underflow e scope of this te

suall]
age OVERFLOW

ace (o the under)

overflow by printing the megs
the program by adding sp
linked lists when AVAIL

y called overflo
. In such . '
ying arrayg. Oi:;ieé :Ee Programmer may then modify
> 18 an insertion. at overflow wil] occur with ouf

€ situatig
iy hal'lncl]\:here One wants to delete data from ?
Ur with ¢y ll_nderﬂOW by printing the meSSag6
I linked lists when START = NUL
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5.7 INSERTION INTO A LINKED LIST

Let LIST be 2 linked list with successive nodes A and B, as pictured in Fig. 5.14(a). Suppose 2
qode N is to be inserted into the list between nodes A and B. The schematic diagram of such an

insertion appears :1“ Fig. 5.14(b). That is, node A now points to the new node N, and node N points
to node B, 10 which A previously pointed.

START

Node A Node B
START (a) Before insertion

Node A

(b) After insertion

Fig. 5.14

Suppose our linked list is maintained in memory in the form
LIST(INFO, LINK, START, AVAIL)

Figure 5.14 does not take into account that the memory Space for the new node N will come from
thy AVAIL list. Specificaliy, for easier processing, the first node in the AVAIL list will be used
for the new node N. Thus a more exact schematic diagram of such an insertion is that in Fig. 5.15.
Observe that three pointer fields are changed as follows:

(1) The nextpointer field of node A now points to the new node N, to which AVAIL previously

pointed.
START Data list
i Node A Node B
AVAIL

Free-storage list

Fig. 5.15
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T~

(2) AVAIL now points to the second node in the free pool, to w::s:: :332 I: p:z:;om.}y Poinge
(3) The nextpointer field of node N now points to node B, to W PreXionsly POintg,

There are also two special cases. If the new node N is the firslt] noc;? ;‘nih:c)::;;;l:;'; ETI?RT Wi
point to N; and if the new node N is the last node in the list, then Ui poinge,

Example 5.13

(3) Consider Fig. 5.9, the alphabetical list of patients in a ward. Suppose a patient
Hughes is admitted to the ward. Observe that

i i i i ilable bed.
(i) Hughes is put in bed 10, the first av_a1la '
(ii) Hughes should be inserted into the list between Green and Kirk.

The three changes in the pointer fields follow.

1. LINK[8] = 10. [Now Green points to Hughes.]
2. LINK[10] = 1. [Now Hughes points to Kirk.]
3. AVAIL = 2. [Now AVAIL points to the next available bed.]
(b) Consider Fig. 5.12, the list of brokers and their customers. Since the customer
lists are not sorted, we will assume that each new customer is added to the
beginning of its list. Suppose Gordan is a new customer of Kelly. Observe that

(i) Gordan is assigned to CUSTOMER[11], the first available node.
(ii) Gordan is inserted before Hunter, the previous first customer of Kelly.
The three changes in the pointer fields follow:
1. POINT[2] = 11. [Now the list begins with Gordan.)
2. LINK[11] = 3. [Now Gordan points to Hunter.]
3. AVAIL = 18. [Now AVAIL points to the next available node.]
(c) Suppose the data elements A, B

Insertion Algorithms

Algorithms which insert node
them here. The first one inge
after the node with a given
algorithms assume that the
'AVAIL) and that the variab]

S Into linked lists come up ip v
rts 4 node at the beginning of t
1|ocat10n. and the thjrq one ing
linked list g in meémory in ¢
e ITEM contains the peyy info

arious situations. We discuss O:[
he list, the second one inserts 8" uI
€Its a node into a sorted list. Al OT.
he form LIST(INFO, LINK, ST

I'mation to be added to the list:
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INFO  LINK
START | 6 1 [ a 5
- 2| B 1
AVAIL | 7 al ¢ 5
4| D 3
5| E 4
\— 6| F 5

7
8 9
o 10
0 | 0

Fig. 5.16

Since our insertion algorithms will use a node ip the AVAIL list, all of the algorithms will
include the following steps:
(a) Checking to see if space is available in the AVAIL list. If not, that is, if AVAIL = NULL,

then the algorithm will print the message OVERFLOW.
(b) Removing the first node from the AVAIL list. Using the variable NEW to keep track of the
location of the new node, this step can be implemented by the pair of assignments (in this

order)
NEW := AVAIL, AVAIL := LINK[AVAIL]

the new node. In other words,

(¢) Copying new information into
[INFO[NEW] := ITEM

The schematic diagram of the latter two SIeps is pictured in Fig. 5.17.

NEW

Free-storage list

- B T

Fig. 5.17

Inserting at the Beginning of a List

Suppose our linked list is not necessarily sorted and there is no reason to insert 2 new node in any
special place in the list. Then the easiest place to insert the node is at the beginning of the list. An

algorithm that does so follows
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Algorithm 5.4: INSFIRST(INFO, LINK, START, AVAIL, ITEM) |
i . This algorithm in_serts ITEM as the first node in the list.

1.
2.

3.
4.
5.
6. Exit. '

Steps 1 to 3 have already been discussed, and the schematic diagram of Steps 2 and 3 appears in

M s

[OVERFLOW?] If AVAIL = NULL, then: Write: OVERFLOW. and Exit
[Remove first node from AVAIL list.] .

Set NEW := AVAIL and AVAIL := LINK[AVAIL].

Set INFO[NEW] := ITEM. [Copies new data into new node]

Set LINK[NEW] := START. [New node now points to original first node.)
Set START := NEW. [Changes START so it points to the new node.]

Fig. 5.17. The schematic diagram of Steps 4 and 5 appears in Fig. 5.18.

START

Example 5.14

[ =

Consider the lists of tests in Fig. 5.10. Suppose the test score 75 is to be added to

the beginning of the geometry list. We simulate Algorithm 5.4, Observe that ITEM =
75, INFO = TEST and START = GEQM,

INSFIRST(TEST, LINK, GEOM, AVAIL, ITEM)

1. Since AVALL # NULL, control is transferred to Step 2.
2. NEW =9, then AVAIL = LINK[9] =_10.

3. TEST[9] = 75.

4. LINK[9] = 5.

5. GEOM =9,

6. Exit.

Figure 5.19 shows the data structure after 75 is added to the
that only three pointers are changed, AVAIL, GEOM and LINK[9].

Fig. 5.18 Insertion at the Beginning of a List

geometry list. Observe
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TEST  LINK
1] [
2| 74 14
_ 3 :
ALG E_\ M :
5| 84 12
6 78 0
GEOM | 9 7| 74 8
8 | 100 13
- L o | 75 5
A—> 10 ' 3
AVAIL N i | es ;
| 12 | 62 7
13 | 74 6
14| 93 4
15 0
16 15
Fig. 5.19

Inserting after a Given Node

] alue of LOC where either LOC is the location pf a node A in a linked
illlg'?(];: I‘,”(;g r-(:, I%IléinLth’Fh‘é following is an algorithm which inserts ITEM into LIST so that ITEM

is the first node.
f 1.OC = NULL, so that ITEM is t N
ol}i}:: SNnggsof:: ?;’ez:i"node (whose location is NEW). If LOC = NULL, then N is inserted as the

first node in LIST as in Algorithm 5 4. Otherwise, as pictured in Fig. 5.15, we let node N point to
o

node B (which originally followed node A) by the assignment
| LINK[NEW] := LINK[LOC]

ode N by the assignment
LINK[LOC] := NEW

hm follows. | T
~ formal statement 'LINK, START, AVAIL, LOC, ITEM) _ ,
Algorithm 5.8: INSLOCUNFO, - " 1rp oo that ITEM follows the node with location

{holf: e;!rg ?,:;?r:sn ITEM as the first node when LOC = NULL.

and we let node A point to the new n

A formal statement of the algorit
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1. [OVERFLOW?] If AVAIL = NULL, then: Write: OVERFLOW, and Exit.
2. [Remove first node from AVAIL list.]

[Set NEW := AVAIL and AVAIL := LINK[A\:’AIL].
3. Set INFO[NEW] := ITEM. [Copies new data into new node.]

4. 1If LOC = NULL, then: [Insert as first node.]
Set LINK[NEW] := START and START := NEW.

Else: [Insert after node with location LOC.]
Set LINK [NEW] := LINK[LOC] and LINK[LOC] := NEW.
[End of If structure.]
5. Exit.

Inserting into a Sorted Linked List

Suppose ITEM is to be inserted into a sorted linked LIST. Then ITEM must be inserted between
nodes A and B so that ‘

INFO(A) < ITEM < INFO(B)

The following is a procedure which finds the location LOC of node A, that is, which finds the
location LOC of the last node in LIST whose value is less than ITEM.

Traverse the list, using a pointer variable PTR and comparing ITEM with INFO[PTR] at each
node. While traversing, keep track of the location of the preceding node by using a pointer variable
SAVE, as pictured in Fig. 5.20. Thus SAVE and PTR are updated by the assignments

SAVE := PTR and PTR := LINK[PTR]

START - SAVE PTR
EL{ H—*[EA‘TELL G~
Fig. 5.20

The traversing continues as long as INFO[PTR| > ITEM. or in other words. the traversing sl.ops 48
soon as ITEM < INFO[PTR]. Then PTR points to node B, so SAVE will contain the location of
the node A.

The formal statement of our procedure follows. The cases where

the list is empty or where
ITEM < INFO[START], so LOC = NULL, are treated separately, since they do nols ?nvolve the
variable SAVE.

Procedure 5.6: FINDA(INFO, LINK, START, ITEM, LOC)

This procedure finds the location LOC of th :
e last nod .
that INFO[LOC] < ITEM, or sets LOC = NULL. © ored list sueh
1. [List empty?)
2. [Special case?
Return.
3. Set SAVE :

If START = NULL, then: Set LOC := NULL, and Return.
] If ITEM < INFO[START], then: Set LOC - NULL, and

= START and PTR := LINK[START]. [Initializes pointers.]
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t;. Repet}t Steps Sand 6 while PTR # NULL

b If ITEM < INFO[PTR]. then: .

Set LOC := SAVE, ‘and Return.

) [SEnd of If structure, ]

: et SAVE := PTR and PTR -= '

[Bnd of Sas loop_'j' and PTR := LINK[PTR). [Updz}les pointers. ]

7. Set LOC := SAVE. |
8. Return. -

Now we have all the components to present an algorithm which inserts ITEM into a linked list.
The simplicity of the algorithm comes from using the previous two procedures.

Algorithm 5.7: [N_SERT(INFO. LINK, START, AVAIL, ITEM)
This algorithm inserts ITEM into a sorted linked list.

1. [Use Procedure 5.6 to find the location of the node preceding ITEM.]

Call FINDA(INFO, LINK, START, ITEM, LOC).
2. [Use Algorithm 5.5 to insert ITEM after the node with location LOC.]

Call INSLOC(INFO, LINK, START, AVAIL, LOC, ITEM).
3. Exit.

Example 5.15

Consider the alphabetized list of patients in Fig. 5.9. Suppos_e .Jones is to_ be added to
the list of patients. We simulate Algorithm 5.7, or more specifically, we simulate
Procedure 5.6 and then Algorithm 5.5. Observe that ITEM = Jones and INFO = BED.

(a) FINDA(BED, LINK, START, ITEM, LOC)
1. Since START # NULL, control is transferred to Step 2.
2. Since BED[5] = Adams < Jones, control is transferred to Step 3.

3. SAVE = 5 and PTR = LINK[5] = 3.
4. Steps 5 and 6 are repeated as follows:

= 3 and PTR = LINK[3] = 11.
ED[3] = Dean < Jones, SO SAVE
?b)) gEDElll] = Fields < Jones, SO SAVE = 11 and PTR = LINK[11] = 8.
(c) BED[8] = Green < Jones, SO SAVE = 8 and PTR = LINK[8] = 1.

(d) Since BED[1] = Kirk > Jones, we have:
LOC = SAVE = 8 and Return.

(b) INSLOC(BED, LINK, START, AVAIL LOC, ITEM) [Here LOC = 8.]

1. Since AVAIL # NULL, control is transferred to Step 2.
2. NEW = 10 and AVAIL = LINK[10] = 2.
3. BED[10] = Jones.
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4. Since LOC # NULL we have:
LINK[10] = LINK[8] = 1 and LINK[8] = NEW = 10.
5. Exit.

Figure 5.21 shows the data structu
emphasize that only three pointers have been changed, AVAI

re after Jones is added to the patient list. We
L, LINK[10] and LINK[8].

BED LINK

START | 5 |— 1| Kirk 7
— 2 6

3 | Dean 1

4 | Maxwell 12

— 5 | Adams 3

AVAIL | 2 P 6 0
7 | Lane 4

8 | Green 10

9 | Samuels 0

10 | Jones 1

11 | Fields 8

12 | Nelson 9

Fig. 5.21

e S —

Copying

Suppose we want to copy all or part of a given list, or suppose we want to form a new list that is
the concatenation of two given lists. This can be done by defining a null list and then adding the
appropriate elements to the list, one by one, by various insertion algorithms. A null list is defined
by simply choosing a variable name or pointer for the list, such as NAME, and then setting
NAME := NULL. These algorithms are covered in the problem sections.

5.8 DELETION FROM A LINKED LIST

Let LIST be a linked list with a node N between nodes A and B, as pictured in Fig. 5.22(a).
Suppose node N is to be deleted from the linked list. The schematic diagram of such a deletion
appears'in Flg 5.22(b). The deletion occurs as soon as the nextpointer field of node A is changed
SO that it points to node B. (Accordingly, when performing deletions, one must keep track of the
address of the node which immediately. precedes the node that is to be deleted.)

Suppose our linked list is maintained in memory in the form

LIST(INFO, LINK, START, AVAIL)



5.25
START
L o
x
(a) Before deletion
START

Node A ode ode
4] HM»{M :

[f— T—{_[+

(b) After deletion
Fig. 5.22

Figure 5.22 does not take into account the fact that, when a node N is deleted from our list, we will
immediately return its memory space to the AVAIL list. Specifically, for easier processing, it will
be returned to the beginning of the AVAIL list. Thus a more exact schematic diagram of such a
deletion is the one in Fig. 5.23. Observe that three pointer fields are changed as follows:

(1) The nextpointer field of node A now points to node B, where node N previously pointed.

(2) The nextpointer field of N now points to the original first node in the free pool, where
AVAIL previously pointed.

(3) AVAIL now points to the deleted node N.

START Data list

A}

‘ MH. ' I—___"m
\

_________

Free-storage list

Fig. 5.23

sﬂ- If the deleted node N is the first node in the list, then START will
es.

There are also two special cas st node in the list, then node A will contain the

point to node B: and if the deleted node N is the 12
NULL pointer.
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Example 5.16

(a)

(b)

Consider Fig. 5.21, the list of patients in the hospital ward. Suppose Greerj is
discharged, so that BED[8] is now empty. Then, in order to maintain the linked
list, the following three changes in the pointer fields must be executed:

LINK[11] =10  LINK[8] =2  AVAIL = 8

By the first change, Fields, who originally preceded Green, now points to Jones,
who originally followed Green. The second and third changes add the new empty
bed to the AVAIL list. We emphasize that, before making the deletion, we had
to find the node BED[11], which originally pointed to the deleted node BED[8].
Consider Fig. 5.12, the list of brokers and their customers. Suppose Teller, the
first customer of Nelson, is deleted from the list of customers. Then, in order to

maintain the linked lists, the following three changes in the pointer fields must
be executed:

POINT[4] = 10  LINK[9] = 11  AVAIL = 9

By the first change, Nelson now points to his original second customer, Jones.
The second and third changes add the new empty node to the AVAIL list.
Suppose the data elements E, B and C are deleted, one after the other, from the

list in Fig. 5.16. The new list is pictured in Fig. 5.24. Observe that now the first
three available nodes are: '

INFO[3], which originally contained C
INFO[2], which originally contained B
INFO[5], which originally contained E

Observe that the order of the nodes in the AVAIL list is the reverse of the order

" in which the nodes have been deleted from the list.

INFO  LINK
START | 6 |— 1| A 0
2 5

AVAIL | 3 - 3 2
4| D 1

5 7

\_, 6| F 4

7 8

8 9

9 10

10 0

Fig. 5.24

—— TEAMETE T <t ———
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peletion Algorithms

orithms which delete nodes from | :
Alg om linked lists come up in various sitations. We di i
3 ¢ S. ¢ d1scuss two o

em here. The first one deletes the .
T{Jde with a given ITEM of i5n;2:mnaczqe following a given node, and the second one deletes the
v in the form LIST(IN on. All our algorithms assume the : b b
memory if 1 LIST(INFO, LINK. START. AVAIL) ssume that the linked list is ™

Il of our deletion algori By
bc(}:nning of the AVAIL el:m“t;l:lls \E“ icturn the memory space of the deleted node N to the
= st. Accordingly. all of our ke a4 . : : o
assignments, where LOC is the location of the deti:lle(‘;li(::i:hgs will include the following pair ol
LINK[LOC] := AVAIL

| and then AVAIL := LOC
These two operations are pictured in Fig. 5.25 .

LOC

\ Node N

|
B

AVAIL
R / Free-storage list

Ay

Fig. 5.25 LINK[LOC] := AVAIL and AVAIL := LOC

Some of our algorithms may want to delete either the first node or the last node from the list. An
algorithm that does soO must check to sce if there is a node In the list. If not. i.e., if START =
NULL. then the algorithm will print the message UNDERFLOW.

Deleting the Node Following a Given Node

Let LIST be a linked list in memory: Suppose we arc given the location LOC of a node N in LIST.
Furthermore, suppose we are given the location LOCP of the node preceding N or, when N is the
first node “;e are given LOCP = NULL. The following algorithm deletes N from the list.

ori _0C, LOCP)

Al : NFO. LINK, START. AVAIL, LOC, L |

gorithm 5.8 1«?51 I;(:J gorithm deletes the node N with location LOC. LOCP is the location of
the node which precedes N or, when N is the first node, LOCP = NULL.

OCP = NULL, then:
L LSct START = LINK[START]. [Deletes first node.]

]E‘l]se:."-’et LINK[LOCP] = LINK[LOC]. [Deletes node N

d of If structure.] .
2 [[ii::tum deleted node t0 the AVAIL list.]

Set LINK[LOC] = AVAIL and AVAIL := LOC.
3. Exit.
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Figure 5.26 is the schematic diagram of the assignment
START := LINK[START]

i : . te AAVETS ~ase when N is the first nod,
which effectively deletes the first node from the list. This covers the case de,

START

Fig. 5.26 START := LINK[START]

Figure 5.27 is the schematic diagram of the assignment
LINK[LOCP] := LINK[LOC]

which effectively deletes the node N when N is not the first node.

START LOCP LOC

E\‘I [ {IIELI [F~ 13— [

Node N

Fig. 5.27 LINK[LOCP] := LINK[LOC]

The simplicity of the algorithm comes from the fact that we are already given the location
LOCP of the node which precedes node N. In many applications, we must first find LOCP.

Deleting the Node with a Given ITEM of Information

Let LIST be a linked list in memory. Suppose we are given an ITEM of information and we want
to delete from the LIST the first node N which contains ITEM. (If ITEM is a key value, then only
one node can contain ITEM.) Recall that before we can delete N from the list, we need to know the
location of the node preceding N. Accordingly, first we give a procedure which finds the location
LOC of the node N containing ITEM and the location LOCP of the node preceding node N: If N is
the first node, we set LOCP = NULL, and if ITEM does not appear in LIST, we set LOC = NULL.
(This procedure is similar to Procedure 5.6.)

Traverse the list, using a pointer variable PTR and comparing ITEM with INFO[PTR] at each
node. While traversing, keep track of the location of the preceding node by using a pointer variable
SAVE, as pictured in Fig. 5.20. Thus SAVE and PTR are updated by the assignments

SAVE := PTR and PTR := LINK[PTR)
The traversing continues as long as INFO[PTR] # ITEM, or in other words, the traversing stops as

soon as ITEM = INFO[PTR]. Then PTR contains the location LOC of node N and i
the location LOCP of the node preceding N. SAVE contains
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The formal statement of our procedure follows. The cases where the list is empty or where
INFO[START] = ITEM (i.e., where node N is the first node) are treated separately, since they do
not involve the variable SAVE. :

' Procedure 5.9: FINDB(INFO, LINK, START, ITEM. LOC, LOCP)
This procedure finds the location LOC of the first node N which contains

ITEM and the location LOCP of the node preceding N. If ITEM does not
appear in the list, then the procedure sets LOC = NULL; and if ITEM appears

in the first node, then it sets LCCP = NULL.

1. [List empty?] If START = NULL, then:
Set LOC := NULL and LOCP := NULL, and Return.
[End of If structure.] '
2. [ITEM in first node?] If INFO[START] = ITEM, then:
Set LOC = START and LOCP = NULL, and Return.
[End of If structure.]
3. Set SAVE := START and PTR := LINK[START]. [Initializes pointers.]
4. Repeat Steps 5 and 6 while PTR # NULL.
e If INFO[PTR] = ITEM, then:
Set LOC := PTR and LOCP := SAVE, and Return.
[End of If structure.]
6. Set SAVE := PTR and PTR := LINK[PTR]. [Updates pointers. ]
[End of Step 4 loop.]
7. Set LOC := NULL. [Search unsuccessful.]
8. Return.

Now we can easily present an algorithm to delete the first node N from a linked list which

contains a given ITEM of information. The simplicity of the algorithm comes from the fact that the !
task of finding the location of N and the location of its preceding node has already been done in |

Procedure 5.9.

Algorithm 5.10: DELETE(INFO, LINK, START, AVAIL, ITEM)
This algorithm deletes from a linked list the first node N which contains the

given ITEM of information. .
1. [Use Procedure 5.9 to find the location of N and its preceding node.]
Call FINDB(INFO, LINK, START, ITEM, LOC, LOCP)
2. 1f LOC = NULL, then: Write: ITEM not in list, and Exit.
3. [Delete node.]

If LOCP = NULL, then:
Set START := LINK[START]. [Deletes first node.]

Else: _
Set LINK[LOCP] := LINK[LOC].

[End of If structure. ]
4. [Return deleted node to the AVAIL list.] | |
Set LINK[LOC] := AVAIL and AVAIL := LOC. !

§. Exit.
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Remark: The reader may have noticed that Step il
Algorithm 5.8. Tn other words, we could replace the Step’

. OCP
Call DEL(INFO, LINK, START, AVAIL, LOC L )
of modularity.

e following Call statement:

This would conform to the usual programming style

Example 5.17 b _'
Consider the list of patientsin Fig. 5.21. Suppose the patient Green is.di"s'.charged. We
simulate Procedure 5.9 to find the location LOC of Green and the location LOCP of the
patient preceding Green. Then we simulate Algorithm 5.10 to delete Green from the
list. Here ITEM = Green, INFO = BED, START = 5 and AVAIL = 2.
BED LINK
START | 5 | 1 | Kirk 7
2 6
3 | Dean 11
4 | Maxwell 12
5 | Adams 3
AVAIL | 8 6 o
7 | Lane 4
8 2
9 | Samuels 0
10 | Jones _;_
11 | Fields _1_6_
12 | Nelson 9
; Fig. 5.28___—_ T
| (a) FINDB.(BED, LINK, START, ITEM, LOC, LOCP)
; g::ﬁi ISSE}T;]ZNALLI;Lr;sc{:&ntG?;e:, t:::::z{rfd to Step 2,

)
3. SAVE = 5 and PTR = LINK[5] = 3. transferred to Step 3.

4. Steps 5 and 6 are repeated as follows:
(a) BED[3] = Dean # Green, so SAVE =3
. ! - a =
(b) BED[11] = Fields + Green, so SAVE = 12da::RPT LINKB] -1l .
(c) BED[8] = Green, so we have:" R= LINK[H] = 8.
LOC = PTR = 8 and LOCP = SAVE = 11, 54 Retur
' n.

s 3 and 4 in Algorithm 5.10 already appear in
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(b) DELLOC(BED, LINK, START, AVAIL, ITEM)
1. Call] FINDB(BED, LINK, START, ITEM, LOC, LOCP). [Hence LOC = 8 and LOCP =
11. '
2. Since LOC # NULL, control is transferred to Step 3.
3. Since LOCP # NULL, we have:
LINK[11] = LINK[8] = 10.
4. LINK[8] = 2 and AVAIL = 8.
5. Exit.

Figure 5‘.28 shows the data structure after Green is removed from the patient list. We
emphasize that only three pointers have been changed, LINK[11], LINK[8] and AVAIL.

5.9 HEADER LINKED LISTS

A header linked list is a linked list which always contains a special node, called the header node,

at the beginning of the list. The following are two kinds of widely used header lists:

(1) A grounded header list is a header list where the last node contains the null pointer. (The
term “grounded” comes from the fact that many texts use ‘the electrical ground symbol to

indicate the null pointer.)
(2) A circular header list is a header list where the last node points back to the header node.
hese header lists. Unless otherwise stated or implied.

Figure 5.29 contains schematic diagrams of t
in such a case. the header node also acts as a

our header lists will always be circular. Accordingly.
sentinel indicating the end of the list.

START

Header

node

- &~ b T
{a)GroundedheaderHst

START

Header

node

(b) Circular header list
Fig. 5.29
Observe that the list pointer START always points to the header node. Accordingly,
LINK[START] = NULL indicates that a grounded header list is empty, and LINK{START] =

START indicates that a circular header list is empty.
Although our data may be maintained by header lists in memory. the AVAIL list will always be

maintained as an ordinary linked list.
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Example 5.18

Consider the personnel file in Fig. 5.11. The data may be Drga:]z?:ld ri':ezo':;ader list as
in Fig. 5.30. Observe that LOC = 5 is now the location of the heade 5 1:h head
Therefore, START = 5, and since Rubin is the last employee,_ LIN-K“?:] ) x.am Fie ? ¥
record may also be used to store information about the entire ﬁle.RYcJFS ]e- 151 %000
let SSN[5] = 9 indicate the number of employees, and we let SALARY[

indicate the total salary paid to the employees.

NAME SSN SEX SALARY  LINK
START 1 0
E 2 | Davis 192-38-7282 Female 22 800 12
3 | Kelly 165-64-3351 Male 19 000 7
4 | Green 175-56-2251 Male 27 200 14
5 009 191 600 6
AVAIL
8 6 | Brown 178-52-1065 Female 14700 9
7 | Lewis 181-58-9939 Female 16 400 10
9 | Cohen 177-44.4557 Male 19 000 2
10 | Rubin 135-46-6262 Female 15500 5
11 o 13
12 Evans_| 168-56-81 1? Male 34200 4

Female L22 800 3

14 | Harris 208-56-1 6;

Fig. 5.30

e

The term “node,” by itself, normally refers 1o an node, not the header node, when used
with header lists. Thus the first node in a header ljst is the node following the header node, and the
location of the first node is LINK[START]. not START. as with ordinary linked lists.

Algorithm 5.11, which uses a pointer variable PTR to trav '

ordinary

inary linked list,

(1) begins with PTR = LINK[START] (not PTR START)

PTR = NULL).

Circular header lists are frequently used instead ¢
are much easier to state and implement using hea
properties of circular header lists:

f ordinary linke

_ d lists because many operations
der lists, This

comes from the following WO

(1) The null pointer is not used. and hence all pointerg contain valid addresses
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(2) Every (ordinary) node has a predecessor, so the first node may not require a special case.
The next example illustrates the usefulness of these properties.

. Algorithm 5.11: (Traversing a Circular Header List) Let LIST be a circular header list in
’ memory. This algorithm traverses LIST, applying an operation PROCESS to
each node of LIST.

1. Set PTR := LINK[START]). [Initializes the pointer PTR.]

2. Repeat Steps 3 and 4 while PTR # START:

3. Apply PROCESS to INFO[PTR].

4. Set PTR := LINK[PTR]. [PTR now points to the next node.]

[End of Step 2 loop.]
5. Exit.

Example 5.19

Suppose LIST is a linked list in memory, and suppose a specific ITEM of information is
given.
(a) Algorithm 5.2 finds the location LOC of the first node in LIST which contains
ITEM when LIST is an ordinary linked list. The following is such an algorithm
when LIST is a circular header list. '

Algorithm 5.12: SRCHHL(INFO, LINK, START, ITEM, LOC)
LIST is a circular header list in memory. This algorithm finds
the location LOC of the node where ITEM first appears in LIST
or sets LOC = NULL.

1. Set PTR := LINK[START].
2. Repeat while INFO[PTR] # ITEM and PTR = START:
Set PTR :=LINK[PTR]. [PTR now points to the next node.]
[End of loop.]
3. If INFO[PTR] = ITEM, then:
Set LOC := PTR.
Else:
Set LOC := NULL.
[End of If structure.]

4, Exit.

The two tests which control the searching loop (Step 2 in Algorithm 5.12) were
not performed at the same time in the algorithm for ordinary linked lists; that
is, we did not let Algorithm 5.2 use the analogous statement

Repeat while INFO[PTR] # ITEM and PTR # NULL:

because for ordinary linked lists INFO[PTR] is not defined when PTR = NULL.
(b) Procedure 5.9 finds the location LOC of the first node N which contains ITEM

and also the location LOCP of the node preceding N when LIST is an ordinary

linked list. The following is such a procedure when LIST is a circular header list.
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LOC, LOCP)
Procedure 5.13: FINDBHL(INFO, LINK, START, ITEM, o
| 1. Set SAVE .= START and PTR := LINK[START]. [Initializes
. o8 =
peinters.. d PTR # START.
ile INFO[PTR] # ITEM an
- RepeSa:t“g:Vi = P'ER and PTR:= LINK[PTR]. [Updates
pointers.]
[End of loop.] -
3, If INFO[PTR] = ITEM, then:
Set LOC := PTR and LOCP := SAVE.
Else:
Set LOC := NULL and LOCP := SAVE.
[End of If structure.]
4. Exit.

Observe the simplicity of this procedure compared with Procedyre 5.9: Here we
did not have to consider the special case when ITEM appears in the first node,

and here we can perform at the same time the two tests which control the loop.

(c) Algorithm 5.10 deletes the first node N which contains ITEM when LIST is an

ordinary linked list. The following is such an algorithm when LIST is a circular
header list.

Algorithm 5.14: DELLOCHL(INFO, LINK, START, AVAIL, ITEM)

1. [Use Procedure 5.13 to find the location of N and its
preceding node.] ,
Call LINDBHL(INFO, LINK, START, ITEM, LOC, LOCP).
2. If LOC = NULL, then: Write: ITEM not in list, and Exit.
3. Set LINK[LOCP] := LINK[LOC]. [Deletes node.]
4. [Return deleted node to the AVAIL list.]

. Set LINK[LOC]:= AVAIL and AVAIL:= LOC.
5. Exit.

Again we did not have to consider the s

pecial case when ITEM 3 .
first node, as we did in Algorithm 5.10. Ppears in the

rooct e mes.

first node ine
pointer, called a circular list Instes
(2) A linked list which contains both a special he

ader node c :
special trailer node at the end of the list at the bcgmmng of the list and 2

Figure 5.31 contains schematic diagrams of these lists
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START
(a) Circular linked list :
START
Header Trailer
node . node ‘
o g e SN 1 R I S et R S e IR
(b) Linked list with header and trailer nodes
Fig. 5.31
Polynomials

nomials in memory. The header node

Header linked lists are frequently used for m'aintaining poly
ded to represent the zero polynomial.

plays an important part in this representation, since it is nee
This representation of polynomials will be presented in the context of a specific example.

|
Example 5.20

Let p(x) denote the following polynomial in one variable (containing four nonzero

terms):

p(x) = 2x® - 5x - 3% + 4
Then p(x) may be represented by the header list pictured in Fig. 5.32(a), where each
node corresponds to a nonzero term of p(x). Specifically, the information part of the
node is divided into two fields representing, respectively, the coefficient and the
exponent of the corresponding term, and the nodes are linked according to decreasing
degree. :

Observe that the list pointer variable POLY points to the header node, whose

exponent field is assigned a negative number, in this case -1. Here the array
representation of the list will require three linear arrays, which we will call COEF, EXP

and LINK. Qne such representation appears in Fig. 5.32(b).

o g

AR ot s e o S

5.10 TWO-WAY LISTS

Each list discussed above is called a one-way list, since there is only one way that the list can be
traversed. That is, beginning with the list pointer variable START, which points to the first node or
the header node, and using the nextpointer field LINK to point to the next node in the list, we can
traverse the list in only one direction. Furthermore, given the location LOC of a node N in such a
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POLY

Coefficient of term
Exponent of term

[os g7[—t2l—140

(a)

COEF  EXP  LINK

[ o] [~ 2

. 5
POLY 3| 2 8| 4]

4| -5 7 6

. 8
AVAL | 2

6| -3 2 7

7 4 0 1

8 9

n 0

(b)
Fig. 5.32 p(x) =2¢ - 5¢" - 3% + 4 )

list, one has immediate access to the next node i i
3 in the list (by evaluati
does not have access to the preceding node without trav y 78 L RILOCI). bus e

partiC}Jlar, t}_lat one must traverse that part of the list preced?;:?\% isac::'df;lf’ t{hil by Thi‘s means,lin
. Thl_s scct}on mtroduces a new list structure, called a two-way list, whi hO ‘ elete N from the list.
directions: in Lhe usual forward direction from the beginning 0f~ by (; can be traversed In two
backward direction from the end of the list to the beginning, FUrtherme ist to the end, or in the
of a n'ode N in the l'lsl, one now has immediate access to both the e s GRS
node in the list. This means, in particular, that one is aple © d next node and the preceding
traversing any part of the list. elete N from the list without
' A two-way list is a linear collection of data elements vl
divided into three parts: $. called nodes, where each node N is

(1) An information field INFO which contains the d
(2) A pointer field FORW which contains the locati
(3) A pointer field BACK which contains the locati

ata of N
((;:]1 ::)th ttl:e NEXt node in the |ist
the preceding node ‘ip the list

and LAST, which points to the last node in the list. Figure 5 3§Olms to the first node in the list,

such a list. Observe that the null pointer appears contains 3 g e di
: c f
also in the BACK field of the first node inF:he ]i;,? the FORW fielq of the Jas lll]eorgztiﬁ Et:glli'::ﬂa;d
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FIRST INFO field of node N LAST
BACK pointer field of node N JE
FORW pointer field of node N *
i x
L AL DL Bl Bk

Node N
Fig. 5.33 Two-way List

Observe that, using the variable FIRST and the pointer field FORW, we can traverse a two-way
list in the forward direction as before. On the other hand, using the variable LAST and the pointer
field BACK, we can also traverse the list in the backward direction.

Suppose LOCA and LOCB are the locations, respectively, of nodes A and B in a two-way list.
Then the way that the pointers FORW and BACK are defined gives us the following:

Pointer property: FORW[LOCA] = LOCB if and only if BACK[LOCB] = LOCA

In other words, the statement that node B follows node A is cquivalent to the statement that node
A precedes node B.

Two-way lists may be maintained in memory by means of linear arrays in the same way as one-
way lists except that now we require two pointer arrays, FORW and BACK, instead of one pointer
array LINK, and we require two list pointer variables, FIRST and LAST, instead of one list pointer
variable START. On the other hand, the list AVAIL of available space in the arrays will still be
maintained as a one-way list—using FORW as the pointer field—since we delete and insert nodes
only at the beginning of the AVAIL list.

Example 5.21

Consider again the data in Fig. 5.9, the 9 patients in a ward with 12 beds. Figure
5.34 shows how the alphabetical listing of the patients can be organized into a two-
way list. Observe that the values of FIRST and the pointer field FORW are the same,
respectively, as the values of START and the array LINK; hence the list can be
traversed alphabetically as before. On the other hand, using LAST and the pointer
array BACK, the list can also be traversed in reverse alphabetical order. That is, LAST
points to Samuels, the pointer field BACK of Samuels points to Nelson, the pointer
field BACK of Nelson points to Maxwell, and so on.

Two-Way Header Lists ;

The advantages of a two-way list and a circular header list may be combined into a two-way
circular header list as pictured in Fig. 5.35. The list is circular because the two end nodes point
back to the header node. Observe that such a two-way list requires only one list pointer variable
START, which points to the header node. This is because the two pointers in the header node point
to the two ends of the list.
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' FIRST " BED FORW BACK’
E 1 | Kirk 7] 8
. »
e =4
LAST 3 | Dean 11 5
E\—ﬁ 4 | Maxwell 12 7
5 | Adams 3 0
‘ AVAIL 6 0
10 7 | Lane 4 1
8 | Green 1 1
N+ 9 | Samuels 0’ 12
10 2
11 | Fields 8 3
12 | Nelson 9 4
Fig. 5.34
ISTART

Header
, anode
- L{ [Ty

Node N
Fig. 5.35 Two-Way Circular Header List

Example 5.22

e ————

Consider the personnel file in Fig. 5.30, which is or
The data may be organized into a two-way circular
another array BACK.which gives the locations of pr
pictured in Fig. 5.36, where LINK has been rename
maintained only as a one-way list.

ganized as a circular header list.
heac.ier list by simply adding
eceding nodes. Such a structure is
d FORW. Again the AVAIL list is

Operations on Two-Way Lists

Suppose LIST is a two-way list in memory. This subsection discu
! scusses

. ~ 0ns on
LIST. a number of operation
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NAME SSN SEX SALARY FORW BACK
START 1 0
5 2 | Davis 192-36-7282 Female 22 800 12 9
3 | Kelly 165-64-3351 Male 19 000 7 14
4 | Green 175-56-2251 Male 27 260 14 12
pr— 5 009 191 600 6 10
8 6 | Brown 178-52-1065 Female 14700 9 5
l 7 | Lewis 181-58-9939 Female 16 400 10 3
8 11
9 | Cohen 177-44-4557 Male 19 000 2 6
10 | Rubin 135-46-6262 | - | Female 15500 5 7
11 13
12 | Evans 168-56-8113 Male 34 200 4 2
13 1
14 | Harris 208-56-1654 Female 22 800 3 4
Fig. 5.36

Traversing

Suppose we want to traverse LIST in order to process each node exactly once. Then we can use
Algorithm 5.1 if LIST is an ordinary two-way list, or we can use Algorithm 5.11 if LIST contains
a header node. Here it is of no advantage that the data are organized as a two-way list rather than
as a-one-way list.

Searching

Suppose we are given an ITEM of information—a key value—and we want to find the location
LOC of ITEM in LIST. Then we can use Algorithm 5.2 if LIST is an ordinary two-way list, or we
can use Algorithm 5.12 if LIST has a header node. Here the main advantage is that we can search
for ITEM in the backward direction if we have reason to suspect that ITEM appears near the end
of the list. For example, suppose LIST is a list of names sorted alphabetically. If ITEM = Smith,
then we would search LIST in the backward direction, but if ITEM = Davis, then we would search
LIST in"the forward direction.

Deleting

Suppose we are given the location LOC of a node N in LIST, and suppose we want to delete N
from the list. We assume that LIST is a two-way circular header list. Note that BACK[LOC]) and
FORW([LOC] are the locations, respectively, of the nodes which precede and follow node N.
Accordingly, as pictured in Fig. 5.37, N is deleted from the list by changing the following pair o
pointers: :
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Fig. 5.37 peleting Node N

FORWIBACKILOC]] := FORW[LOC] and BACK[FORW(LOCI] := BACKILOC)

The deleted node N is then returned to the AVAIL list by the assign
FORW[LOC] := AVAIL and AVAIL = LOC

The formal statement of the algorithm follows.
Algorithm 5.15: DELTWL(INFO, FORW, BACK, START, AVAIL, LOC)

1. [Delete node.]
Set FORW[BACKI[LOC]] := FORW[LOC] and
BACK[FORWI[LOC]] := BACKJ[LOC].
2. [Return node to AVAIL list.]
Set FORW[LOC] := AVAIL and AVAIL := LOC.
3. Exit.

Here we see one main advantage of a two-way list: If the data were organized as a one-way lit,
then, in order to delete N, we would have to traverse the one-way list to find the location of the
node preceding N.

ments.

Inserting

Suppose we are given the locations LOCA ar1 LOCB of adjacent nodes A and B in LIST, and
suppose we want to insert a given ITEM of .njormation between nodes A and B. As with a one-
way list, first we remove the first node N from the AVAIL list, using the variable NEW to keep
track of its location, and then we copy the data ITEM into the node N; that is, we set:

NEW := AVAIL, AVAIL := FORW[AVAIL], INFO[NEW] := ITEM

Now, as pictured in Fig. 5.38, the node N with contents
the following four pointers:

FORW[LOCA] := NEW,

BACK[LOCB] := NEW,

Th_e formal statement of our algorithm follows.

Algorithm 5.16: INSTWL(INFO, FORW, BACK, START AVAIL, LOCA. LOCE. ITEM) _
' 1. [OVERFLOW?] If AVAJL = ' ’ ' |
2, [Remove nodo & NULL. then: Write: OVERFLOW, and EXi"

A -
Set NEW := AV X;E :\‘? ;II‘ list and copy new data into node.]
’ L:= FORW[AVAIL)], INFO[NEW] := ITEM

ITEM is inserted into the list by changii3

FORWI[NEW] := LOCB
BACKINEW] := LOCA
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LOCA

Fig. 5.38 Inserting Node N

3. [Insert node into list.]
Set FORW[LOCA] := NEW, FORW[NEW] := LOCB,
BACK[LOCB] := NEW, BACK[NEW] := LOCA.

4. Exit.

Algorithm 5.16 assumes that LIST contains a header node. Hence LOCA or LOCB may point to
the header node, in which case N will be inserted as the first node or the last node. If LIST does
not contain a header node, then we must consider the case that LOCA = NULL and N is inserted as
the first node in the list, and the case that LOCB = NULL and N is inserted as the last node in the
list. '

Remark: Generally speaking, storing data as a two-way list, which requires extra space for the
backward pointers and extra time to change the added pointers, rather than as a one-way list is not
worth the expense unless one must frequently find the location of the node which precedes a given

node N, as in the deletion above.

S
PROBIFEMSY

Linked Lists

5.1 Find the character strings stored in the four linked lists in Fig. 5.39,

Here the four list pointers appear in an array CITY. Beginning with CITY[1], traverse the
list, by following the pointers, to obtain the string PARIS. Beginning with CITY[2], traverse
the list to obtain the string LONDON. Since NULL appears in CITY[3], the third list is
empty, so it denotes A, the empty string. Beginning with CITY[4], traverse the list to obtain
the string ROME. In other words, PARIS, LONDON, A and ROME are the four strings.
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CITY Eﬂfi -ELNEW
’ ‘1_2"____\ 1 A el
2| s —t—~ 2[°] |2
3| o 3| B | | 0]
4|13 |~ A

5 L 11
6| M| | 3
7N | 0

8 _N— 2

9| O 7

10| O 6

11] 0 8

NM—12| P 1

13| n 10

14| R 4

15 S 0
o S I

Fig. 5.39

5.2 The following list of names is assigned (in order) to a linear array INFO:
Mary, June, Barbara, Paula, Diana, Audrey, Karen, Nancy, Ruth, Eileen, Sandra, Helen
That is, INFO[I] = Mm. INFO[2] = June INFO[12 ’

. s | = Helen. Assign values to an array
LINK and a variable START so that IN y & .
e e at INFO, LINK and START form an alphabetical listing

The alphabetical listing of the names follows:

Audrey, Barbara, Diana, Eileen, Helen, Jup '
3 ) s ) c. Karen, Mar . Na
The values of START and LINK are obtaineq as follows: ¥: Nancy, Paula, Ruth, Sandra

(a) INFO[6] = Audrey, so assign START = 6

- (b) INFO[3] = Barbara, so assign LINK([6] = 3
(c) INFO[S] = Diana, 5o assign LINK[3] = 5
(d) INFO[10] = Eileen, so assign LINK]|5] ;10

And so on. Since INFO[11] = Sandry IS the |

ast neel .
5.40 shows the data structure where. assumine le?Sme' assign LINK[11] = NULL. Figur®
AVAIL = NULL. : has space for only 12 elements, ¥¢ %
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INFO LINK

START 1 | Mary 8
6 \ 2 | June .7

L | b

3 | Barbara 5

AVAIL 4 | Paula l 9
0 5 | Diana 10
6 | Audrey 3
7 | Karen 1

8 | Nancy 4

——— -— p—
9 | Rut | 11

—— S

10 | Eileen 12

11 Sandra 0

12 | Helen 2

Fig. 5.40

5.3 Let LIST be a linked list in meqnory. Write a procedure which

(a) Finds the number NUM of times a given ITEM occurs in LIST
(b) Finds the number NUM of nonzero elements in LIST
(c) Adds a given value K to each element in LIST

Each procedure uses Algorithm 5.1 to traverse the list.

(a) Procedure P5.3A: 1. Set NUM := 0. [Initializes counter.]
2. Call Algorithm 5.1, replacing the processing step by:
If INFO[PTR] = ITEM, then: Set NUM := NUM + 1.
3. Return
(b) Procedure P5.3B: 1. Set NUM := 0. [Initializes counter.]
2. Call Algorithm 5.1, replacing the processing step by:
If INFO[PTR] # 0, then: Set NUM := NUM + 1.
3. Return. .
(c) Procedure P5.3C: 1. Call Algorithm 5.1, replacing the processing step by:
Set INFO[PTR] := INFO[PTR] + K.
2. Return.

5.4 Consider the alphabetized list of patients in Fig. 5.9. Determine the changes in the data
structure if (a) Walters is added to the list and then (b) Kirk is deleted from the list.

(a) Observe that Walters is put in bed 10, the first available bed, and Walters is inserted
after Samuels, who is the last patient on the list. The three changes in the pointer fields
follow:
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(b) Since Kirk is discharged, BED[1] is now empty.

5-5 Suppose LIST is in memory. Write an algorithm which deletes the

The last node can be deleted only when one a]g
Accordingly, traverse the list using a pointer v
node using a pointer variable SAVE. PTR
NULL, and in such a case, SAVE points to
only one node is treated separately, since SAV

ints to Walters.] |
he last patient in the list.]
o the next available bed.]

The following three changes in

1. LINK[9] = 10. [Now Samuels po
2. LINK[10] = 0. [Now Walters 1_5 t
3. AVAIL = 2. [Now AVAIL points t

pointer fields must be executed:
LINK[8] =7 LINK[1] = 2 AVAIL = 1

By the first change, Green, who originally preceded Kirk, now points to Lane, wp,
originally followed Kirk. The second and third changes add the new empty bed to g,
AVAIL list. We emphasize that before making the deletion, we had to find the nod,
BED(8], which originally pointed to the deleted node BED(I].

Figure 5.41 shows the new data structure.

START BED H_Ni
Gl 2
| 2 6
3 | Dean 11
4 | Maxwell 12

AVAIL > 5 | Adams
[ P 6 0
7 | Lane _:—

8 | Green
9 | Samuels 10
10 | Walters T
11 | Fields s
T e
12 | Nelson 9
—_— — |

Fig. 5.41

last node from LIST.

o _k“OWS the location of the next-to-last‘node:
ariable PTR, and keep track of the preceding
r;lomts to the last node when LINK[PTR] =
the next to last node. The case that LIST h#

more elements. The algorithm follows & can be defined only when the list has 2"

Algorithm P5.5: DELLST(INFQ, LINK, START AVAIL)

1. [List empty?] If ST _
Exit. S = NULL, then Write: UNDERFLOW. a7
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2. [List contains only one element?]
If LINK[START] = NULL, then:

(a) Set START := NULL. [Removes only node from list.]
(b) Set LINK[START] := AVAIL and AVAIL := START."
[Returns node to AVAIL list.] :
(c) Exit. ‘
[End of If structure.]

3. Set PTR := LINK[START] and SAVE := START. [Initializes

pointers.]

4. Repeat while LINK[PTR] # NULL. [Traverses list, seeking last node.]
Set SAVE := PTR and PTR := LINK[PTR]. [Updates SAVE
and PTR.]

[End of loop.]

5. Set LINK[SAVE] := LINK[PTR]. [Removes last node.]

6. Set LINK[PTR] := AVAIL and AVAIL := PTR. |Returns node to
AVAIL list.]

7. Exit.

5.6 Suppose NAMEI is a list in memory. Write an algorithm which copies NAME] into a list
NAME2.

First set NAME2 := NULL to form an empty list. Then traverse NAMEI using a pointer
variable PTR, and while visiting each node of NAME], copy its contents INFO[PTR] into a
new node, which is then inserted at the end of NAME2. Use LOC to keep track of the last
node of NAME?2 during the traversal. (Figure 5.42 pictures PTR and LOC before the fourth
node is added to NAME?2.) Inserting the first node into NAME2 must be treated separately,
since LOC is not defined until NAME2 has at least one node. The algorithm follows:

NAME1 PTR

AAA [+}— BBB |e+— CCC | DDD EEE

NAME2 LOC

[

AAA BBB’ [ceey
Fig. 5.42
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Algorithm P5.6: COPY(INFO, LINK. NAMEI, NAMEZ. AVAIL)
This algorithm makes a copy of a list NAMEI using NAME? a5 (p, iy
pointer variable of the new list.

.1. Set NAME2 := NULL. [Forms empty list.] |
2. [NAMEI empty?] If NAMEI = NULL, then: Exit.
" 3. [Insert first node of NAME! into NAMEZ.]
‘Call INSLOC(INFO, LINK, NAME2, AVAIL, NULL,
INFO[NAMEI]) or:
(a) If AVAIL = NULL, then: Write: OVERFLOW, and Exit.
# (b) Set NEW := AVAIL and AVAIL := LINK[AVAIL]. [Remoy

» first node from AVAIL list.]
(c) Set INFO[NEW] := INFO[NAMEI]. [Copies data into pey
node.] :

(d) [Insert new node as first node in NAME?2.]
Set LINK[NEW] := NAME2 and NAME2 := NEW.
4. [Initializes pointers PTR and LOC.]
Set PTR := LINK[NAMEI1] and LOC := NAME2.
S. Repeat Steps 6 and 7 while PTR # NULL:
6. Call INSLOC(INFO, LINK, NAME2, AVAIL, LOC,
INFO[PTR)) or:
(a) If AVAIL = NULL, then: Write: OVERFLOW. and Exit
(b) Set NEW := AVAIL and AVAIL := LINK[AVAIL].
(c) Se:':l ITFO[NEW] = INFO[PTR]. [Copies data into new
node.

@ Egsgﬂ new node into NAME?2 after the node with location
]

Isq% V::INK [NEW] := LINK[LOC]. and LINK[LOC] =

7. Set PTR := LINK[PTR] and LOC := Updates
brR e =L := LINK[LOC]. [Upd

[End of Step 5 loop.)
_ _ 8. Exit.
Header Lists, Two-Way Lists

5.7 Form header (circular) lists from the one-way lists in Fig. 5.11. -

Choose TESTI[I] as a header node for the list ALG_, he
list GEOM. Then, for each list: + and TEST(16] as a header node fo

(a) Change the list pointer variable so that it

oints t :
(b) Change the header node so that it points points to the header node.

to the first node in the list.



Linked Lists

- 5.L7

TEST  LINK
1 11
2| 74 14
3 15
ALG | 1 4 | 82 1
5| 84 12
6| 78 16
GEOM | 16 — T g
) 8 | 100 13
9 10
10 3
AVAIL | 9 1 88 2
12 | 62 7
13 | 74 6
14 | 93 4
15 0
\__, 16 5
Fig. 5.43

5.8 Find the polynomials POLY1 and POLY2 stored in Fig. 5.44.

COEF EXP LINK

1] of |- 5
2
POLY1 1 3 6 1 7
— 4| -3 2 10
POLY2 | 10 — _
- 5| 3 5 8
6| 2 8 9
7| -5 0 1
8| -4 3 3
o 7 5 4
L—no o | -1 6

Fig. 5.44
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: i : btai ,
Bepinsi ith POLY 1. traverse the list by following the pointers to obtain the p°l3’”°mra1
cginning wi s tre '
py(x) =3¢ 4>+ 6x =5 btain th
: - ing the pointers (0 obtain the Polynom;
Beginning with POLY2, traverse the list by fol '50“““3_2 P la
pax) = 2% + 77 + 3

Here COEF[K] and EXP[K] contain, respectively. lhf_‘cozgiiir?; Z:;:g g?;r}?:lt d?f A term of
the polynomial. Observe that the header nodes are assign .
rwise stated, ¢
in p(x, y. z) will be ordered lexicographically. . _ _
degreasjilng degrees in x; those with the same degree in x we order according to decreajy

degrees in y; those with the same degrees in x and y we order according to decreasing
degrees in z, Suppose

2 7
P(x, y, 2) = 8x*y%z - 6yz® + 3%z + 2xy"z - 5x%° - 4xy'?

. ) d

(a) Rewrite the polynomial so that the terms are ordf.re ' '

(b) Suppose the terms are stored in the order shown in the problem statement_ in the linear
arrays COEF, XEXP, YEXP and ZEXP, with the HEAD node first. Assign values to
LINK so that the linked list contains the ordered sequence of terms.

. . . 2
() Note that 3x’yz comes first, since it has the highest degree in x. Note that 8x%y%; ang

~5x?y* both have the same degree in x but -5x%)® comes before Sfyzz, since its degree
in y is higher. And so on. Finally we have

p(x, y, 2) = 3x%yz - 5x2%y% + 8x%y%z - dxy’73 + 2xy’7 — 6yz®
(b) Figure 5.45 shows the desired data structure,

COEF XEXP YEXp ZEXP LINK

3] 0 -1 -1 -1 4
2 ‘8 2 2 1 7
e ——— — ]
4 3 3 1 1 a
5 2 1 7 —-———1 ____.3
— —d 7| 1
8 1 —
'-——-._____ ] L___-’—
Fig. 5.45
5.10 Discuss the advantages, if any, of a two.

following operations:

(a) Traversing the list to

Process each node
(b) Deleting a node whos

e location LQC is given
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(¢) Searching an unsorted list for a given element ITEM

(d) Searching a sorted list for a given element ITEM

(¢) Inserting a node before the node with a given location LOC
(f) Inserting a node after the node with a given location LOC

(a) There is no advantage. o .
(b) The location of the preceding node is needed. The two-way list contains this information,

whereas with a one-way list we must traverse the list.

(¢) There is no advantage. o
(d) There is no advantage unless we know that ITEM must appear at the end of the list, in

which case we traverse the list backward. For example, if we are searching for Walker
in an alphabetical listing, it may be quicker to traverse the list backward.

(e) As in part (b), the two-way list is more efficient.

(f) There is no advantage.

Remark; Generally speaking, a two-way list is not much more useful than a one-way list
except in special circumstances.

~ 5.11 Suppose LIST is a header (circular) list in memory. Write an algorithm which deletes the
last node from LIST. (Compare with Solved Problem 5.5.) '

The algorithm is the same as Algorithm P5.5, except now we can omit the special case
when LIST has only one node. That is, we can immediately define SAVE when LIST is not
empty.

- Algorithm P5.11: DELLSTH(INFO, LINK, START, AVAIL) ‘
This algorithm deletes the last node from the header list.

1. [List empty?] If LINK[START] = NULL, then: Write:
UNDERFLOW, and Exit.
2. Set PTR := LINK[START] and SAVE := START. [Initializes

pointers. ]
3. Repeat while LINK[PTR] # START: [Traverses list seeking last
node.]
Set SAVE := PTR and PTR := LINK[PTR]. [Updates SAVE
and PTR.]

[End of loop.]

4. Set LINK[SAVE] := LINK[PTR]. [Removes last node.]

5. Set LINK[PTR] := AVAIL and AVAIL := PTR. [Returns node to
AVAIL list.]

6. Exit.

5.12 Form two-way lists from the one-way header lists in Fig. 5.43.

Traverse the list ALG in the forward direction to obtain:

aa[ T Tl T T—[T1
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.e are calculated node by node. For ex
o inters. These are ca : “Mple,
?Ne; lcccllmr(c it?:lgi;:(i:: rfopgnj 4) must point to the next-to-last node (with locgyj,, L()Q“‘t
ast node (w = \
14). Hence ‘
BACK[4] = 14

The next-to-last node (with location LOC = 14) must point to the preceding node (i
location LOC = 2). Hence

BACK[14] =2
And so on. The header node (with location LOC = 1) must point to the Jast node (yy
location 4). Hence

BACK[l] =4

A similar procedure is done with the list GEOM. Figure 5.46 pictures the two.-

Note that there .is no difference between the arrays LINK and FORW. That is,
array BACK need be calculated.

way ligg;
only th

TEST FORW BACK

1 11 4
2 74 14 1
3 15
ALG 1 4 82 1 14
[
5| 84 12 16
1 | |
6 78 16 13
— |— ——
GEOM Ej__\ 7| 74 8 12
8 100 13 7
— ] 7
f 9 10
AVAIL F 10 3
_-_-_-‘ -——__- g
12 62 '
— 1 7 5
——h-_—“ —
14 93 4 >
P ———
15 0
-‘_‘-'_'-'—-—.
N~ 15 s 1 [
R 6
Fig' 5!45 :

204
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Linked Lists

5.1 Figure 5.47 is a list of five hospital patients and their room numbers. (a) Fill in values for
NSTART and NLINK so that they form an alphabetical listing of the names. (b) Fill in
values for RSTART and RLINK so that they form an ordering of the room numbers.

NSTART NAME ROOM NLINK RLINK
l 1 Brown 650
2 Smith 422

RSTART -

E 3 Adams 704
4 Jones 462
5 _LBurns 632
Fig. 5.47

5.2 Figure 5.48 pictures a linked list in memory.

START INFO  LINK
4 1 A 2
' 2 B 8
AVAIL 3 6
l 3 \ 4 C 7
[
5 D 0
6 0
7| E 1
8 r F
|_ 5
Fig. 5.48

(a) Find the sequence of characters in the list.
(b) Suppose F and then C are deleted from the list and th

the list. Find the final structure.

en G is inserted at the beginning of

(¢) Suppose C and then F are deleted from the list and then G is inserted at the beginning of

the list. Find the final structure.
(d) Suppose G is inserted at the beginning of the list and
the structure. Find the final structure. :

Ithcn F and then C are deleted from
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5.3

54

5.5

5.6

5.7

5.8

5.9

5.10

5.11

5.12

—

Suppose LIST is a linked list in memory consisting of numerical values. Write a procedyre
for each of the following:

(a) Finding the maximum MAX of the values in LIST
(b) Finding the average MEAN of the values in LIST
(¢) Finding the product PROD of the elements in LIST

Given an integer K, write a procedure which deletes the Kth element from a linked list.
Write a procedure which adds a given ITEM of information at the end of a list.

Write a procedure whi.ch removes the first element of a list and adds it to the end of the list
without changing any values in INFO. (Only START and LINK may be changed.)

Write a procedure SWAP(INFO, LINK, START, K) which interchanges the Kth and K + g
elements in the list without changing any values in INFO.

Write a procedure SORT(INFO, LINK, START) which sorts a list without changing any

values in INFO. (Hint: Use the procedure SWAP in Supplementary Problem 5.14 together
with a bubble sort.) :

Suppose AAA and BBB are sorted linked lists with distinct elements. both maintained in

INFO and LINK. Write a procedure which combines the lists into a single sorted linked list
CCC without changing any values in INFO.

Supplementary Problems 5.10 to 5.12 refer to character strings which are stored as linked
lists with one character per node and use the same arrays INFO and LINK.

Suppose STRING is a character string in memory.

(a) Write a procedure which prints SUBSTRING(STRING, K, N), which is
STRING beginning with the Kth character and of length N.

(b) Write a procedure which creates a new string SUBKN in memory where
SUBKN = SUBSTRING(STRING, K, N)

the substring of

Suppose STRI and STR2 are character strin

gs in memory. Write a
a new string STR3 which is the concatenati

procedure which creates
on of STRI and STR?. ‘

value on;NDEX(TEXT, PATTERN), t e PATTERN first occurs as a substring
of TEXT.

Header Lists; Two-Way Lists

) the three strings.
way lists using CHAR[20], CHAR[19] and
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AVAIL

By
9

11

i2

13

14

15

16
17

17

18
19
20

CHAR

LIN

— -

14

=[] [ [=] oo ]=]o]>]-]-]

| 17 |

HEREEN

Fig. 5.49

18

19

5.14 Find the polynomials stored in the three header lists in Fig. 5.50.

5.15 Consider the following polynomial:

Cp(x, v, 2) = 20y + 3x%y2 + Axy's 4 5P 4 62 + Tz + 8yPe + 9

(a) Rewrite the polynomial so that the terms are ordered lexicographically.

(b) Suppose the terms are stored in the order shown here in parallel arrays COEF, XEXP,
YEXP and ZEXP with the header node first. (Thus COEF[K] = K for K = 2.3, ..., 9.)
Assign values to an array LINK so that the linked list contains the ordered sequence of

terms. (See Solved Problem 5.9.)
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COEF EXP  LINK

1 -+ 1 0 -] 9
4 1 ]
P -_ 2 0 =1 2
b ] |
3 e 3 0 -1 6
4 | -5 3 7
5 | -9 2 8
6 6 3 5
7 1 1 10
AVAIL e
8 4 0 3
11 oy
9 3 |4 4
10 | -8 0 1
11 12
12 13
13 ‘ 14
=
49 % 50
50 | 0
Fig. 5.50

5.16 Write a procedure HEAD(INFO, LINK, START, AVAIL) which forms a header circular list
from an ordinary one-way list.

5.17 Redo Supplementary Problems 5.4-5.8 using a header circular list rather than an ordinary
one-way list. (Observe that the algorithms are now much simpler.)

5.18 Suppose POLY1 and POLY?2 are polynomials (in one variable) which are stored as header
circular lists using the same parallel arrays COEF, EXP and LINK. Write a procedt;re

ADD(COEF, EXP, LINK, POLY, POLY2, AVAIL, SUMPOLY)

which finds the sum SUMPOLY of POLY 1 and POLY?2 (and which ; .
\sing COEF, EXP and LINK). (and which is also stored in memory

5.19 For the polynomials POLY1 and POLY?2 in Supplementary Problem 5.18, write a procedure

| -MULT(COEF, EXP, LINK, POLY1. POLY2, AVAIL, PRODPOLY)
which finds the product PRODPOLY of the polynomials POLY1 and POLY?2
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5.20 Form two-way circular header lists from the onc-way lists in Fig. 5.49 using. as in
Supplementary Problem 5.13, CHAR[20]. CHAR]| 19] und CHAR[ 18] as header nodes.

5.21 Given an integer K, write a procedure
DELK(INFO, FORW, BACK, START. AVAIL, K)

which deletes the Kth element from a two-way circular header list.

5.22 Suppose LIST(INFO. LINK. START, AVAIL) is a one-way circular header list in memory.
’ Write a procedure
TWOWAY(INFO, LINK, BACK, START)

which assigns values to a linear agray BACK to form a two-way list from the one-way list.

PROGRAMMINGCRRROBEENS

Programming Problems 5.1 to 5.6 refer to the data structure in Fig. 5.51, which consists of four
alphabetized lists of clients and their respective lawyers.

5.1 Write a program which reads an integer K and prints the list of clients of lawyer K. Test the
program for each K.

5.2 Write a program which prints the name and lawyer of each client whose age is L or higher.
Test the program using (a) L = 41 and (b) L = 48.

5.3 Write a program which reads the name LLL of a lawyer and prints the lawyer’s list of
clients. Test the program using (a) Rogers, (b) Baker and (c) Levine.

5.4 Write a program which. reads the NAME of a client and prints the client’s name, age and
lawyer. Test the program using (a) Newman, (b) Ford, (¢) Rivers and (d) Hall.

5.5 Write a program which reads the NAME of the client and deletes the client’s record from the
structure. Test the program using (a) Lewis, (b) Klein and (c) Parker.

5.6 Write a program which reads the record of a new client, consisting of the client’s name, age
and lawyer, and inserts the record into the structure, Test the program using (a) Jones, 36,

Levine: and (b) Olsen, 44, Nelson.

Programming Problems 5.7 to 5.12 refer to the alphabetized list of employee records in Fig. 5.30,
which are stored as a circular header list.

5.7 Write a program which prints out the entire alphabetized list of employee records.
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LAWYER POINT CLIENT AGE LINK
1 | Davis 4 1 —El!l 35 16
2 | Levine 12 2 | Moss 28 13
3 | Nelson 21 3 | Ford 47 25
4 | Rogers 8 4 | Brown 54 22
5 | Ginn 38 14
6 | Pride 42 29
7 26
8 | Berk 38| | 3|
% 9 | White 45 0
‘ — 10 28
11 | Todd 25 0
| S I S
12 ] Dixon | 132 | | 24
13 -r_Newrnan | 48 Il 6
|
14 | Harris 42 [ 30
M - 15 ﬁ o
16 | Jackson 52 27
17 | 23
18 | Roberts 40 0
19 0
20 | Eisen 32 1|
21 | Adams 48| | 5|
22 r Cohen 36 20
23| 19
24 | Fisher 33 _:g_
25 | Graves -—4'2— 11
26 | [ | [0
27 | Parker | | 50| | o]
| | [ | [+%
29 | Singer | | 45 T
30 | Lewis E E
Fig. 5.51

5.8 Write a program which reads the name NNN of an employee and prints the employee’s
record. Test the program using (a) Evans, (b) Smith and (c) Lewis,
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5.9

wm
—
(=]

5.11

5.12

Write a program which reads the social security number SSS of an employee and prints the
employee’s record. Test the program using (a) 165-64-3351, (b) 136-46-6262 and (c) 177-
44-5555.

Write a progiam which reads an integer K and prints the name of each male employee when
K = 1 or of each female employee when K = 2. Test the program using (a) K=2,(b) K=35
and (¢c) K = 1.

Write a program which reads the name NNN of an employee and deletes the employee’s
record from the structure. Test the program using (a) Davis, (b) Jones and (¢) Rubin.

Write a program which reads the record of a new employee and inserts the record into the
file. Test the program using (a) Fletcher, 168-52-3388, Female, 21 000; and (b) Nelson, 175-
32-2468, Male, 19 000.

Remark: Remember to update the header record whenever there is an insertion or a deletion.



Chapter Six

~ Stacks, Queues, Recursion

6.1 INTRODUCTION

The linear lists and linear arrays discussed in the previous chapters allowed ore to insert and delete
elements at any placc in the list-—at the beginning, at the end, or in the middle. There are certain
frequent situations in computer science when one wants to restrict insertions and deletions so that
they can take place only at the beginning or the end of the list, not in the middle. Two of the data
structures that are useful in such situations are stacks and queues.

CA stack is a linear structure in which items may be added or removed only at one end] Figure

6.1 pictures three everyday examples of such a structure: a stack of dishes, a stack of pennies and '

a stack of folded towels. Observe that an item may be added or removed only from the top of any
of the stacks. This means, in particular, that the last item to be added to a stack is the first item to
be rcmoved.@ccordingly, stacks are also called last-in first-out (LIFO) lists. Other names used for
stacks are “piles” and “push-down lists.” Although the stack may seem to be a very restricted type
of data structure, it has many important applications in computer science,

A queue is-a linear list in which items may be added only at one end and items may be removed
only at the other end. The name “queue’” likely comes from the everyday use of the term. Consider
a queue of people waiting at a bus stop, as pictured in Fig. 6.2. Each new person who comestakes
his or her place at the end of the line, and when the bus comes, the people at the front of the line

board first. Clearly, the first person in the line is the first person to leave. Thus queues are also’

called first-in first-out (FIFO) lists. Another example of a queue is a batch of jobs waiting to be

processed, assuming no job has higher priority than the othgrs. | , o
The notion of recursion 18 fundamental in computer science. This topic is introduced in this

chapter because one way of simulating recursion is by means of a stack structure.
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Stack of
folded towels

Stack of Stack of
dishes pennies

W

Fig. 6.2 Queue Waiting for a Bus

&2 STACKS

A stack is a list of elements in which an element may be inserted or deleted only at one end, called
the top of the stack. This means, in particular, that elements are removed from a stack in the

reverse order of that in which they were inserted into the stack.

Special terminology is used for two basic operations associated with stacks:

(a)  “Push” is the term used to insert an element into a stack.
(b) “Pop” is the term used to delete an element from a stack.

We emphasize that these terms are used only with stacks. not with other data structures.

¥

e AT L

Example 6.1

Suppose the following 6 elements are pushed, in order, onto an empty stack:
AAA, BBB, CCC, DDD, EEE, FFF

Figure 6.3 shows three ways of picturing such a stack. For notat; i
: : : ion
will frequently designate the stack by writing: al convenience,

STACK:  AAA, BBB; CCC, DDD, EEE, FFF

The implication is that the right-most element is the to
regardless of the way a stack is described, its underlyin
and deletions can occur only at the top of the stack T
deleted before FFF is deleted, DDD cannot be deleted b
and so on. Consequently, the elements may be popped
reverse order of that in which they were pushed on‘:o t

we

p element. We emphasize that,
g property is that insertions
his means EEE cannot be

efore EEE and FFF are deleted,

from the stack only in the
he stack.
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1 [ aaA ]
> | EBB |
3 | ccc
TOP 4 | DDD
L* TOP 5 | EEE
FFF 6 | FFF
EEE [
DDD 8
ccc 9
BBB :
AAA N-1
N
(a) (b)

AAA | BBB | CCC | DDD | EEE | FFF

Fig. 6.3 Diagrams of Stacks

Consider again the AVAIL list of available nodes discussed in Chapter 5. Recall that free nodes
were removed only from the beginning of the AVAIL list, and that new available nodes were
inserted only at the beginning of the AVAIL list. In other words, the AVAIL list was implemented
as a stack. This implementation of the AVAIL list as a stack is only a matter of convenience rather
than an inherent part of the structure. In the following subsection we discuss an important situation
where the stack is an essential tool of the processing algorithm itself.

Postponed Decisions

Stacks are frequently used to indicate the order of the processing of data when certain steps of the
processing must be postponed until other conditions are fulfilled. This is illustrated as follows.

Suppose that while processing some project A we are required to move on to project B, whose
completion is required in order to complete project A. Then we place the folder containing the data
of A onto a stack, as pictured in Fig. 6.4(a), and begin to process B. However, suppose that while
processing B we are led to project C, for the same reason. Then we place B on the stack above A.
as pictured in Fig. 6.4(b), and begin to process C. Furthermore, suppose that while processing C
we are likewise led to project D. Then we place C on the stack above B, as pictured in Fig. 6.4(c),
and begin to process D. _ :

On the other hand, suppose w¢ are able to complete the processing of project D. Then the only
project we may continue to process is project C, which is on top of the stack. Hence we remove
folder C from the stack, leaving the stack as pictured in Fig. 6.4(d), and continue to process C.
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8 |

A A A A A J

(a) (b) (c) (d) () (f)
Fig. 6.4

Similarly, after completing the processing of C, we remove folder B from the stack, leaving the
stack as pictured in Fig. 6.4(e), and continue to process B. Finally, after completing the processing
of B, we remove the last folder, A. from the stack, leaving the empty stack pictured in Fig. 6.4(f),
and continue the processing of our original project A.

Observe that, at each stage of the above processing, the stack automatically maintains the order
that is required to complete the processing. An important example of such a processing in computer
science is where A is a main program and B, © and D are subprograms called in the order given.

6.3 ARRAY REPRESENTATION OF STACKS

Stacks may be represented in the computer in various ways, usually by means of a one-way list or
a linear array. Unless otherwise stated or implied, each of our stacks will be maintained by a linear
array STACK: a pointer variable TOP, which contains the location of the top element of the stack;
and a variable MAXSTK which gives the maximum number of elements that can be held by the
stack. The condition TOP = 0 or TOP = NULL will indicate that the stack is empty.

Figure 6.5 pictures such an array representation of a stack. (For notational convenience, the
array is drawn horizontally rather than vertically.) Since TOP = 3, the stack has three elements,
XXX, YYY and ZZZ; and since MAXSTK = 8, there is room for 5 more items in the stack.

STACK
XXX | YYyy | zzz ’
1 2 3 4 5 6 i 8
TOP | 3 —J MAXSTK | 3 ‘_j
Fig. 6.5

The operation of adding (pushing) an item onto a stack and the o
an item from a stack may be implemented, respectively, by the fol]
and POP. In executing the procedure PUSH, one must first test w
for the new item; if not, then we have the condition known as ov
the procedure POP. one must first test whether there is an eleme
then we have the condition known as underflow.

peration of removing (popping)
owing procedures, called PUSH
hether there is room in the stack
erflow. Analogously, in executing
nt in the stack to be deleted: if not,
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Procedure 6.1: PUSH(STACK, TOP, MAXSTK, ITEM)
Thls procedure pushes an ITEM onto a stack

1L [Stack already filled?]
If TOP = MAXSTK, then: Print: OVERFLOW, and Return.
2. Set TOP := TOP + 1. [Increases TOP by 1.]

3. Set STACK[TOP] := ITEM. [Inserts ITEM in new TOP position.]
4. Return.

Procedure 6.2: POP(STACK, TOP, ITEM)

This procedure deletes the top element of STACK dnd assigns it to the variable
ITEM.

1. [Stack has an item to be removed?]
If TOP = 0, then: Print: UNDERFLOW, and Return.
2. Set ITEM := STACK[TOP]. [Assigns TOP element to ITEM.]
3. ‘Set TOP := TOP — 1. [Decreases TOP by 1.]
4. Return.

- Frequently, TOP and MAXSTK are global variables; hence the procedures may be called using
only

PUSH(STACK, ITEM) and POP(STACK, ITEM)

respectively. We note that the value of TOP is changed before the insertion in PUSH but the value
of TOP is changed after the deletion in POP.

Example 6.2

(a) Consider the stack in Fig. 6.5. We simulate the operation PUSH(STACK, WWW):

1. Since TOP = 3, control is transferred to Step 2.
2. TOP =3+ 1 =4
3. STACK[TOP] = STACK[4] = WWW. E
4. Return.
Note that WWW is now the top element in the stack. : ‘
(b) Consider again the stack in Fig. 6.5. This time we simulate the operation
POP(STACK, ITEM):

1. Since TOP = 3, control is transferred to Step 2.

2. ITEM = ZZ1.
3, TOP=3-1=2.
4, Return.

Observe that STACK[TOP] = STACK[2] = YYY is now the top element in the stack.

e ——— e S

N s AL et S S T AL

L]
o e, e e
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Minimizing Overflow

There is an essential difference between underflow and overflow in dealing with stacks. Underflow

depends exclusively upon the given algorithm and the given input data, and hence. there is o
direct control by the programmer. Overflow, on the other hand, depends upon the arbitrary choice

of the programmer for the amount of memory space reserved for each stack, and this choice does
influence the number of times overflow may occur.

Generally speaking, the number of elements in a stack fluctuates as elements are added to or |

removed from a stack. Accordingly, the particular choice of the amount of memory for a given
stack involves a time-space tradeoff. Specifically, initially reserving a great deal of space for each
stack will decrease the number of times overflow may occur; however, this may be an expensive
use of the space if most of the space is seldom used. On the other hand, reserving a small amount
of space for each stack may increase the number of times overflow occurs; and the time required
for resolving an overflow, such as by adding space to the stack, may be more expensive than the
space saved.

Various techniques have been developed which modify the array representation of stacks so that
the amount of space reserved for more than one stack may be more efficiently used. Most of these
techniques lie beyond the scope of this text. We do illustrate one such technique in the following
example.

Example 6.3

Suppose a given algorithm requires two stacks, A and B. One can define an array

STACKA with n, elements for stack A and an array STACKB with n, elements for stack

B. Overflow will occur when either stack A contains more than n, elements or stack B

contains more than n, elements.

Suppose instead that we define a single array STACK with n = ny + n, elements for

: stacks A and B together. As pictured in Fig. 6.6, we define STACK[1] as the bottom of
| stack A and let A “grow” to the right,-and we define STACK[n] as the bottom of stack
B and let B “grow” to the left. In this case, overflow will occur only when A and B
together have more than n = n, + n, elements. This technique will usually decrease
the number of times overflow occurs even though we have not increased the total
amount of space reserved for the two stacks. In using this data structure, the
operations of PUSH and POP will need to be modified.

1 2 3 4 n-3 n-2 p_1q .
I PR
: Stack A Stack B
’: Fig. 6.6
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6.4 LINKED REPRESENTATION OF STACKS

[n this section we dlscgss the representation of stacks using a one-way list or singly linked list. The
advantagcs.ot linked lists over arrays have already been underlined. It is in this pers ecti;/e: that
one appreciates the use of a linked list for stacks in comparison to that of arrays. e ‘
:The 11n.ked represcntation of a stack, commonly termed linked stack is a stack th.at is implemented
using a.smgly linked list. The INFO fields of the nodes hold the elements of the stack and the
LlIN_I§ f.1el§is hold pointers to the neighboring element in the stack. The START'po'i;;:er of the
linked list behaves as the TOP pointer variable of the stack and the null pointer of the last node in

the list signals the bottom of stack. Figure 6.7 illustrates the linked re tation
T ' ' esentation of t
STACK shown in Fig. 6.5. presentation of the stack

Top (START)
XXX = YYY —| ZZZ | x
INFO  LINK
Top of stack Bottom of stack

Fig. 6.7

A push operation into STACK is accomplished by inserting a node into the front or start of the
list and a pop operation is undertaken by deleting the node pointed to by the START pointer.
Figure 6.8 and Fig. 6.9 illustrate the push and pop operation on the linked stack STACK shown in

Fig. 6.7.

Push ‘WWW'into STACK
STACK before Push operation:

Top

1| XXX j——» YYY [ zzz |~

STACK after Push operation
Top

Fig. 6.8

Pop from STACK o '
STACK before pop operation: |
Top

Vo [ (= ]

STACK after pop operation Top

TOP ~ _;/-...‘. l I
N R Kol g A E

‘_"I.__/___.'\.‘..‘-——l
¥ ~

Fig. 6.9
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nance of a variable MAXSTK which gives

The array representation of stack calls for the mainte e O aleo, it calls for the checking of

aximum number of elements that can be held by t e case
lCl)]s/IrEnI;.l;]LOW in the case of push operation (TOP:MAXSTK) and UN?ESE?&;LI; (;Eiremen t(;f
pop operation (TOP=0). In contrast, the linked representation of stac%(s Is r support 2 many push
There is no limitation on the capacity of the linked stack and hem‘e it canSu pl;rt This disponses
operations (insertion of nodes) as the free-storage list ( the AVAIL list) cal’kl1 1}(31[:1 (;f OVERFLOW
with the need to maintain the MAXSTK variable and consequently on the checking
of the linked stack during a push operation.

Procedure 6.3: PUSH_LINKSTACK(INFO, LINE{, TQ_{’, AVAIL, ITEM)
This procedure pushes an ITEM into a linked stack

1. [Available space?] If AVAIL = NULL, then Write
OVERFLOW and Exit
2. [Remove first node from AVAIL list] _
Set NEW := AVAIL and AVAIL := LINK[AVAIL].
3. Set INFO[NEW] := ITEM [ Copies ITEM into new node] .
4. Set LINK[NEW] := TOP [New node points to the original top node in
the stack] :
S. Set TOP = NEW [Reset TOP to point to the new node at the top of -
the stack]
6. Exit.

Procedure 6.4: POP_LINKSTACK(INFO, LINK, TOP, AVAIL, ITEM)

This procedure deletes the top element of a linked stack and assigns it to the
variable ITEM

1. [Stack has an item to be removed?)
IF TOP = NULL then Write: UNDERFLOW and Exit. _
2. Set ITEM := INFO[TOP] [Copies the top element of stack into ITEM ]
3. Set TEMP := TOP and TOP = LINK[TOP] '
[Remember the old value of the TOP pointer in TEMP

and reset TOP to point to the next element in the stack |
4. [Return deleted node to the AVAIL list]

Set LINK[TEMP] = AVAIL and AVAIL = TEMP.,
5. Exit.

However, the condition TOP = NULL ma

from an empty linked stack and the conditio
free-storage list.

y be retained in the pop procedure to prevent deletion
n AVAIL = NULL to check for available space in the

Example 6.4

Consider the linked stack shown in Fi

: : : 9. 6.7, the snapshots of the stack structure on é
L _executlon of the following operation

s are shown in Fig. 6.10:
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——

(i) Push BBB (ii) Pop (iii) Pop (iv) Push MMM
Original linked stack:

Top
XXX | =1 YYY .- 22Z | X
(a)
(1) Push BBB
Top
L BBB H XXX - YYY — 7zZ | x
' (b)
ii) Po
(ii) Pop -
Top ~ /-/ 1“:
~ . S — _ —
1o LT Y — yj_yzzth
""l_,iﬁ_?._]__n g xB(_L_l D’__
/s N
| ()
(i11) Pop
: Top
Top ~ /
~ ,_.&_.A._I_._.
RE R o zzz | *
[P M. . | ]
e ~
(d)

(iv) Push MMM
Top

[ vmm }———»FW;_}—J 77z |

(e)

Fig. 6.10
6.5 ARITHMETIC EXPRESSIONS; POLISH NOTATION

g constants and operations. This section gives an

Let Q be an arithmetic expression involvin star (
g reverse Polish (postfix) notation. We will see that

algorithm which finds the value of Q by usin

the stack is an essential tool in this algorithm. ‘
Recall that the binary operations in Q may have different levels of precedence. Specifically, we

assume the following three levels of precedence for the usual five binary operations:

Highest: Exponentiation M
Next highest: Multiplication (*) and division (/)
L Lowest: Addition (+) and subtraction (-)
ASIC symbol for exponentiation.) For simplicity, we assume that Q
(e.g.. a leading minus sign). We also assume that in any parenthesis-
the same level are performed from left to right. (This is not
form exponentiations from right to left.)

(Observe that we use the B
contains no unary operation
= free expression, the operations on
standard. since some languages per
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{  Example 6.5
Suppose we want to evaluate the following parenthesis-free arithmetic expression:

213+5+2T2-12/6

First we evaluate the exponentiations to obtain
8+5*4-12/6
Then we evaluate the multiplication and division to obtain 8 + 20 - 2. Last, we

~ evaluate the addition and subtraction to obtain the ﬁnal‘resultr 26. Observe that the
expression is traversed three times, each time corresponding to a level of precedence

of the operations.

= ok TRC N

-

e S TR T T

Polish Notation—

For most common arithmetic operations, the operator symbol is placed between its two operands.
For example,

A+B C-D ExF G/H
This is called infix notation. With this notation, we must distinguish between
(A+ B)xC and A+ (BxC)

by using either parentheses or some operator-precedence convention such as the usual precedence
levels discussed above. Accordingly, the order of the operators and operands in an arithmetic
expression does not uniquely determine the order in which the operations are to be performed.

pAe X Polish.notation, named after the Polish mathematician Jan Lukasiewicz, refers to the notation in

“~Which the operator symbol is placed before its two operands. For example,

Pt

+AB -CD  +EF  /GH

We translate, step by step, the following infix expressions into Polish notation using brackets [ ] to
indicate a partial translation:

(A + B)*C =[+AB]*C = x+ ABC
A+ (BxC)=A + [*BC) = + A*BC
(A + B)(C - D) = [+AB]J/[-CD] =/ + AB - CD

The fundamental property of Polish notation is that the order in which the operations are to be
performed s completely determined by the positions of the operators and operands in the expression.
Accordingly, one never needs parentheses when writing expressions in Polish notation.

/g Re}rgf:se Polish notation refers to the analogous notation in which the operator symbol is placed
after its two operands:

AB+ CD- EFx GH/

Again, one never needs parentheses to determine the ord
expression written in reverse Polish notation. This notat

notation, whereas prefix notation is the term used for P
paragraph.

er of the operations in any arithmetic
lon 1s frequently called postfix (or suffix)
olish notation,I discussed in the preceding

e e i
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The computer usually evaluates an arithmetic expression written in infix notation in two steps.
First, it converts the expression to postfix notation, and then it evaluates the postfix expression. In
each step, the stack is the main tool that is used to accomplish the given task. We illustrate these
applications of stacks in reverse order. That is, first we show how stacks are used to evaluate
postfix expressions, and then we show how stacks are used to transform infix expressions into
postfix expressions.

Evaluation of a Postfix Expression

Suppose P is an arithmetic expression written in postfix notation. The following algorithm, which
uses a STACK to hold operands, evaluates P.

Algorithm 6.5: This algorithm finds the VALUE of an arithmetic expression P written in postfix
notation.

1. Add a right parenthesis “)” at the end of P [This acts as a sentinel. ]
2. Scan P from left to right and repeat Steps 3 and 4 for each element of P until
the sentinel “)” is encountered.
3. If an operand is encountered, put it on STACK.
If an operator ® is encountered, then:
(a) Remove the two top elements of STACK where A is the top
element and B is the next-to-top element.
{b) Evaluate B ® A.
(¢) Place the result of (b) back on STACK.
[End of If structure.]
[End of Step 2 loop.]
5. Set VALUE equal to the top element on STACK
6. Exit.

-

We note that, when Step 5 is executed, there should be only one number on STACK.

Example 6.6

Consider the following arithmetic expression P written in postfix notation:
} p: 5 6 2 + % 124 [ -
(Commas are used to separate the elements of P so that 5, 6, 2 is not interpreted as
the number 562.) The equivalent infix expression Q follows: o
Q 5*(6+2) )-12 / 4
Note that parentheses are necessary for the infix expression Q but not for the postfix

é expression P. , , _
5 pwe evaluate P by simulating Algorithm 6.5. First we add a sentinel right

parenthesis at the end of P to obtain
! p: 6. 2, . 12 & L =)
CH @ o b OE ® O @ © (o
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| The eleménts of P have been labeled from left to right for easy reference. Figure 6.11
shows the contents of STACK as each element of P is scanned. The final npmber n
STACK, 37, which is assigned to VALUE when the sentinel “)" is scanned, is the value

! of P. |

|

Symbol Scanned STACK 'i

(1) 5 5 - l

(2) 6 5, 6 ;I

E 3 2 5,6, 2 |

i (4) & 58 — |
” (5) 40 -~

6 12 40, 12 |

! 7 4 40, 12, 4 |

s ® 40, 3 |

1 @ - 37 |

t (10) ) |

| Fig. 6.11

S i ST =

/Ia{nsforming Infix Expressions into Postfix Expressions
¢ Let

Q be an arithmetic expression written in infix notation. Besides operands and operators, Q may
‘also contain left and right parentheses. We assume that the operators in Q consist only of
exponentiations (T), multiplications (*), divisions (/), additions (+) and subtractions (-), and that
they have the usual three levels of precedence as given above. We also assume that ope

the same level, including exponentiations, are performed from left to right unless otherwise indicated
by parentheses. (This is not standard. since ex

pressions may contain unary operators and some
languages perform the exponentiations from right to left- However, these assumptions simplify our
algorithm.)

The following algorithm transforms the infix expression Q into its equivalent postfix expression
P. The algorithm uses a stack to temporarily hold operators and left parentheses. The postfix
expression P will be constructed from left to right using the operands from Q and the operators
which are removed from STACK. We begin by pushing a left parenthesis onto STACK and adding
a right parenthesis at the end of Q. The algorithm is completed when STACK is empty.

Algorithm 6.6: POLISH(Q, P)

Suppose Q is an arithmetic expression written in infix n
finds the equivalent postfix expression P.

rators on

otation. This algorithm .

1. Push “(” onto STACK, and add “)” to the end of Q.

2. Scan Q from left to right and repeat Steps 3 to 6 for each element of Q
until the STACK is empty:

3. If an operand is encountered, add it to P.

4. If a left parenthesis is éncountered, push it onto STACK.
S, If an operator ® is encountered, then:
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(@) Repeatediy pop {rom STACK and add to P each operator (on
the top of STACK) which has the same precedence as or higher
precedence than ®,

(b) Add ® 10 STATK.

[End of If structure.]
6. If a right parenthesis is encountered, then:

(@) Repeatedly pop from STACK ard add to P each operator {on
the top of STACK) until a left parenthesis is encountered.

{b) Remove the left parcnthesis. {Do not add the lmarcmhcsis to
P.]

(End of 1f structure. |
[End of Swep 2 loop.]
it Exit.f‘.»

The terminology sometimes used for Step 5 is that ® will “sink™ to its own level.

Example 6.7 _—

Consider the following arithmetic infix expression Q:
Q@ A+(B*C-(D/ETF)+G)=*H
We simulate Algorithm 6.6 to transform Q into its equivalent postfix expression P.
First we push “(” onto STACK, and then we add “)” to the end of Q to obtain:
@ A + (B =+ C - ( D /J E T F ) =«
(1) (2) () (4 (5) (6) (7) (&) (9) (10) (11) (12) (13) (14) (15)
G ) * H )
(16) (17) (18) (19) (20)
The elements of Q have now been labeled from left to right for easy reference. Figure
6.12 shows the status of STACK and of the string P as each element of Q is scanned.

Observe that

-- (1) Each operand is simply added to P and does not change STACK.
fj (2) The subtraction operator (-) in row 7 sends = from STACK to P before it (=) is

P ushed onto STACK. |
': (3) ghe right parenthesis in row 14 sends T and then / from STACK to P, and then

removes the left parenthesis from the top of STACK.
(4) The right parenthesis in row 20 sends = and then + from STACK to P, and then

removes the left parenthesis from the top of STACK.

After Step 20 is executed, the STACK is empty and
PP ABC+*DEFT /G - H* «+

which is the required postfix equivalent of Q.
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Symbol Scanned STACK Expression P :
m A ( A |
(2) + ( + A t
@ (+ ( A ;
(4) B (+ ( A B ;
(5) * ( + ( + A B i
6 C ( + (@ A BC l
B ( + ( - A B C |
(8) ( ( + ( - ( A B C + r
9 D ( + ( ( ABC -+ D !
(1) / ( + (- (1 ABC+D !
(11) E (+ (= (1 A BC+«DE !
(12 7T (+ (- (/1 ABC+«DE |
(13) F ( + ( (/77 A BC+DEF {
(14) ) ( + ( - ABC+DEFT/ f
(18) - ( + ( - ABC+DEFT/ :
(16) G ( + ( = A BC-+«-DETFTI/G |
a7y ) ( + ABC+DETFTI/ G - i
(18) = ( + » ABC.+DEFT/ G+« - 5
(19) H (+ » ABC+DEFT/ G - H

(20) ) ' ABCDEFT/ G+ ~-H:+ |

Fig. 6.12

6.6 QUICKSORT, AN APPLICATION OF STACKS

Let A be a list of n data items. “Sorting A” refers to the operation of rearranging the elements of A
so that they are in some logical order, such as numerically ordered when A contains numerical
data, or alphabetically ordered when A confains character data. The subject of sorting, including
various sorting algorithms, is treated mainly in Chapter 9. This section gives only one sorting
algorithm, called quicksort, in order to illustrate an application of stacks. .

Quicksort is an algorithm of the divide-and-conquer type. That is, the problem of sorting a set is
reduced to the problem of sorting two smaller sets. We illustrate this “reduction step” by means of
a specific example.

Suppose A is the following list of 12 numbers: o

@4) 33,11, 55, 77, 90, 40, 60, 99, %2, 88

The reduction step of the quicksort algorithm finds the final position of one of the numbers; in
this illustration, we use the first number, 44. This is accomplished as follows, Beginning with the

last number, 66, scan the list from right to left, comparing each number with 44 and stopping at the
first number less than 44, The number is 22. Interchange 44 and 22 to obtain the list

@2 33 11,755, 77, 90, 40, 60, 99 88, 66
(Observe that the numbers 88 and 66 to the right of 44 are each greater than 44.) Beginning with

22, next scan the list in the opposite direction, from left to right, comparing each number with 44 r

and stopping at the first number greater than 44. The number is 55. Interchange 44 and 55 t© |
obtain the list !
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22, 33, 11, 77. 90, 40, 60. 99. (55) 88, 66

(.obser\:‘ti l;l;l l:)e numbelils 22, 33 and L1 to the left of 44 are cach less than 44.) Beginning this
time with 55, now scan the list in the original direction, from right to left, until meeting the first
number less than 44. It is 40. Interchange 44 and 40 to obtain the list

22, 33, 11, 77, 90, 60, 99, 55, 88, 66

(Again, the n}lmbers to _thc right of 44 are each greater than 44.) Beginning with 40, scan the list
from left to right. The first number greater than 44 is 77. Interchange 44 and 77 to obtain the list

22, 33, 11, @) @) 90, (%) 60, 9, 55 88, 66

(Again, the numbers to the left of 44 are each less than 44.) Beginning with 77, scan the list from
right to left seeking a number less than 44. We do not meet such a number before meeting 44. This
means all numbers have been scanned and compared with 44. Furthermore, all numbers less than
44 now form the sublist of numbers to the left of 44, and all numbers greater than 44 now form the
sublist of numbers to the right of 44, as shown below:

22, "33, 11, 40, @ 90, 77. 60, 99, 55, 88, 66

"

First sublist Second sublist
Thus 44 is correctly placed in its final position. and the task of sorting the original list A has now
been reduced to the task of sorting each of the above sublists.

The above reduction step is repeated with each sublist containing 2 or more elements. Since we
can process only one sublist at a time, we must be able to keep track of some sublists for future
processing. This is accomplished by using two stacks, called LOWER and UPPER, to temporarily
“hold” such sublists. That is, the addresses of the first and last elements of each sublist, called its

re pushed onto the stacks LOWER and UPPER, respectively; and the reduction

boundary values, a
removed from the stacks. The

step is applied to a sublist only after its boundary values are
following example illustrates the way the stacks LOWER and UPPER are used.

Example 6.8

Consider the above list A with n = 12 elements. The algorithm begins by pushing the

boundary values 1 and 12 of A onto the stacks to yield
LOWER: 1 UPPER: 12

? In order to apply the reduction step, the algorithm first removes the top values 1 and

12 from the stacks, leaving

LOWER: (empty) UPPER: (empty)
i i ding list A[1], A[2], ..., A[12].
and then applies the reduction step to tl}e correspon : :
The reducti?)ﬂ step, as executed above, finally places the first element,ﬁ!+4, mbAL'[StL
Accordingly, the algorithm pushes the boundary values 1 and 4 of the first su ulis
and the bOl;ndary values 6 and 12 of the second sublist onto the stacks to yie
LOWER: 1, 6 UPPER: 4, 12
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“ . - he top values, 6
In order to apply the reduction step again, the algorithm removes the top

and 12, from the stacks, leaving
LOWER: 1 UPPER: 4

: i 7], oous
and then applies the reduction step to the corfesp'ondlﬂg 531;3112”;5:1[;]; ?;ﬁelsecond
A[12]. The reduction step changes this list as n F1g'- 6.9. I:e v the boundar
sublist has only one element. Accordingly, the algorithm pushes Omy Y

values 6 and 10 of the-first sublist onto the stacks to yield

LOWER: 1, 6 UPPER: 4, 10
And so on. The algorithm ends when the stacks do not conmtain any sublist to be
processed by the réduction step.

A6, A7), A8, A9,  A[10), A[11], A[12],
oy 77, e0, 99, 55 g8,  (66)

66, 77, 60, s5, 88,  (90)

Fig. 6.13

66, 77, 60, @ 55, r@ 99
6, 77, 6, 8, 55 (90) 99 k
First sublist Second sublist E
]

The formal statement of our quicksort algorithm follows (on pages 6.16-6.17). For notational
convenience and pedagogical considerations, the algorithm is divided into two parts. The first part
g'ves a procedure, called QUICK, which executes the above reduction step of the algorithm, and
the second part uses QUICK to sort the entire list.

Observe that Step 2(c) (iii) is unanccessary © has been added to emphasize the symmetry
between Siep 2 and Step 3. The procedure does not assume the clements of A are distinct.
Ctherwise, the condition LOC # RIGHT in Step 2(a) and the condition LEFT # LOC in Step 3(a)
conid be omitted. : :

The second part of the algorithm follows (on page 6.17). As noted above, LOWER and UPPER
are stacks on which the boundary values of the sublists are stored. (As usual, we use NULL = 0.)

Procedure 6.7: QUICK(A, N, BEG, END, LOC)
Here A is an array with N elements. Parameters BEG and END contain the
boundary values of the sublist of A to which this procedure applies. LOC
keeps track of the position of the first element A[BEG]) of the sublist during
the procedure. The local variables LEFT and RIGHT wiil contain the boundar;
values of the list of elemenis that have not been scanned. '

1. [1‘.‘}::...4%?3} Set LEFT := BEG, RIGHT := END and LOC := BEG
2. IScar fvom right to left.] "
(@) Renei W.’L:'i{' ALLOC) € A[RIGHT] and LOC # RIGHT:
RIGhT = RIGHT - 1.
[Ena of Joop.:
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(b) If LOC = RIGHT, then: Return.
(¢) If A[LOC] > A[RIGHT], then:
(i) [Interchange A[LOC) and A[RIGHT].]
TEMP := A[LOC}. A[LOC] := A[RIGHT).
A[RIGHT] := TEMP. -
(i1) Set LQC := RIGHT.
(tii) Go to Step 3.
[End of If structure.]
3. {Scan from left to right.]
(a) Repeat while A[LEFT] < A[LOC) and LEFT # LOC:
LEFT := LEFT + 1. :
[End of loop.}
(b) If LOC = LEFT, then: Return.
(c) If A[LEFT] > A[LOC], then
(i) [Interchange A[LEFT] and A[LOC]]
TEMP := A[LOC], A[LOC] := A[LEFT],
A[LEFT] := TEMP.
(if) Set LOC := LEFT.
(iii) Go to Step 2.
[End of If structure.]

“Algorithm 6.8: (Quicksort) This algorithm sorts an array A with N elements.

1. [Initialize.] TOP := NULL. -

2. [Push boundary values of A onto stacks when A has 2 or more elements. ]
If N > 1. then: TOP := TOP + 1, LOWER([1] := 1, UPPER[1] := N.-

3. Repeat Steps 4 to 7 while TOP # NULL.

4. [Pop sublist from stacks.]
Set BEG := LOWER|[TOP], END := UPPER[TOP].
TOP := TOP - 1.
5. Call QUICK(A, N, BEG, END, LOC). [Procedure 6.5.]
6. [Push left sublist onto stacks when it has 2 or more elements. |

If BEG <ILOC — 1, then:
TOP := TOP + 1, LOWER[TOP] := BEG,

UPPER[TCP] = LOC - 1.

[End of If structure.
7. [Push right sublist onto stacks when it has 2 or more elements.]

£ LOC + 1 < END, then:
TOP := TOP + 1. LOWER[TOP] := LOC + 1,
UPPER|[10P] := END. -
 IBnd of If structure. |
[End of Step 3 loop.]
§. Bxit.
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Complexity of the Quicksort Algorithm

The running time of a sorting algorithm is usually measu
required to sort n elements. The quicksort algorithm, whic
extensively. Generally speaking, the algorithm has a worst
average-case running time of order n log n. The reason for

The worst case occurs when the list is already sorted. : e
comparisons to recognize that it remains in the first position. Furthermore, the first sublist will I?e
empty, but the second sublist will have n — | elements. Accordingly, .tf}e second element will
require n — 1 comparisons to recognize that it remains in the second position. And so on. Conse-

quently, there will be a total of

red by the number fin) of comparisong
h has many variations, has beﬁcn studied
_case running time of order n/2, but an
this is indicated below.

Then the first element will require n

n(n+1) n?

fmy=n+(n-1+ - +2+1= — _-7+O(rr)=0(n2)

comparisons. Observe that this is equal to the complexity of the bubble sort algorithm (Sec. 4.6).
The complexity f(n) = O(n log n) of the average case comes from the fact that, on the average,
each reduction step of the algorithm produces two sublists. Accordingly:

(1) Reducing the initial list places 1 element and produces two sublists.

(2) Reducing the two sublists places 2 elements and produces four sublists.

(3) Reducing the four sublists places 4 elements and produces eight sublists.
(4) Reducing the eight sublists places 8 elements and produces sixteen sublists.

And so on. Observe that the reduction step in the kth level finds the location of 281 elements;
hence there will be approximately log, n levels of reductions steps. Furthermore, each level uses at
most n comparisons, so f(n) = O(n log n). In fact, mathematical analysis and empirical evidence
have both shown that

fin) =14 [n log "l

is the expected number of comparisons for the quicksort algorithm.
6.7 RECURSION

Recursion is an important concept in computer science. Many algorithms can be best described in
terms of recursion. This section introduces this powerful tool, and Sec. 6.9 will show how recursion
may be implemented by means of stacks.

Suppose P is a procedure containing either a Call statement to itself or a Call statement to
second procedure that may eventually result in a Call statement back to the original procedure P.

Then P is called a recursive procedure. So that the program will not continue to run indefinitely, 2
recursive procedure must have the following two properties: -

(1) There must be certain criteria, called base crite
itself.

(2) Each time the procedure does call itself
criteria.

ria, for which the procedure does not call

(directly or indirectly), it must be closer to the basé
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A reFUFISIVle pl‘of«t-:edur"e w'ith these two properties is said to be well-defined.-
Sfl'm'al' }’-da l;nCtlon is sa.lcll to be recursively defined if the function definition refers to itself.
Again, in order for the definition not to be circular, it must have the following two properties:

(1) 'tl(‘)hf:tl‘: 1r;wst be certain arguments, called base values, for which the function does not refer
itself.

(2) EaCh tlrlne the function does refer to itself, the argument of the function must be closer to a
ase value

A recursive fulnction with these two properties is also said to be well-defined.
The following examples should help clarify these ideas.

Factorial Function

The product of the positive integers from 1 to n, inclusive, is called “n factorial” and is usually
denoted by n!:

nt=1-2-3...(n-2)n-1)n
It is also convenient to define 0! =
Thus we have

0'=1 I'=1 20=1-2=2 1=1-2-3=6 4'=1-2-3-4=24
51=1-.2-3.4.5=120 6!'=1-2:3-4-5-6=720
and so on. Observe that

1, so that the function is defined for all nonnegative integers.

5'=5-41=5-24=120 and 6!=6-5'=6-120=720
This is true for every positive integer n; that is,
nl=n-(n-1!
Accordingly, the factorial function may also be defined as follows:

Definition 6.1: (Factorial Function)

(a) If n = 0, then n' = 1.
(b) If n > 0, then nl =n - (n-=1!

Observe that this definition of n! is recursive, since it refers to itself when it uses (n — 1)!
However, (a) the value of n! is explicitly given when n = 0 (thus O is the base value); and (b) the
value of n! for arbitrary n is defined in terms of a smaller value of n which is closer to the base
value 0. Accordingly, the definition is not circular, or in other words, the procedure is well-
defined.

Examp(e 6.9

I Let us calculate 4! using the recursive definition. This calculation requires the
following nine steps:



=

(8)

3!
31=3 2!

2! =2 -

2
31=3 2

=6
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(9) 4! =4 -6 =24
That is: _ ! _
Step 1. This defines 4! in terms of 3!, so we must postpone gvaluatmg 4! until we
evaluate 3! This postponement is indicated by indenting the ngxt step. '
Step 2. Here 3! is defined in terms of 2!, so we must postpone evaluating 3! until we
evaluate 2!
Step.3. This defines 2! in terms of 1!
Step 4. This defines 1! in terms of 0!
Step 5. This step can explicitly evaluate 0!, since 0 is the base value of the recursive
definition.
Steps 6 to 9. We backtrack, using 0! to find 1!, using 1! to find 2!, using 2! to find
3!, and finally using 3! to find 4! This backtracking is indicated by the
“reverse” indention.
Observe that we backtrack in the reverse order of the original postponed evaluations.

Recall that this type of postponed processing lends itself to the use of stacks. (See
Sec. 6.2.)

The following are two procedures that each calculate n factorial.

Procedure 6.9A: FACTORIAL(FACT, N)
This procedure calculates N! and returns the value in the variable FACT.

1. If N =0, then: Set FACT := 1, and Retum.
2. Set FACT := 1 [Initializes FACT for loop.]
3. Repeat for K=1toN.
Set FACT := K+FACT.
[End of loop.]
4. Return.

Procedure 6.9B: FACTORIAL(FACT, N)

This procedure calculates N! and returns the value in the variable FACT

L. If N = 0, then: Set FACT := | and R

=1, cturn.
2. Call FACTORIAL(FACT,' N-D .
3. Set FACT := N¥FACT.
4. Return.
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Observe that the firs.t procedure evaluates N! using an iterative loop process. The second procedure
on the other hand, is a recursive procedure. since it contains a call to itself. Some programminé
languages, notably FORTRAN., do not allow such recursive subprograms.

Supposc Pis a rc_cursivc procedure. During the running of an algorithm or a program which
contains P, we associate a level number with each given execution of procedure P as follows. The
original execution of procedure P is assigned level |; and each time procedure P is executed

because of a recursive call, its level is 1 more than the level of the execution that has made the
recursive call. In Example 6.8, Step | belongs to level 1. Hence Step 2 belongs to level 2, Step 3 to
" level 3, Step 4 to level 4 and Step 5 to level 5. On the other hand. Step 6 belongs to level 4, since
it is the result of a return from level 5. In other words, Step 6 and Step 4 belong to the same level

of execution. Similarly, Step 7 belongs to level 3, Step 8 to level 2, and the final step, Step 9, to
the original level 1.

The depth of recursion of a recursive procedure P with a given set of arguments refers to the
maximum level number of P during its execution.

Fibonacci Sequence

The celebrated Fibonacci sequence (usually denoted by F,, F|, F,, ...) is as follows:
0:.1,1:2.3, 5, 8 13, 21, 84, 55, ;-

That is, Fy = 0 and F, = 1 and each succeeding term is the sum of the two preceding terms. For
example, the next two terms of the sequence are

34 + 55=89 and 55 + 89 = 144
- A formal definition of this function follows:

‘Definition 6.2: (Fibonacci Sequence)

(@ If n=0o0rn=1,then F, =n.
(b) If n>1,then F,=F,,+ F,_,.

This is another example of a recursive definition, since the definition refers to itself when it
uses F, , and F, _, Here (a) the base walues are 0 and 1, and (b) the value of F, is defined in

terms of smaller values of n which are closer to the base values. Accordingly, this function is well-
defined.

A procedure for finding the nth term F, of the Fibonacci sequence follows.

Procedure 6.10: FIBONACCI(FIB, N) . o
This procedure calculates Fy and returns the value in the first parameter FIB.

1. If N =0 or N = 1, then: Set FIB := N, and Return.
2. Call FIBONACCI(FIBA, N - 2).

3. Call FIBONACCI(FIBB, N - 1).

4. Set FIB := FIBA + FIBB.

5. Return.

This is another example of a recursive procedure, since the procedure contains a call to itself. In
fact, this procedure contains two calls to itself. We note (see Solved Problem 6.17) that one can
also write an iterative procedure to calculate F, which does not use recursion.
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Divide-and-Conquer Algorithms

Consider a problem P associated with a set S.
smaller sets such that the solution of the problem P for S is reduced to th
more of the smaller sets. Then A is called a divide-and-conquer algorithm. ' -

Two examples of divide-and-conquer algorithms, previously treated, are the qmclksor.tt l:l gorithm
in Sec. 6.6 and the binary search algorithm in Sec. 4.7. Recall that the quicksort a gofrl m uses
reduction step to find the location of a single element and to reduce the Problelp-o ' SOII;UUB' the
entire set to the problem of sorting smaller sets. The binary search 'algorlthrr.l dmdfss the given
sorted set into two halves so that the problem of searching for an item in the entire set is reduced to
the problem of searching for the item in one of the two halves. .

A divide-and-conquer algorithm A may be viewed as a recursive procedure. The reason for this
is that the algorithm A may be viewed as calling itself when it is applied to the smal-ler sets. The
base criteria for these algorithms are usually the one-element sets. For example, with a sorting
algorithm, a one-element set is automatically sorted; and with a searching algorithm, a one-element
set requires only a single comparison.

Ackermann Function

The Ackermann function is a function with two arguments each of which can be assigned any
nonnegative integer: 0, I, 2,.... This function is defined as follows:

Definition 6.3: (Ackermann Function}‘

(@) If m =0, then A(m, n) =n + 1.
(b) If m#0but n=0, then A(m, n) = A(m - 1, 1).
() If m#0and n#0,then A(m, n)=A(m -1, Alm, n - 1))

Once more, we have a recursive definition, since the definition refers to itself in parts (b) and
(c). Observe that A(m, n) is explicitly given only when m = 0. The base criteria are the pairs

0,0), (0, 1), (0,2), (o, 3),' vy (0, 1), ...

Although it is not obvious from the definition, the value of any A(m, n) may eventually be
expressed in terms of the value of the function on one or more of the base pairs.

The value of A(l, 3) is calculated in Solved Problem 6.18. Even this simple case requires 15
steps. Generally speaking, the Ackermann function is too complex to evaluate on any but a trivial
example. Its importance comes from its use in mathematical logic. The function is stated here
mainly to give another example of a classical recursive function and to show that the recursion part
of a definition may be complicated.

6.8 TOWERS OF HANOI

The preceding section gave examples of some recursive definitions and procedures. This section

shows how recursion may be used as a tool in developing an algorithm to solve a particular
problem. The problem we pick is known as the Towers of Hanoi problem.

Suppose ‘A is an algorithm which partitions S into |
e solution of P for one or |

i
{
{
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Suppose three pegs, labeled A, B and C, are
finite number n of disks with decreasing size. Thi
object of the game is to move the disks from pe
of the game are as follows:

given, and suppose on peg A there are placed a
is is pictured in Fig. 6.14 for the case n = 6. The
g A to peg C using peg B as an auxiliary. The rules

(a) Only one disk may be moved at a time. Specifically, only the top disk on any peg may be
‘moved to any other peg.

(b) At no time can a larger disk be placed on a smaller disk.

A B

8

o

( D)

Fig. 6.14 Initial Setup of Towers of Hanoi with n =

Sometimes we will write X — Y to denote the instruction “Move top disk from peg X to peg Y.”
where X and Y may be any of the three pegs.

The solution to the Towers of Hanoi problem for n = 3 appears in Fig. 6.15. Observe that it
consists of the following seven moves:

n = 3: Move top disk from peg A to peg
Move top disk from peg A to peg B.
Move top disk from peg C to peg B.
Move top disk from peg A to peg C.
Move top disk from peg B to peg A.
Move top disk from peg B to peg C.
Move top disk from peg A to peg C.

éimu uuw

(a) Inital (1)A=C 2)A->B (3yC—>B
(4)A->C )B A (6)B »C 6)A—C

Fig. 6.15
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T
In other words,
n=3 A—C, A—-B, C-B A—>C, BoA B-C A-C
For completeness, we also give the solution to the Towers of Hanoi problem for n =1 and n = 2

n=1: A-C
n=2. A-B A-C  B-C

Note that n = 1 uses only one move and that n = 2 uses three moves. '
Rather than finding a separate solution for each n, we use the technique of recursion to develop

a general solution. First we observe that the solution to the Towers of Hanoi problem for n > |
disks may be reduced to the following subproblems:

(1) Move the top n — 1 disks from peg A to peg B.
(2) Move the top disk from peg A to peg C: A — C.
(3) Move the top n — 1 disks from peg B to peg C.

This reduction is illustrated in Fig. 6.16 for n = 6. That is, first we move the top five disks from
peg A to peg B, then we move the large disk from peg A to peg C, and then we move the top five
disks from peg B to peg C.

A B c A B C
) ¢ )
(a) Initial: n=6 (b) Move top five disks from peg A to peg B
A B C A B
| C C )
I L ]
(c) Move top disk from peg AtopegC (d) Move top five disks from peg B to peg C
Fig. 6.16

Let us now introduce the general notation
TOWER(N, BEG, AUX, END)

to _denote a procedure which moves the top n disks from the initial peg BEG to the final peg END
using the peg AUX as an-auxiliary. When n = 1, we have the following obvious solution:

TOWER(1, BEG, AUX, END) consists of the single instruction BEG — END

Furthef'more, as discussed above, when n > 1, the solution may be reduced to the solution of the
following three subproblems: '
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(1) TOWER(N - 1, BEG, END, AUX)
2) TOWER(l, BEG, AUX, END) or BEG — END
(3) TOWER(N - 1, AUX, BEG, END)

Observe that each of these three subproblems may be solved directly or is essentially the same as

the original problem using fewer disks. Accordingly. this reduction process does yield a recursive
solution to the Towers of Hanoi problem.

Figure 6.17 contains a schematic diagram of the above recursive solution for
TOWER(4, A, B, C)

TOWER(1, A, C,B).... A > B
TOWER(2, A, B, C) Ao Coeeennnn A-C
TOWER(1, B, A.C)....B = C
TOWER(, A, C, B) AesB oo mnbiissagme- RR@ELE A - B
\ TOWER(1, C, B, A)....C = A
TOWER(2, C A”é)/_/ CoB.verinn. C-8
TOWER(1,A, C,B)....A > B
TOWER(@, A, B, C) B afE & 2 s e n e e £ 2 8 BEEGR x n sy A {32 @ 40 & A-C
TOWER(1. 8,A,C) ... B = C
\ TOWER(2, 8, C,A) — B A......... B-A
\ T—
‘ \"-.\\ /‘// TOWER(1, C. B, A). . . C SA
TOWER(E, B Ay B B oGt aniie s s ansvrnne s B —C
\ //,'L'OWEH(LA,C,B)...A_}B

TOWER(2, A, B, C) A=SC caiismmes A->C

TOWER(1,B,A,C)...B > C
Fig. 6.17 Recursive Solution to Towers of Hanoi Problem for n = 4

Observe that the recursive solution for n = 4 disks consists of the foliowing 15 moves:

A->B A->C B-C A-B C—o>A C-5B A-3B A-oC
Bo>C B—>A C—oA B>C A-B A->C B->C

In general, this recursive solution requires f(n) = 2" — | moves for n disks.
We summarize our investigation with the following formally written procedure.
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Procedure 6.11. TOWER(N, BEG, AUX, END) ' - :
This procedure gives 2 recursive solution to the Towers of Hanoi problem for

N disks.

1. If N = 1, then: .
(a) Write: BEG - END.
(b) Return. '

[End of If structure.]
2. [Move N - 1 disks from peg BEG to peg AUX.]

Call TOWER(N - 1, BEG, END. AUX).

3., Write: BEG — END.

4. [Move N — 1 disks from peg AUX to peg END.]
Call TOWER(N - 1, AUX, BEG, END).

5. Return.
One can view this solution as a divide-and-conquer algorithm, since the solution for n disks is
reduced to a solution for n — 1 disks and a solution for n = | disk.

6.9 IMPLEMENTATION OF RECURSIVE PROCEDURES BY STACKS

The preceding sections showed how recursion may be a usceful tool in developing algorithms for
specific problems. This section shows how stacks may be uscd to implement recursive procedures.
It is instructive to first discuss subprograms in general.

Recall that a subprogram can contain both parameters and local variables. The parameters are
the variables which receive values from objccts in the calling program, called arguments, and
which transmit values back to the calling program. Besides the parameters and local variables, the
subprogram must also keep track of the return address in the calling program. This return address
is essential, since control must be transferred back to its proper place in the calling program..At the
time that the subprogram is finished executing and control is transferred back to the calling
nrogram, the values of the local variables and the return address are no longer needed.

Suppose our subprogram is a recursive program. Then cach level of execution of the subprogram
may contain different values for the parameters and local variables and for the return address.
Furthermore. if the recursive program does call itself, then these current values must be saved,
since they will be used again when the program is reactivated.

Suppose a programmer is using a high-level language which admits recursion, such as Pascal.
Then the computer handles the bookkeeping that keeps track of all the values of the parameters,
local variables and return addresses. On the other hand, if a programmer is using a high-level
language which does not admit recursion, such as FORTRAN, then the programmer must set up
the necessary bookkeeping by transiating the recursive procedure into a nonrecursive one. This

bookkeeping is discussed below.

Translation of a Recursive Procedure into a Nonrecursive Procedure

Suppose P is a recursive procedure. We assume that P is a subroutine subprogram rather than a
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. ion subprogram. (This i o6 : . |
tuqf[t;n & subroutine Sprrogrsa:lo l?;{?- In generality, since function subprograms can easily be
wri o e P, (The treatment of | %) e also assume that a recursive call to P comes only from the
proc indirect recursion lies beyond the scope of this text.)

The translation of thé recursive j i i

i B e fihes 1ve procedure P into a nonrecursive procedure works as follows.
1 A stack STPAR for each parameter PAR
2) A stack STVAR for each local variable VAR

3 A local variable ADD and a stack STADD to hold return addresses

Each time there is a recursive call to P, the current values of the parameters and local variables ar:
pushed onto the corresponding stacks for future processing, and each time there is a recursive
return to P, the values of parameters and local variables for the current execution of P are restored
from the stacks. The handling of the return addresses is more complicated; it is done as follows.

Suppose lhe‘PmCCdyre P contains a recursive Call P in Step K. Then there are two return
addresses associated with the execution of this Step K:

(1) There is the current return address of the procedure P. which will be used when the current
level of execution of P is finished executing.

(2) There is the new return address K + 1, which is the address of the step following the Call P
and which will be used to return to the current level of execution of procedure P.

Some texts push the first of these two addresses, the current return address, onto the return address
stack STADD, whereas some texts push the second address, the new return address K + 1, onto
STADD. We will choose the latter method, since the translation of P into a nonrecursive procedure
will then be simpler. This also means, in particular, that an empty stack STADD will indicate a
return to the main program that initially called the recursive procedure P. (The alternative translation
which pushes the current return address onto the stack is discussed in Solved Problem 6.21.)

The algorithm which translates the recursive procedure P into a nonrecursive procedure follows.
It consists of three parts: (1) preparation, (2) translating each recursive Call P in procedure P and
(3) translating each Return in procedure P.

(1) Preparation. |
(a) Define a stack STPAR for each parameter PAR, a stack STVAR for each local variable
VAR. and a local variable ADD and a stack STADD to hold return addresses.
(b) Set TOP := NULL.
(2) Translation of “Step K. Call P.”
(a) Push the current values of the parameters and local variables onto the appropriate stacks.
and push the new retuin address [Step] K + 1 onto STADD.
(b) Reset the parameters using the new argument values.
(¢c) Go to Step 1. [The beginning of the procedure P.]
(3) Translation of “Step J. Return.”

(a)’ If STADD is empty, then: Return. [Control is returned to the main program.]
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(b) Restore the top values of the stacks. That is, set the parameters and local vla'rlakbg:; ;%ual
to the top values on the stacks, and set ADD equal to the top value on the stac D.
(¢) Go to Step ADD.

Observe that the translation of “Step K. Call P" does depend on the lvalue of K, bt(lllttrl;al Ithe
translation of “Step J. Return” does not depend on the value of J. Accordingly, one nee nslate
only one Return statement, for example, by using

Step L. Return.
as above and then replace every other Return statement by
Go to Step L.

This will simplify- the translation of the procedure.

Towers of Hanoi, Revisited

Consider again the Towers of Hanoi problem. Procedure 6.11 is a recursive solution to the problem
for n disks. We translate the procedure into a nonrecursive solution. In order to keep the steps
analogous, we label the beginning statement TOP := NULL as Step 0. Also, only the Return
statement in Step 5 will be translated, as in (3) on the preceding page.

. Procedure 6.12: TOWER(N, BEG, AUX, END)

By 7o This is a nonrecursive solution to- the Towers of Hanoi problem for N disks
which is obtained by translating the recursive solution. Stacks STN, STBEG,
STAUX, STEND and STADD will correspond, respectively, to the variables
N, BEG. AUX. END aud ADD.

- 0. Set TOP := NULL.
1. If N =1, then:
(a) Write: BEG — END.
{h) Go to Step 5.
{End of If structure.]
2. [Translation of “Call TOWER(N — 1. BEG, END, AUX)."]
(@) [Push current values and new return address onto stacks.]
(i) Set TOP = TOP + 1. :
(i) Set STN[TOP] := N, STBEG[TOP] := BEG,
STAUX[TOP] := AUX, STEND[TOP] := END,
STADD[TOP] := 3.
(b) [Reset parameters.]
/ Get N := N - 1, BEG := BEG, AUX := END, END := AUX.
(¢) Go to Step 1. ‘
3. Write: BEG — END.
4. [Translation of “Call TOWER(N - I, AUX, BEG, END).”]
(@) [Push current values and new return address onto stacks.]
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(i) Set TOP := TOP + I.

(ii) Set STN[TOP] := N, STBEG[TOP] := BEG,
STAUX[TOP] := AUX, STEND[TOP) := END,
STADD[TOP] := 5.

(b) [Reset parameters.]
Set N := N - |, BEG := AUX, AUX := BEG, END := END.
(¢) Go to Step 1.
S. [Translation of “Return.”)
(@) If TOP := NULL, then: Return.
(b) [Restore top values on stacks.]

(i) Set N := STN[TOP], BEG := STBEG[TOP],
'‘AUX := STAUX([TOP], STEND[TOP],
ADD := STADD[TOP].

(ii) Set TOP := TOP - |.

(¢) Goto Step ADD.

Suppose that a main program does contain the following statement:

Call TOWER (3, A, B, C)

We simulate the execution of the solution of the problem in Procedure 6.12, emphasizing the
different levels of execution of the procedure. Each level of execution will begin with an initialization
step where the parameters are assigned the argument values from the initial calling statement or

from the recursive call in Step 2 or Step 4. (Hence each new return address is either Step 3 or Step
5.) Figure 6.18 shows the different stages of the stacks.

STN: | 3 32 | 3 | 32 | 3 3| 32 | 3| 32 | 3

STBEG: A A A A AL A A | A A B A A B A

STAUX: | B |B.C | B | BC | B B| BA | B | BA | B

sTeno: | ¢ |ce | ¢c lce | c clcclc!|lcecl e

STADD: | 3 | 33 | 3 | 35 | 3 5| 53 | 5 | 55 | s
@ ® [ ©] @ @l 0] o] ™ o o w0

Fig. 6.18 Stacks for TOWER(3, A, B, ()

(a) (Level 1) The initial Call TOWER(, A, B, C) assigns the following values to the parameters:
N:=3, BEG:=A, AUX:=B, END:=C

Step 1. Since N # 1, control is transferred to Step 2. |
Step 2. This is a recursive call. Hence the current values of.the V‘dI'.lab]t.:S and the new
return address (Step 3) are pushed onto the stacks as pictured in Fig. 6.18(a).
(b) (Level 2) The Step 2 recursive call [TOWER(N - 1, BEG, END, AUX)] assigns the
following values to the parameters:

N:=N-1=2 BEG:=BEG=A, AUX:=END=C, END:=AUX=B

Step 1. Since N # 1, control is transferred to Step 2.
Step 2. This is a recursive call. Hence the current values of the variables and the new
e return address (Step 3) are pushed onto the stacks as pictured in Fig. 6.18(b).
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(¢)

(d)

(e)

ty

(g)

D, AUX)] assi
(Level 3) The Step 2 recursive call [TOWER(N - 1, BEG, EN ] gNnS the

following values to the parameters: - AUX = C
N:=N-1=1, BEG:=BEG=A, AUX .— END =B, END:=A
Step 1. Now N = 1. The operation BEG — END implcmcnts the move

A—-C

Then control is transferred to Step 5. [For the Return.]

Step 5. The stacks are not empty, SO the top values on the stacks are r
6.18(c), and are assigned as follows:

N:=2, BEG:=A, AUX:=C, END := B, ADD==3

Control is transferred to the preceding Level 2 at Step ADD.

(Level 2) [Reactivated at Step ADD = 3]
Step 3. The operation BEG — END implements the move

A—>B

emoved, leaving Fig,

Step 4. This is a recursive call. Hence the current values of the var.iablfas and the new
return address (Step 5) are pushed onto the stacks as pictured in Fig. 6.18Fd).
(Level 3) The Step 4 recursive call [TOWER(N - 1. AUX, BEG, END)] assigns the
following values to the parameters:
N:=N-1=1, BEG:=AUX=C, AUX :=BEG=A,
END := END =B
Step 1. Now N = 1. The operation BEG — END implements the move

C—>B

Then control is transferred to Step S. [For the Return.]
Step 5. The stacks are not empty; hence the top values on the stacks are removed, leaving
Fig. 6.18(e), and they are assigned as follows:
N:=2, BEG:=A, AUX:=C, END:=B, ADD:=5
Control is transferred to the preceding Level 2 at Step ADD.
(Level 2) [Reactivation at Step ADD = 5.]
Step 5. The stacks are not empty; hence the top values on the stacks are removed, leaving
Fig. 6.18(f), and they are assigned as follows:
N:=3, BEG:=A, AUX:=B, END:=C, ADD :=3

Control is transferred to the preceding Level 1 at Step ADD.
(Level 1) [Reactivation at Step ADD = 3.]
Step 3. The operation BEG — END implements the move

A—->C

Step 4. This is a recursive call. Hence the current values of the variables and the new
return address (Step 5) are pushed onto the stacks as pictured in Fig. 6.18(g).
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(Level 2) The Step 4 recursive . .
following values to the parameters(::a“ [TOWER(N - 1, AUX, BEG, ENDH assigns the

N:=N.— I'=2, BEG:= AUX =B, AUX :=BEG=A, END :=END =C
Step 1. Since N # 1, control is tra

P 3 Ste
Step 2. This is a re nsterred to Step 2.

cursive call, Hence the current values of the variables and the new
ret R
urn address (Step 3) are pushed onto the stacks as pictured in Fig. 6.18(h).

(Levcl_ 3) The Step 2 recursive call [TOWER(N - 1, BEG. END, AUX)] assigns the
following values to the parameters: )

N:=N-1=1 BEG:=BEG=B, AUX:=END=C, END :=AUX=A

Step 1. Now N = 1. The operation BEG — END implements the move
) B—-A
Then control is transferred to Step 5. [For the Return. |
T_he Skaf_i are not empty: hence the top values on the stacks arc removed. leaving
Fig. 6.18(i), and they are assigned as follows:
N:=2, BEG:=B, AUX:=A, END:=C, ADD:=3
Control is transferred to the preceding Level 2 at Step ADD.
(Level 2) [Reactivation at Step ADD = 3.]
Step 3. The operation BEG — END implements the move

B—>C

Step 4. This is a recursive call. Hence the current values of the variables and the new
return address (Step 5) are pushed onto the stacks as pictured in Fig. 6.18().
(Level 3) The Step 4 recursive call [TOWER(N - 1. AUX. BEG, END)] assigns the
following values to the parameters:
N:=N-1=1, BEG:=AUX=C, AUX:=BEG=B. END:=END=C"
Step 1. Now N = 1. The operation BEG — END implements the move
A—-C
Then control is transferred to Step 5. [For the Return.]
Step 5. The stacks are not empty; hence the top values on the stacks are removed, leaving
Fig. 6.18(k), and they are assigned as follows:
N :=2, BEG:=B, AUX :=A, END :=C, ADD:=5

Control is transferred to the preceding Level 2 at Step ADD.

(Level 2) [Reactivation at Step ADD = 5] o |
Step 5. The stacks are not empty; hence the top values on the stacks are removed, leaving

Fig. 6.18(1), and they are assigned as follows:
N:=3, BEG:=A, AUX:=B, END:=C, ADD:= 5
Control is transferred to the preceding Level 1 at Step ADD.

-vation at Step ADD =5.] _ . , .
(SIt.:geSl. l)T[;ie:tC;;ﬁt;re Low e?npt}’— Accordingly, control is transferred to the original main

program containing the statement
Call TOWER(3. A, B, ©)

Step 5.
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Observe that the output consists of the following seven moves:
A — C, A — B. C - B, A - C, B — A, B —» C, A - C,

This agrees with the solution in Fig. 6.15.

Summary

The Towers of Hanoi problem illustrates the power of recursiop in the solution f)f vax'.lous algorilhmic
problems. This section has shown how to implement recurm'on by means of stacks .?vhen usulng a
programming language—notably FORTRAN or COBOL—which does not allow recursive programs.
In fact, even when using a programming language—such as Pascal—lwhlch does support recursion,
the programmer may want to use the nonrecursive solution, since it may be much less expensive
than using the recursive solution.

6.10” QUEUES

A queue is a linear list of elements in which deletions can take place only at one end, called the
Jront, and insertions can take place only at the other end, called the rear. The terms “front” and
“rear” are used in describing a linear list'only when it is implemented as a queue.

Queues are also called first-in first-out (FIFO) lists, since the first element in a queue will be the
first element out of the queue. In other words, the order in which elements enter a queue is the
order in which they leave. This contrasts with stacks, which are last-in first-out (LIFO) lists.

Queues abound in everyday life. The automobiles waiting to pass through an intersection form a
queue, in which the first car in line is the first car through; the people waiting in line at a bank
form a queue, where the first person in line is the first person to be waited on; and so on. An
important example of a queue in computer science occurs in a timesharing system, in which
programs with the same priority form a queue while waiting to .be executed. (Another structure,
called a priority queue, is discussed in Sec. 6.13.)

' Example 6.10

Figure 6.19(a) is a schematic diagram of a queue with 4 elements; where AAA is the
front element and DDD is the rear element. Observe that the front and rear elements
of the queue are also, respectively, the first and last elements of the list. Suppose an
element is deleted from the queue. Then it must be AAA. This yields the queue in Fig
6.19(b), where BBB is now the front element. Next, suppose EEE is added to the '
queue and then FFF is added to the queue. Then they must be added at the rear of
the queue, as pictured in Fig. 6.19(c). Note that FFF is now the rear element. Now
suppose another element is deleted from the queue; then it must be BBB to- ield the
queue in Fig. 6.19(d). And so on. Observe that in such a data structure, ;EEE :ill be

deleted before FFF because it has been placed in th
. . ! e queué
will have to wait until CCC and DDD are deleted q before FFF. However, EEE

R e —— S

S 13T
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e e e e

[ AAA > BBB [ ccc |—{ 00D |
(a)

BBB cce DDD
(b)

(888 }—{ ccc |—>{ 0oD [ EEE |—{ FFF ]
| (©

L e - —— e r——

[ccc |—{ bbb —+ EEE —{ FFF |
(d)
Fig. 6.19

Representation of Queues

Queues may be represented in the computer in various ways, usually by means at one-way lists or
linear arrays. Unless otherwise stated or implied, each of our queues will be maintained by a linear
array QUEUE and two pointer variables: FRONT, containing the location of the front element of
the queue; and REAR, containing .the location of the rear element of the queue. The condition
FRONT = NULL will indicate that the queue is empty.

Figure 6.20 shows the way the array in Fig. 6.19 will be stared in memory using an array
QUEUE with N elements. Figure 6.20 also indicates the way elements will be deleted from the
queue and the way new elements will be added to the queue. Observe that whenever an element is
deleted from the queue, the value of FRONT is increased by 1; this can be implemented by the
assignment

' FRONT := FRONT + |

Similarly, whenever an element is added to the queue, the value of REAR is increased by 1: this
can be implemented by the assignment ,
REAR := REAR + 1

This means that after N insertions, the rear element of the queue will occupy QUEUE([N] or, in
other words; eventually the queue will occupy the last part of the array. This occurs even though
the queue itself may not contain many elements. .

Suppose we want to insert an element ITEM into a queue at tbe time the queue does occupy the
last part of the array, i.e., when REAR = N. One way to do this 1s t(? simply move the entire queue
to the beginning of the array, changing FRONT and REAR accordingly, and‘then inserting ITEM
as above. This procedure may be very expensive. The procedure we_adopt. is to assume that lhc
array QUEUE is circular, that is, that QUEUE[I]l comes after QUEUE(N] in the array. With this
assumption, we insert [TEM into the queue by assigning ITEM to QUEUE(1]. Specifically, instead
of increasing REAR to N + 1, we reset REAR = | and then assign :

QUEUE(REAR] := ITEM
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QUEUE
FRONT' 1 C DDD =N j
Astie-ie AAA | BBB | CC n
1 2 3 4 5 6 7
(a)
. QUEUE
FRONT: 2 T J
b BBB | CCC | DDD n
1 2 3 4 5 6 7 N
(b)
QUEUE _
FRONT: 2 NI o | ‘
REAR: 6 BBE ccc_l-.?_QQ_A_F.E%'?_E_E_F_F__.._,___ |
1 2 3 4 5 6 7 ce N
(c)
QUEUE
FRONT: 3 T T
REAR:E CCC | DDD | EEE | FFF |
1 2 3 4 5 6 7 ... N
(d)

Fig. 6.20 Array Representation of a Queue

Similarly, if FRONT = N and an element of QUEUE is deleted, we reset FRONT = 1 instead of
increasing FRONT to N + 1. (Some readers may recognize this as modular arithmetic, discussed in
Sec: 2.2.) :

Suppose that our queue contains only one element, i.e., suppose that

FRONT = REAR # NULL
and suppose that the element is deleted. Then we assign
FRONT := NULL and REAR := NULL
to indicate that the queue is empty.

Example 6.11
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St'9

_ - QUEUE
(a) Initially empty: . FRONT: 0
REAR: 0
1 2 3 4 5
(b) A, B and then C inserted: FRONT: 1 A B | C
REAR: 3
(c) A deleted: FRONT: 2 B c
REAR: 3
(d) D and then E inserted: FRONT: 2
REAR: 5 BlC|D]|E
(e) B and C deleted: FRONT: 4
REAR: 5 D E
(f) F Inserted: FRONT: 4
REAR: 1 F D | E
(g) D deleted: FRONT: 5
REAR: 1 F E
(h) G and then H inserted: FRONT: 5
REAR: 3 Fl1G]|H E
(i) E deleted: FRONT: 1
REAR: 3 F |G| H
(i) F deleted: FRONT: 2
REAR: 3 G | H
| (k) K inserted: FRONT: 2
: REAR: 4 G | H | K
() G and H deleted: FRONT: 4
REAR: 4 K
(m) K deleted, QUEUE empty: FRONT: 0
REAR: 0
Fig. 6.21

e e e A P DS

We are now prepared to formally state our procedure QINSERT (Procedure 6.13),
which inserts a data ITEM into a queue. The first thing we do in the procedure is to
test for overflow, that is, to test whether or not the queue is filled.

Next we give a procedure QDELETE (Procedure 6.14), which deletes the first
element from a queue, assigning it to the variable ITEM. The first thing we do 15 to

test for underﬂow, i.e., to test whether or not the queue i is empty

A b

ﬁocednre 6.13: QINSERT(QUEUE N, FRONT, REAR, ITEM)

This procedure inserts an element ITEM into a queue.

1. [Queue already filled?]

If FRONT = 1 and REAR = N, or if FRONT = REAR + 1, then:

Write: OVERFLOW and Return.
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2. [Find new value of REAR:] :
If FRONT := NULL, fhen: [Queue initially empty.]'
" Set FRONT:= 1 and REAR := 1. |
- [Else if REAR = N, theh:
- SetREAR :=1. /
"Efse:) . - -
" Set REAR := REAR + 1.
[End of If structure.]
3. Set QUEUE({REAR] := ITEM. [This inserts new element.]

4. Return.

Procedure 6.14: QDELETE(QUEUE, N, FRONT, REAR, ITEM) | |
This procedure deletes an element from a queue and assigns 1t 10 the variable

ITEM.

1. [Queue already empty?]
If FRONT := NULL, then: Write: UNDERFLOW, and Return.
2. Set ITEM := QUEUE[FRONT].
3. [Find new value of FRONT.]
If FRONT = REAR, then: [Queue has only one element to start.]
Set FRONT := NULL and REAR := NULL.
Else if FRONT = N, then: '
Set FRONT := 1.
Else:
- .Set FRONT := FRONT + 1I.
[End of If structure.]
4. Return.

6.11 LINKED REPRESENTATION OF QUEUES

In this section we discuss the linked representation of a queue. A linked queue is a queue
implemented as a linked list with two pointer variables FRONT and REAR pointing to the nodes
which is in the FRONT and REAR of the queue. The INFO fields of the list hold the elements of
the queue and the LINK fields hold pointers to the neighboring elements in the queue. Fig. 6.22
illustrates the linked representation of the queue shown in Fig. 6.16(a). . Fig. 6.

Queue Q:
AAA —~| BBB > CCC > DDD (X
T A
Front
Rear

Fig. 6.22
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In the case of insertion j .
the item to be inserted ?S lz&%:dlmked dueue, a node borrowed from the AVAIL list und carrying
REAR pointer is updated to poj as the last node of the linked list representing the queue. The
first node of the list pointed {J :Ont to the las:t node just added to the list. In the case of deletion, the
he next node in the list Figoeé ;RON"I: is deletf:d and the FRONT pointer is updated to point to
queue shown in Fig. 6.22 - 0.25 and Fig. 6.24 illustrate the insert and delete operations on the

Insert‘EEE' into queue Q:

AAA —
rBBB Cee ~ DDD |X ~ .EEE |X
T + A
Front l'%
ear\\ /ﬂear
Fig. 6.23
Dslete from queue Q
/7
'__\_7'1_—“
| ABA | —-| BBB ~ ccC ~ DDD - EEE |X
+_7_\_"_
N !
FroQt\ }:rom Rear
Fig. 6.24

The array representation of a queue suffers from the drawback of limited queue capacity. This in
turn calls for the thecking of OVERFLOW condition every time an insertion is made into the
queue. Also, due to the inherent disadvantage of the array data structure in which data movement
is expensive, the maintenance of the queue calls for its circular implementation. _
In contrast, the linked queue is not limited in capacity and therefore as many nodes as the
AVAIL list can provide, may be inserted into the queue. This dispenses with the need to check for
the OVERFLOW condition during insertion. Also, unlike the array representation, the linked
queue functions as a linear queue and there is no need to view it as ‘circular’ for efficient

management of space.

Procedure 6.15: LINKQ_INSERT(INFO,LINK, FRONT, REAR,AVAIL.ITEM)
= This procedure inserts an ITEM into a linked queue

. 1. [Available space?] If AVAIL = NULL, then Write
e OVERFLOW and Exit
2. [Remove first node from AVAIL list]
Set NEW := AVAIL and AVAIL := LINK[AVAIL]
3. Set INFO[NEW] := ITEM and LINK[NEW]=NULL
. ' [Copies ITEM into new node]
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4. If (FRONT = NULL) then FRONT = REAR = NEW
[If Q is empty then ITEM is the first element in the queue Q]

else set LINK[REAR] := NEW and REAR = N EW
3 " [REAR points to the new node appended to
the end of the list]

5. Exit.

Procedure 6.16: LINKQ_DELETE (INFO, LINK, FRONT, REAR, AVAIL, ITEM)‘ N
This procedure deletes the front element of the linked queue and stores it in

ITEM

1. [Linked queue empty?] if (FRONT = NULL) then Write: UNDERFLOW
and Exit
2. Set TEMP = FRONT [If linked queue is nonempty, remember_FRONT in
- " _atemporary variable TEMP]
3. ITEM = INFO [TEMP}
4. FRONT = LINK {TEMP] [Reset FRONT ‘to point to the next elemént in
‘ the queue] -

5. LINK{TEMP] =AVAIL and AVAIL=TEMP [return the deleted node
TEMP to the AVAIL list]

6. Exit.

Example 6.12

i For the linked queue shown in Fig. 6.22, the snapshots of the queue structure after
[ the execution of the following operations are shown in Fig. 6.25.

[ (i) Delete (ii) Delete (iii) Insert FFF
i

!

Original linked queue:

Y

i BBB » ccC | —| DDD | x

T X
Front _ Rear
l (a)

(i) Delete
2 = | )
| A | - BBB —»1 CCC —— DDD El
| N | _
; oo
I

I
Front Fre Rear
(b)

i ———————— A
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(i) Delete

Front Rear
(iif) Insert FFF ©
_Ccc | DDD > FFF | x :
! |
l ' T
ront Rear Rear
N~ _— —
| (@) ,
| i
| !
—

Fig. 6.25

6.12° DEQUES

A deque (pronounced either “deck” or “dequeue™) is a linear list in which elements can be added
or removed at either end but not in the middle. The term deque is a contraction of the name
double-ended queue.

There are various ways of representing a deque in a computer. Unless it is otherwise stated or
implied, we will assume our deque is maintained by a circular array DEQUE with pointers LEFT
and RIGHT, which point to the two ends of the deque. We assume that the elements extend from
the left end to the right end in the array. The term “circular” comes from the fact that we assume
that DEQUE[1] comes after DEQUE[N] in the array. Figure 6.26 pictures two deques, each with 4
elements maintained in an array with N = 8 memory locations. The condition LEFT = NULL will
be used to indicate that a deque is empty.

There are two variations of a deque—namely, an input-restricted deque and an output-restricted
deque—which are intermediate between a deque and a queue. Specifically, an inpui-restricted
deque is a deque which allows insertions at only one end of the list but allows deletions at both
ends of the list; and an ourpur-resrrictea' deque is a deque which allows deletions at only one end

of the list but allows insertions at both ends.of the list.

» DEQUE
LEFT: 4 . L AAA | BBB | CCC | DDD
RIGHT: 7
1 2 3 4 5 6 7 8
(a)
DEQUE
LEFT: 7 vyy | zzz WWW | XXX
RIGHT: 2 1 ; = ” 5 5 7 8
(b)
Fig. 6.26
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ents in deques and the variations on those procedureg

are given as supplementary problems. As with queues, a complication may ari:‘jc (fﬂ) lWhen there i
overflow, that is, when an element is to be inserted into 2 deque which is already ul-, or (b) whep
there is undetflow, that is, when an element is to be deleted from a deque which is cmpty,.'rhe

procedures must consider these possibilities.

6.13 PRIORITY QUEUES

The procedures which insert and delete elem

A priority queue is a collection of elements such that cach element has been assigned a priority
and such that the order in which elements are deleted and processed comes from the following
rules:

(1) An element of higher priority is processed before any element of lower priori.ty. .
(2) Two elements with the same priority are processed according to the order in which they

were added to the queue.

A prototype of a priority queue is a timesharing system: programs of high priority are processed
first, and programs with the same priority form a standard queue.

There are various ways of maintaining a priority queue in memory. We discuss two of them
here: one uses a one-way list, and the other uses multiple queues. The ease or difficulty in adding
elements to or deleting them from a priority queue clearly depends on the representation that one
chooses.

One-Waj List Representation of a Priority Queue

One way to maintain a priority queue in memory is by means of a one-way list, as follows:

(a) Each node in the list will contain three items of information: an information field INFO, a -
priority number PRN and a link number LINK.

(b) A node X precedes a node Y in the list (1) when X has higher priority than Y or (2) when
both have the same priority but X was added to the list before Y. This means that the order
in the one-way list corresponds to the order of the priority queue.

Priority. numbers will operate in the usual way: the lower the priority number, the higher the
priority. '

¥

Example 6.13

Figure 6.27 shows a schematic diagram of a priority queue with 7 elements. The

diagram does not tell us whether BBB was added to the list before or after DDD. On
the other hand, the diagram does tell us that BBB was inserted before CCC, because
BBB and CCC have the same priority number and BBB appears before CCC ir; the list.

Figure 6.28 shows the way the priority queue may a : C e
ppear in mem
arrays INFO, PRN and LINK. (See Sec. 5.2.) g lory using linear
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START |

AAA |1
_ |1 |*1—>BBB] 2}*[000[2]7{—.@00“1%
(—*EEEIT FFF 4| e}—{Gaa[5] x|

Fig. 6.27
INFO PRN LINK
1 | BBB 5 .
START | 5 | 2 -
AVAIL | 2 4 | EEE 4 9
5 | AAA 1 1
6 | ccc 2 3
7 10
8 | GGG 5 0
9 FFF 4 8
10 11
11 12
12 0

Fig. 6.28

i -way list
The main property of the one-way
element in the queue that should be processe

of the one-way list. Accordingly.

d first always appea

representation of a priority queue is that the

it is a very simple matter to delete and process an
algorithm follows.

seanisn

rs at the beginning

the

-

element from our priority queue. Theguthneof

N RS

prsey B saadandindionn

thm deletes and processes the first e

Algorithm 6.17: This algori ry as a one-way list.

which appears in memo
1. Set ITEM := INFO[S'I‘ART_]. [T
2. Delete first node from‘the list.
3, Process ITEM.

4. Exit.

lement in a priority queue

his saves the data in the first node.]
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vy bR ' an exe \". .
The details of the algorithm, including the possibility of underﬂmf'.”dr(;ler’:[ aéd‘;lclin rtal;eel-
Adding an element to our priority queue is much more cgmpllcdte lt an el gumne ‘—?ent
from the queue, because we need to find the correct place to insert the element. Of the
algorithm follows.

. Algorithm 6.18: This algorithm adds an ITEM with priority number N to a priority queye
which is maintained in memory as a one-way hst.

(a) Traverse the one-way list until finding a node X whose priority number
exceeds N. Insert ITEM in front of node X. - .
(b) If no such node is found, insert ITEM as the iast element of the list.

The above insertion algorithm may be pictured as a weighted object “sinking” through layers of
elements until it meets an element with a heavier weight. | ' .

The details of the above algorithm are left as an exercise. The main difficulty in thg algorithm
comes from the fact that ITEM is inserted before node X. This means that, while traversing the list,
one must also kcil\cp track of the address of the node preceding the node being accessed.

Example 6.14

Consider the priority queue in Fig. 6.27. Suppose an itemt XXX with priority number 2
is to be inserted into the queue. We traverse the list, comparing priority numbers.
Observe that DDD is the first element in the list whose priority number exceeds that
of XXX. Hence XXX is inserted in the list in front of DDD, as pictured in Fig. 6.29.
Observe that XXX comes after BBB and CCC, which have the same priority as XXX.
Suppose now that an element is to be deleted from the queue. It will be AAA, the

first element in the list. Assuming no other insertions, the next element to be deleted
will be BBB, then CCC, then XXX, and so on. '

START | o] Xxx] 2]o]

AAA| 1] BBB[ 1] s}—{cca[2] DDD[4[o]
(ﬂ-EEE4-

Fig.

Y P B MBS T I e e I 5 i

Y

FFF |4

®
Y
()
@
Q)

3

X

6.29

TR A e Tt

Array Representation of a Priority Queue
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" space, a two-dimensiona] ; '
qmount Of SP stonal array QUEUE can b i
- . thi e . 2 can be used instead inear : s i
6.30 mﬁca::] ::if rtrafsrcsen_ldtlon for the priority queuc in Fig. 6.29 l()b(::;tf i;;nidlgftilgays' e
REAR{ ] , ‘PeCtIVely. the front and rear clements of row ](.(f Ua e
maintains the queue of elements with priority number K ' QUEUE, the row that

FRONT  REAR ; ) , )
1 2 2 i AAA _‘
2 1 3 2 |BBB CCC XXX
4 5
1 ) E—EF ' R D%D EEE
° ! 4 5 L seé¢
Fig. 6.30

The following are outlines of algorithms for deleting and inserting elements in a-priority queue
that is maintained in memory by a two-dimensional array QUEUE, as above. The details of the
algorithms are left as exercises. :

' Algorithm 6.19: This algorithm deletes and processes the first element in a pfibﬁfy quéue
' maintained by a two-dimensional array QUEUE. -

1. [Find the first nonempty queue.]
Find the smallest K such that FRONT[K] # NULL.

2. Delete and process the front element in row K of QUEUE.
3. Exit. o

Algoriihm 6.20: This algorithm adds an ITEM with priority number M to a priority queue
maintained by a two-dimensional array QUEUE.

1. Insert ITEM as the rear element in row M of QUEUE.
2. Exit.

Summary

f when choosing between different data structures for a

queue is more time-efficient than the one-way

way list, one must perform a linear search on '

Once again we see the time-space tradeoff when
given problem. The array representation of a priority

list. This is because when adding an element to 2 One” pe
the list. On the other hand, the one-way list representation of the priority queue may be more

Space-efficient than the array representation. This is because iq using the' ~m;-y trlepresen;:tu;g;

overflow occurs when the number of elements in any single priority level exceeds the C?Pafl y tor

that level. but i .o the one-way list. overflow occurs only when the total number of elements
, but in using 2 2

e i = 1 linked list for e jority level.
Exceeds the rotal capacity Another alternative is to use a linked list for each priority
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SOLVED,RROBLEMS.

STACKS

61 Consider the following stack of characters, where STACK is allocated N = 8 memory cells:

. STACK: A,C.D,F K,
(For notational convenience, we use “___" t0 denote an empty memory cell.) Describe the
stack as the following operations take place:

(a) POP(STACK, ITEM) (e) POP(STACK, ITEM)
(b) POP(STACK, ITEM) (f) PUSH(STACK, R)
- (¢) PUSH(STACK. L) (g) PUSH(STACK, S)
(d) PUSH(STACK. P) (h) POP(STACK, ITEM)

The POP procedure always deletes the top element from the stack, and the PUSH procedure
always adds the new element to the top of the stack. Accordingly:

(a) STACK:A,C,D, F,
(b) STACK:A, C, D, ; ;
(¢) STACK:A,C,D, L, ,
(d) STACK:A,C,D,L, P

(e) STACK:A, C, D, L, , ;
(f) STACK:A,C, D, L,

(g) STACK:A,C,D, L
(h) STACK:A,C, D, L

-
-
-
-

R, 5
R, S,
R

L]

bl
L

?
k

- 6.2 Cbnsider'the data in Problem 6.1. (a) When will overflow occur? (b) When will C be
deleted before D?

(a) Since STACK has been allocated N = 8 memory cells, overflow will occur when STACK
contains 8 elements and there is a PUSH operation to add another element to STACK.
(b) Since STACK is implemented as a stack, C will never be deleted before D. * '

6.3. Cpnsider the following stack, where STACK is allocated N = 6 memory cells: :
' STACK: AAA, DDD, EEE, FFF, GGG,

Describe the stack as the following operations take place: (a) PUSH(STACK, KKK), (b
POP(STACK, ITEM), (c) PUSH(STACK, LLL), (d) PUSH(STACK, SSS), (e) POP(STACK,
ITEM) and (f) PUSH(STACK, TTT).

(a) KKK is added to the top of STACK, yielding
STACK: AAA, DDD, EEE, FFF. GGG. KKKe

-l
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(b) The top element is removed from STACK yielding

| STACK: AAA, DDD, EEE, FFF. GGG, _______
(¢) LLL is added to the top of STACK, yielding

STACK: AAA, DDD, EEE, FFF, GGG, LLL

(d) g;i(fjlﬁ(w occurs, since STACK is full and another element SSS is to be added to

No further operations can take place until the overflow is resolved—by adding additional
space for STACK, for example.

6.4 Suppose STACK is alloc‘:ated N = 6 memory cells and initially STACK is empty, OF, in
other words, TOP = 0. Find the output of the following module:

1. Set AAA :=2 and BBB :=5.
2. Call PUSH(STACK, AAA).
Call PUSH(STACK, 4).
Call PUSH(STACK, BBB + 2).
Call PUSH(STACK, 9).
Call PUSH(STACK. AAA + BBB).
3. Repeat while TOP # O:
Call POP(STACK, ITEM).
Write: ITEM.
[End of loop.]
4. Return.

Step 1. Sets AAA = 2 and BBB = 5.
Step 2.  Pushes AAA =2,4,BBB+2=T7, 9 and AAA + BBB =7 onto STACK. yielding

STACK: 2.4.7.9,7, _

Step 3. Pops and prints the elements of STACK until STACK is empty. Since the top
element is always popped. the output consists of the following sequence:

7.9,7,4.2

Observe that this is the reverse of the order in which the elements were added to STACK.

f N contiguous memory cells is allocated to K = 6 stacks.

6.5 Suppose a given space S O Y
Describe ways that the stacks may be maintained in -
ate that any one stack will grow more rapidly than any of the

h stack, as in Fig. 6.31(a), where By,
ay reserve N/K cells for eac = he
t])ather St;(:ki;::::nrz;l:e::ivyely the bottoms of the stacks. Alternatively, one can partition the
2, ey 6 - 1

stacks into pairs and reserve IN/K cells for each pair of stacks, as in Fig. 6.31(b). The

second method may decrease the number 0

Suppose no prior data indic

f times overflow will occur.
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B, B2 ES i = ; '—*—‘Be ” 1
* =
F——* — I ; E’;I:.
(a)

B, B, Bs ___'_________B_i_ Bs Be
N

(o)

Fig. 6.31

6.6 A Programming language provides two functions ALLOCATE (X) a_nd FREE(X) for the
maintenance of linked list structures. ALLOCATE(X) allots a node with address X t:ol- use
.in the linked list structure and FREE(X) frees the node with address X used in the application
to the AVAIL list. Assuming the AVAIL list to be maintained as a linked stack, write
procedures to implement the functions ALLOCATE and FREE.

With the AVAIL list maintained as a linked stack, the procedure ALLOCATE(X) performs a
pop operation on the linked stack to release the top node whose address is X. Also, the
procedure FREE(X) performs a push operation on the linked stack, inserting the node that
has been deleted from the application and whose address is X, to the top of the stack.

Procedure ALLOCATE(X)

1. If AVAIL = NULL then NO_MORE_NODES

2. X = AVAIL [Allot top node of AVAIL to X]

3. AVAIL = LINK(AVAIL) [Reset AVAIL to point to the next node]
4. Exit.

Procedure FREE(X)

1. LINK(X) = AVAIL
2. AVAIL =X

3. Exit

Polish Notation

6.7 Translate. by inspection and hand. each infix expression into its equivalent postfix expression:
(@ (A-B) = (D/E) (b)(A+B TDVE-F)+G
() A (B +D)E-F * (G + HK)

Using the order in which the operators are executed, translate each operator from infix t©
postfix notation, (We use brackets [ ] to denote a partial translation.)

(a) (A - B)*(D/E) = [AB-]+[DE/] = AB - DE/+
(b) (A+B TDV(E-F)+G=(A+ [BDTV/[EF -] + G = [ABDT+}/[EF_] + G

= [ABDT +EF - /] + G = ABDT+EF-/G +
(¢) Ax(B + D) /E - Fx(G + H/K) = A*[BD +]/E - F+(G + [HK/])

= [ABD + *)/E — Fx[GHK/ +]
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= [ABD + B/} _ [FGHK/ 4 4
= ABD + «E/FGHK / 4 »

Observe that we did trang|ay,

€ mor
not overlap. ct

han i :
one operator in a Single step when the operands did

6.8 Consider the followi ' ;
Ing arithmetic €Xpression P, written in postfix notation:
P: .

(a) Translate P, by inspection
(b) Evaluate the infix express;

12,7,3. .7, 2. L5+ % +

and hand, into its e

on quivalent infix expression.

(a) Scanning from left to rj

ht, trans ; . :
use brackets [ ] to den £ anslate each operator from postfix to infix notation. (We

Ote a partial translation.)
P=12,[7-3),/ 2, LS, +, # +
(12/7 - 3)1,2, 1, 5, +, *, +
= [12/(7 - 3)], 2, [1 + 5], * +

[12/(7 = 3)], 2 * (1 + 5)], +
=12/(7-3)+2* (1 +5)

(b) Using the infix expression, we obtain:

P=12/(T-3)+2*(1+5=12/4+2%6=3+12=15

Il

Il

6.9 Consider the postfix expression P in Problem 6.8. Evaluate P using Algorithm 6.5.

First add a sentinel right parenthesis at the end of P to obtain:
P: 12,7,3.-/.2, L5, + % +,)

Scan P from left to right. If a constant is encountered, put it on a stack, but if an operator is
encountered, evaluate the two top constants on the stack. Figure 6.32 shows the contents of
STACK as each element of P is scanned. The final number, 15, in STACK, when the

sentinel right parenthesis is scanned, is the value of P. This agrees with the result in Problem

6.8(b).
Symbol STACK

12 12

7 12, 7

3 12,7, 3
_ 12, 4

/ 3

2 3,2

1 321
5 3,2 15
+ 3, 2! 6
. 3, 12

N 15

) 15

Fig. 6.32
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6.10 Consider the following infix expression Q:

Q (A+B)*D)T(E-F
Use Algorithm 6.6 to translate Q into its equivalent postfix expression P.

First push a left parenthesis onto STACK, and then add a right parenthesis to the end of Q to
obtain
Q: ((A+B)*D)T(E-F))

(Note that Q now contains 16 elements.) Scan Q from left to right. Recall th_all (1) if a
constant is encountered, it is added to P; (2) if a left parenthesis is encountered, it .rs put on
the stack: (3) if an operator is encountered, it “sinks* to its own level; and (4) if a right
parenthesis is encountered, it “sinks” to the first left parenthesis. Figure 6.33 shows pictures
of STACK and the string P as each element of Q is scanned. When STACK is empty, the
final right parenthesis has been scanned and the result is '

P:AB+D*EF—T

which is the required postfix equivalent of Q.

Symbol STACK Expression P

( I O

( ! (

A O A

+ ( ( ( + A

B ( ( ( + A B

) ( ( A B +

#* ((xk AB+

) ( A B + D .

T (T A B + D ,

( (T ( . A B + D .

E (T« i: A B+ D . E

- (T« A B + D ., E

F (T (- AB + D . EF

) (7T A B + D « EF -

) AB+ D« EF -1
Fig. 6.33

6.11 Translate. by inspection and hand, each infix expression into its equivalent prefix
~ expression: '

(@ (A-B)*(D/E)
() A+BTDWE-F)+G

[s there any relationship between the prefix expressions and the equivalent postfix expressions
obtained in Solved Problem 6.7.

Using the order in which the operators are executed, translate each operator from infix t0
prefix notation.
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(a) (A - B)(D/E) = g

] “[/DE) = ,

(b) (A+B T Dy/E - F)+G=(a. 1T BL;}}KF\!:B 5 "
) -EF] + G
=[+A 1T BD)/[-EF)] + G
=[/+A TBD-EF]+G

'/ + AT B D

C reverse of the

part (a) and A, B,

fix and prefix

Postfix expression. However, the order of

all three expressions, infix. Do D, E, F and G in part (b)—is the same for

Quicksort

6.12 Suppose S is the following Iisrgf-l_i_aibhabt‘:ﬁc characters:

ATASTRUCTUREGR
Suppose the characters in S are to be sorted al

P habetically. i -
find the final position of the first character DP ically. Use the quicksort algorithm to

Beginning with the Jast character S, scan the list from right to left until finding a character
which precedes D alphabetically. It is C. Interchange D and C to obtain the list:

©ATASTRUDTURES

Beginning with this C, scan the list toward D, i.e., from left to right, until finding a
character which succeeds D alphabetically. It is T. Interchange D and T to obtain the list:

c ADASMDRUTTURES

Beginning with this T, scan the list toward D until finding a character which precedes D. It
is A. Interchange D and A to obtain the list:

c A@@® S TRUTTURES |
t toward D until finding a character which succeeds D.
There is no such letter. This means D is in its final position. Fl_lrthcrmore. the letters b{clefc')re
D form a sublist consisting of all letters preceding D alphabeuaglly. and the lletter‘s after D
form a sublist consisting of all the letters succeeding D alphabetically, as follows:

CAA@STRUTTURES
Sublist
h sublist.

Beginning with this A, scan the lis

Sublist '
Sorting S is now reduced to sorting €ac

s of the following n = 5 letters:

@B CD ® o
' i icksort.
Find the number C of comparisons o sort S using qui€

one make, if any?

6.13 Suppcjse S consist
at general conclusion can

recognize that the first letter A is

arisons to letter A 1
comp d to sorting the following sublist

=4
kes n — S how reduce

inning with E, it ta |
Beginning with on. Sorting

already in its correct pos
with n — | = 4 letters:
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Beginning with E, it takes n -2 =3 comparisons to recognize that the fx'rst lf;terf ]?1 in _the
sublist is already in its correct position. Sorting S is'now reduced to sorting the tollowing

sublist with n — 2 = 3 letters: _
' A B D
© Do ®

ISimilarly, it takes n — 3 =2 comparisons to recognize that the letter C is in 1_ts correct
position, and it takes n — 4 = | comparison to recognize that the letter D 1s 1n 1ts correct

position. Since only one letter is left, the list is now known to be sorted. Altogether we
have:

C=4+3+2+ 1= 10 comparisons

Similarly, using quicksort, it takes

(n—1 2
C=(n-D+n-2)+...+2+1= 1(-”2—)=—nz— +O(n)=0(n2)

comparisons to sort a list with n elements when the list is already sorted. (This can be
shown to be the worst case for quicksort.)

6.14 Consider the quicsort algorithm. (a) Can the arrays LOWER and UPPER be implemented
as queues rather than as stacks? Why? (b) How much extra space is needed for the
quicksort algorithm, or, in other words, what is the space complexity of the algorithm?

(a) Since the order in which the subsets are sorted does not matter, LOWER and UPPER
can be implemented as queues, or even deques, rather than as stacks.

(b) Quicksort algorithm is an “in-place” algorithm; that is, the elements remain in their
places except for interchanges. The extra space is required mainly for the stacks LOWER

and UPPER. On the average, the extra space required for the algorithm is proportional
to log n, where n is the number of elements to be sorted.,

Recursion
6.15 Let a and b denote positive integers. Suppose a function Q is defined recursively as
follows: .
0 if a <b
O(a, b) = { a<

(a) Find the value of Q(2, 3) and Q(14, 3).
(b) What does this function do? Find Q(5861, 7).

(@) 9(2,3)=0 since 2<3
Q(14, 3) = Q(11, 3) + 1
=[Q@, H+1]1+1=0(@8,3)+2
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=[Q.3) + 1]+ 2= (5,3) + 3
=102, )+ 1]+ 3=002.3)+4
'—'0+4=4

(b) ]?ach time b 1S subtracted from «, the values of Q is increased by 1. Hence Qta. D)
finds the quotient when ¢ is divided by 4. Thus.

(5861, 7) = 837

6.16 Let n denote a positive integer. Suppose a function L is defined. recursively as follows:
L(n) = 0 i'f n=1
L(Ln2]+1) ifn>1

(Here L] denotes the “floor” of &, that is, the greatest integer which does not exceed k.
See Sec. 2.2.)

(a) Find L(295).
(b) What does this function do?

(a) L(25) = L(12) + |
=[L(6) + 1]+ 1 = L(6) + 2

=[L(3)+ 1]+2=L(3)+3
=[L(1)+l]+3=L(l)+4
=0+4=4

(b) -Each time n is divided by 2. the value of L is increased by 1. Hence L is the greatest
integer such that
2k <n

Accordingly, this function finds
L = Llog, nl

6.17 Suppose the Fibonacci numbers F,, =89 and F); = 144 are given.

(a) Should one use recursion or iteration to obtain F,s? Find F
(b) Write an iterative procedure to obtain the first N Fibonacci numbers F[1], F[2],...,
F[N], where N > 2. (Compare this with the recursive Procedure 6.10.)

d be evaluated by using iteration (that is. by evaluating

(a) The Fibonacci numbers shoul . . ! ’
han by using recursion (that is, evaluating from the top

from the bottom up), rather

down). , ’ . .
Recall that each Fibonacci number 1s the sum of the two preceding Fibonacci numbers.

Beginning with F; and Fyo W€ have

and hence
Fe =377 + 610 = 987
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-(b) Procedure P6.17: FIBONACCI(F, N) '
| This procedure finds the first N F

them to an array F.
1. Set F[1] := 1.and F[2] := I.

2. Repeat for L = 3 to N:
Set F[L] := FI[L - 1] + F[L - 2].

[End of loop.]
3. Return.

ibonacci numbers and assigng

(We emphasize that this iterative procedure is much more efficient than the recursive

Procedure 6.10.)

_ 6.19 Use the definition of the Ackermann function (Definition 6.3) to find A(l, 3).

.6.19

We have the following 15 steps:

(1) A(l, 3) = A0, A(1, 2))
(2) A(,2)=A0. A(1, 1))

(3) A(l, 1) = A(0. A(1, 0))

(4) A(1,0) = A0. )

(5) AO,. h=1+1=2
(6) A(1,0) =2

(7) A(l, 1) = A(0, 2)

8 A0,2)=2+1=3

(9) A(l, 1) =3

(10) A(l, 2) = A(0, 3)

(11) A(0,3)=3+1=4

(12) A(l.2) =4
(13) A(1.3) = A0. 4)
(14) AO.9)=4+1=5
(15) A(l,3)=5
The forward indention indicates that we are postponing an evaluation and are recalling the
definition, and the backward indention indicates that we are backtracking.

Observe that the first formula in Definition 6.3 is used in Steps 5, 8, 11 and 14, the

second formula in Step 4 and the third formula in Steps 1, 2 and 3. In the other Steps we
are backtracking with substitutions.

Suppose a recursive procedure P contains only one recursive call:
Step K. Call P,

Indicate the reason that the stack STADD (for the return addresses) is not necessary.

Since there is only one recursive call, control will always be transferred to Step K + 1 on

a Return, except for the final Return to the main program. Accordingly, instead of maintaining
the stack STADD (and the local variable ADD), we simply write

(¢) GotoStepK + 1
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6.20 Rewrite the solution to the Tow

6.21

instcad of

| . (¢) Goto Step ADD
in the translation of “Step J. Return.” (See Sec. 6.9.)

inshend of T ers of Hanoi problem so it uses only one recursive call

Move N - 1 disks from A to B, and then apply A - C
Move N - 2 disks from B to A, and then apply B » C
Move N - 3 disks from A to B, and then apply A - C
Move N — 4 disks from B to A, and then apply B -» C

and so on. Accordingly, we can iterate a single recursive call, interchanging BEG and
AUX after each iteration, as follows:

_Procedure P6.20: TOWER(N, BEG, AUX, END)

1. If N = 0, then: Return.
2. Repeat Steps 3to5for K=N,N-1,N-2, ..., L.
3. Call TOWER(K - 1, BEG, END, AUX). '
4. Write: BEG — END.
5. [Interchange BEG and AUX.]
Set TEMP := BEG, BEG := AUX, AUX :=TEMP.
[End of Step 2 loop.]
6. Return.

Observe that we use N = 0 as a base value for the recursion instead of N = 1. Either one
may be used to yield a solution.

Consider the stack implementation algorithm in Sec. 6.9 for translating a recursive
procedure into a nonrecursive procedure. Recall that, at the time of a recursive call, we
pushed the new return address rather than the current return address onto the stack
STADD. Suppose we decide to push the current return address onto the stack STADD.
(Many texts do this.) What changes must then take place in the translation algorithm?

at the time of a Return to the preceding execution level, the |
nes the location of the Return, not the value of ADD after the
d. Accordingly, the value of ADD must be saved, by setting

. he stack values are popped and then control is transferred to Step
e t;l:r? :3 is that one must initially assign ADD := Main and then Return to
[ShAVE-' An;)ltll’;ﬁ; (;3 roggram when ADD = Main, not when the stacks are empty. The formal

e main ¢

algorithm follows.

The main change is that, 2
current value of ADD determi
stack values have been poppe

(H) Sispocation: AR for each parameter PAR, a stack STVAR for each local

(a) Delfir::] 2 gﬁ‘ f:dpa local variable ADD and a stack STADD to hold return
variablé ’

ddresses. B ‘
(I:t)al Scrt TOP := NULL and ADD := Main.
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(2) Translation of “Step K. Call P.”

(a) Push the current values of the paramclers and local variables and the current
return address ADD onto the appropriate stacks.

(b) Reset the parameters using the new argument values, and set ADD : = [Step] K +
I

(¢) Go to Step 1. [The beginning of the procedure P.]-

(3) Translation of “Step J. Return.”

(a) If ADD = Main, then: Return. [Control is transferred to the main program.|

(b) Set SAVE := ADD. :

(¢) Restore the top values of the stacks. That is. set the parameters and local variables
equal to the top values on the stacks, and set ADD equal to the top value on the
stack STADD.

(d) Go to Step SAVE.

(Compare this translation algorithm with the algorithm in Sec. 6.9.)

Queues, Deques

6.22 Consider the following queue of characters, where QUEUE is a circular array which is
allocated six memory cells:
FRONT = 2, REAR = 4 QUEUE: __,A,C,D, __. __
(For notational convenience, we use “___" to denote an empty memory cell.) Describe the
queue as the following operations take place: '

(a) F is added to the queue. (f) two letters are deleted.
(b) two letters are deleted. (g) S is added to the queue.
(c) K. L and M are added to the queue.  (h) two letters are deleted.
(d) two letters are deleted. (i) one letter is deleted.
(e) Ris added to the queue. (j) one letter is deleted.
(a) F is added to the rear of the queue, yielding
FRONT =2, REAR=5 QUEUE: __. A, C,D,F, __

Note that REAR is increased by 1.
(b) The two letters, A and C, are deleted, leaving

FRONT =4, REAR =5 QUEUE: ; ; , D, E,

Note that FRONT is increased by 2.
(¢) K, L and M are added to the rear of the qucue. Since K is placed in the last memory
cell of QUEUE, L and M are placed in the first two memory cells. This yields

FRONT =4, REAR=2 QUEUE:L M,__ .D,F K
Note that REAR is increased by 3 but the arithmetic is modulo 6:
REAR =5 + 3 = 8 = 2 (mod 6)
(d) The two front letters, D and F are deleted. leaving
FRONT =6, REAR=2 QUEUE: L,/ M, __,

. K
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(e) R is added to the rear of the Queue, yieldi
, ing
| FRONT =6, REAR =3 QUEUE: L, M, R K
(f) The two front letters, K and L, are deleted leavi T
; ing
FRONT =2, REAR =3 QUEUE: M, R
t h . - 1 ] | Q) ¥ —
Note that FRONT is increased by 2 but the arithmetic is modulo 6
FRONT=6+2=8=2(mod6)

(8) S is added to the rear of the queue, yielding

’ = UEUE: __ M
(h) The two front letters, M and R, are deleted l;;xing’ o=

FRONT =4, REAR =4 QUEUE: , S

(i) The front letter S %s deleted. Since FRONT = REAR, this means that the queue is
empty; hence we assign NULL to FRONT and REAR. Thus

FRONT =0, REAR=0 QUEUE:__ ,__,__ , _ ., _ .
(j) Since FRONT = NULL, no deletion can take place. That is, underflow has occurred.

6.23 Suppose each data structure is stored in a circular array with N memory cells.

(a) Find the number NUMB of elements in a queue in terms of FRONT and REAR.
(b) Find the number NUMB of elements in a deque in terms of LEFT and RIGHT.
(¢) When will the array be filled? - _

(a) If FRONT < REAR, then NUMB = REAR - FRONT + 1. For example, consider th
following queue with N = 12
FRONT =3, REAR=9 QUEUE: ___, _, % ¥, %, ¥ % ¥ %, _

Then NUMB = 9 — 3 + 1 =7, as pictured.
If REAR < FRONT, then FRONT - REAR - 1 is the number of empty cells, so

NUMB = N — (FRONT - REAR - 1) = N + REAR — FRONT +

For example, consider the following queue with N = 12:

FRONT =9, REAR =4 QUEUE: *, *, *, %, s —— —

= 4-9+1=28as pictured.
The U we need only one formula, as follows:

Using arithmetic modulo N,
NUMB = REAR - FRONT + 1 (mod N)

¢ that FRONT is replaced by RIGHT. That is,

(b) The same result holds for deques excep
' T - LEFT + 1 (mod N)

NUMB = RIGH

(¢) With a queue, the array is full when

(i) FRONT | and REAR = N or (ii) FRONT = REAR + 1
1 =
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(ii) LEFT = RIGHT + |

where DEQUE is a circular array which is

6.56
Similarly, with a deque, the array is full when
(i) LEFT = | and RIGHT = N or
Each of these conditions implies NUMB = N.
6.24 Consider the following deque of characters

allocated six memory cells: _
LEFT = 2' RIGHT = 4 DEQUE: S | A& Cv D! VNI J—-——

De'scribe the deque while the following operations take place.

(a) F is added to the right of the deque.
(b)- Two letters on the right are deleted.

(¢) K, L and M are added to the left of the deque.

(d) One letter on the left is deleted.

(e) R is added to the left of the deque.
(f) S is added to the right of the deque.
(g) T is added to the right of the deque.

(a) Fis added on the right, yielding
LEFT =2, RIGHT =5 DEQUE: _ ,A,C,D,F, ___

Note that RIGHT is increased by 1. ,
(b) The two right letters, F and D, are deleted, yielding

LEFT =2, RIGHT =3 DEQUE: ___, A, C, X
Note that RIGHT is decreased by 2.

(¢) K,L and M are added on the left. Since K is placed in the first memory cell, L is placed
in the last memory cell and M is placed in the next-to-last memory cell. This yields

LEFT =5, RIGHT =3 DEQUE:K,A,C, _ ,M.L
Note that LEFT is decreased by 3 but the arithmetic is modulo 6:
LEFT'=2 — 3 = -] =5 (mod 6)
(d) The left letter, M, is deleted, leaving
LEFT = 6, RIGHT =3 DEQUE: K, A. G
Note that LEFT is increased by 1.
(e) R is added on the left, yielding
LEFT =5, RIGHT =3 DEQUE: K, A,C,— R. L

Note that LEFT is decreased by 1.
(f) S is added on the right, yielding

LEFT =5, RIGHT =4 DEQUE: K, A. C S: R L
(8) Since LEFT = RIGHT + I, the arra ,
That is, overflow has occurred.

L

Y —_—

y is full; and hence T cannot be added to the deque.



L — S

6.25 Consider a deque maintéined by a circul ray w
| ar a

(8) Suppose an elemen ;
(b) Suppose an element i

(a)

(b)

tacks, Queyes R -
: . Recu
Nn Me.5

rray with N memory cells.
$ added to the de

S deleted. How j ane. How is LEFT or RIGHT changed?

s LEFT
If the element ig added or RIGHT changed?

) on the | 2
hand, if the elemen (s addeg eft, then LEFT ig decreased by 1 (mod N). On the other

If the element s deleted fro er the right, then RIGHT is increased by 1 (mod N).

i the elermen ks Jelcied £ m the lfafl, then LEFT is increased by 1 (mod N). However
case that LEFT = Rion ;Ogn the right, then RIGHT is decreased by 1 (mod N). In the
element), then LEFT and Rléi;[)re the deletion (that is, when the deque has only one
empty. T are both assigned NULL to indicate that the deque is

6.26 A linked queue’Q and an AVAIL list maintained as a linked stack, are as shown in Fig.

6-34-. Trace the contents of the memory after the execution of the following operations on
the linked queue Q.

INFO LINK
23 56 NULL
24 8 29
25 12 34
26 5 NULL
27 76 30
28 123 31
29 09 33
30 45 23
31 23 26
32 56 25
33 78 28
34 123 24

Fig. 6.34
AVAIL: [32] Linked queve Q: FRONT: 27| REAR: 23]

(i) Insert 567
(ii) Delete
(iii) Delete

(iv)

It is easl
list and performin
Linked queue Q:

Insert 67

how the memory contents after extracting the linked queue Q and AVAIL
er to sho

o the operations on the lists.

S FRONT [ 27
Mon T L 45 | }{E’Q—E
Tnaan s !

KL REAR [23
+

| ]
| : AR
FRONT fiE

i
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AVAIL list:
AVAIL

Y

12 |

123

Y

123

23

L

s [

AVAIL:

Linked queue Q and AVAIL list after the execution of (i) Insert 567 and (ii) Delete

operations
Linked queue Q:
45 | | 56 | 567 |x FRONT
A A REAH
AVAIL REAR
AVAIL list:

76 12 — 123 8 —= 09 > 78 123 23 > x
AVAIL BRAIE
Linked queue Q and AVAIL list after the execution of (iii) Delete and (iv) Insert 67
operations '

Linked queue Q:
56 | (—{567| = 67 |x FRONT [23 ]
i 1 REAR
FRONT REAR
AVAIL list:
76 —> 12 — 123 | —> 8 h—*LOQ ——ﬂ 78 — 123 23 > x

f

AVAIL

AVAIL

The snapshat of the memory after the execution of the operations is shown below:

23
24
25
26
27
28
29
30
31
32
33

INFO LINK
56 32
8 29
12 34
5 NULL
76 25 |
123 31
09 33
67 NULL
23 26
567 30
78 28 R
123 ' P4
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AVAIL: 27] Linked queue Q: FRONT: Ei REAR: r?(“}_li
Observe how the insertions

list maintained . into the linked lisy Q
is Intained as a linked siack and the dele;
AVAIL list. e deletion

calls Tor a pop operation from the AVALL
s from Q call for push operations into the

priority Queues

6.27 Consider the priority queue in Fig. 6.28, which is maintained as a one-way list.

(a) Describe the structure after (XXX, 2), (YYY, 3), (ZZZ, 2) and (WWW, 1) are added
to the queue. (b) Describe the structure if, after the preceding insertions, three elements
are deleted.

(a) Traverse the list to find the first element whose priority
It is DDD, so insert XXX before DDD (after CCC) in
Then traverse the list to find the first element whose p
YYY. Again it is DDD. Hence insert YYY before DDD
cell, INFO{7]. Then traverse the list to find the first element whose priority number
exceeds that of ZZZ. [tis YYY. Hence insert ZZZ before YYY (after XXX) in the next
empty cell, INFO[10]. Last, traverse the list to find the first element whose priority
number exceeds that of WWW. It is BBB. Hence insert WWW before BBB (afier
AAA) in the next empty cell, INFO[11]. This finally yields the structure in Fig. 6.35(a).

(b) The first three elements in the one-way list are deleted. Specifically. first AAA is
deleted and its memory cell INFO[5] is added to the AVAIL list. Then WWW is
deleted and its memory cell INFO[11] is added to the AVAIL list. Last. BBB is deleted

and its memory cell INFO[!] is added to the AVAIL list. This finally yields the
structure in Fig. 6.35(b).

number exceeds that of XXX.
the first empty cell, INFO[2].
riority number exceeds that of
(after XXX) in the next empty

Remark: Observe that START and AVAIL ure changed accordingly.

6.28 Consider the priority queue in Fig. 6.30, which is maintained by a two-dimensional array
QUEUE. (a) Describe the structure after (RRR, 3), (SSS, 4), ('I'-'l"l", 1), (UUU, 4) @d
(VVV, 2) are added to the queue. (b) Describe the structure if, after the preceding
insertions, three elements are deleted.

(a) Insert each element in its priority row. That is. z@d RRR as the rear ele_m’cm lzdnE\Uz
as the rear element in row 4. add TTT as the rear clen.lenl in row 1 ¢ S
add 555 as t in row 4 and add VVV as the rear element in row 2. This yields the
as the reaf eg:‘mcgt;fl:(’l;) (As noted previously. insertions with this array representation
sacture T‘lg' | " lh:n‘ ins.crliuns with the one-way list "‘3[3"‘3_53““““”'} .
are usually simp et < with the highest priority in row |. Since row | contains only
(b) First delete the:jzzc'?:;l TTT [hcn"lhc tront element in row 2, BBB. must also be
g : : o
L‘;](;tzl;nj[:ﬂt;‘ﬁnal]y leaves the structure in Fig. f)—._"aﬁ{b}. B
Remark: Observe that, in both cases, FRONT and REAR are changed accordingly.
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INFO PRN LINK
~ |
1 BBB 2 6
2 | Xxx 2 10
START 3 | DDD 4 4
5 4 EEE 4 9
I B
5 AAA 1 "
AVAIL 6 cce 2 2
12
) 7 YYY 3 3
8 GGG 5 0
9 FFF 4 8
10 222 o 7
11 WWW | 1
12 ! 0
L
(a)
INFO PRN LINK
e ] 11
2 | XXX 2 10
START 3 | DDD 4 4
6 4 | EEE 4 9
—_— —
5 12
AVAIL
6 | ccc 2 2
1 _____/
7 | yvyy 3 3
8 GGG 5 0
9 | FFF 4 8
10 | zzz 2 7
11 5
12 0
L
(b)
Fig. 6.35
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FRONT  REAR ~ "JUELE
1| 2 e = 2 3 . 4 5 6
, 1 - 1 AAA  TTT 7]
, 1 1 2 BBB CCC XXX VvV
) 3 RRR
5 3
) - ; 4 FFF  SSS uUuu DDD EEE
L > L GGG ]
(a)
QUEUE
FRONT REAR 1 2 3 4 5 6
1 0 0 . [ B
2 2 4 2 CCC XXX VWV
3 1 1 3 RRR
4 5 3 4 FFF  SSS UUU DDD EEE
5 4 4 5 | GGG
(b)
Fig. 6.36

._""."’f""‘:‘“f‘ﬁ:,:‘"?."‘""’:"‘ -
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STACKS

6.1 Consider the following stack of city names:
STACK: London. Berlin. Rome, Paris, .

(a) Describe the stack as the following operations take place:
(i) PUSH(STACK, Athens),
(ii) POP(STACK, ITEM)
(iii) POP(STACK, ITEM)_
(iv) PUSH(STACK, Madrid)
(v) PUSH(STACK. ]\él;;;:oW)
(b) D(:Slc):rlfl;?flggzgg(ltl;{m operation POP(STACK. ITEM) deletes London.

6.2 Consider the following stack where STACK is allocated N = 4 memory cells:
STACK: AAA, BBB. ;

perations take place:

Descri tack as the following ©
EStibe e S ) PUSH(STACK, EEE)  (€) POPGSTACK. ITEM)

o romsmaci. e PRI Ak coo
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6.3 Suppose the following stack of integers is in memory where STACK is allocated N = ¢

memory cells: .
TOP =3 STACK: 5.2,3, v — —
Find the output of the following program segment:

1. Call POP(STACK, ITEMA).
Call POP(STACK, ITEMB).
Call PUSH(STACK, ITEMB + 2).
Call PUSH(STACK, 8).
Call PUSH(STACK, ITEMA + ITEMB).
2. Repeat while TOP # 0:
Call POP(STACK. ITEM).
Write: [TEM.
(End of loop.]

6.4 Suppose stacks A[l] and A[2] are stored in a linear array STACK with N elements, as
pictured in Fig. 6.37. Assume TOP[K] denotes the top of stack A[K].

(a) Write a procedure PUSH(STACK, N, TOP, ITEM, K) which pushes ITEM onto stack
A[K]. |

(b) Write a procedure POP(STACK, TOP. ITEM, K) which deletes the top element from
stack A[K] and assigns the element to the variable ITEM.

1 2 3 4 5 N-3 N-2 N-1 N
stck| | | [ | P— <«~— [ [ | ]
Staék A[1] Stack A[2]
Fig. 6.37

6.5 Write a procedure to obtain the capacity of a linked stack represented by its top pointer TOP.
The capacity of a linked stack is the number of ¢lements in the list forming the stack.

Arithmetic Expressions; Polish Expressions

6.6 Translate, by inspection and hand, each infix expression into its equivalent postfix expression:
(a) (A-B)/((D +E) *F)
(b) ((A +B)D) T (E-F) * G)

6.7 Translate, by inspection and hand, each infix cxptemon in Supplementary Problem 6.6 into
its equivalent prefix expression.

6.8 Evaluate each of the following parenthesis-free arithmetic expressions:

@@s + 3 T 2 - 8 / 4 % 3 4+ ¢
W6 + 2 T 3 + 9 4 3 _ 4 % 5



| S
P tacks, Queues, Recursion 6:63

(.9 Consider the following Parenthesis-free arithmetj

meti

E: 6 .

Evaluate the expression E, (a

as are the other operations,
left.

C expression:

2T3T3

) assumin
th S
and (b) aSSEmist tE;lx)l]t‘ifllliltmn 1s performed from left to right,
& that exponentiation is performed from right to

6.10 Consider each of the following postfix expressions:
P 5, 3, 4+, 2 * 6, 9, 7 h. /
Py 3, 5, +, 6 4, - % 4: 1‘ _ _2 T.
Pyp 3, 1, 4+, 2 T, 7. 4 - 2‘, * +1. 5’, t

Translate, by inspection : s .
y p and hand, each cxpression into infix notation and then evaluate.

6.11 Evaluate each postfix expression in Supplemetary Problem 6.10, using Algorithm 6.5.

6.12 Use Algorithm 6.6 to translate each infix expression into its equivalent postfix expression:

(a) (A-B)((D+E)*F (b) (A +BYD) T ((E-F) * G)
(Compare with Supplementary Problem 6.6.)

Recursion
6.13 Let J and K be integers and suppose Q(J. K) is recursively defined by

5 if ] <K
QU.K) = {Q(J_K,K+2)+J if I2K

Find Q(2, 7), Q(5, 3) and Q(15, 2)
6.14 Let A and B be nonnegative integers.
follows:

Suppose a function GCD is recursively defined as

GCD(B. A) if A<B

GCD(A, B) = (A | ifB:Q
GCD(B, MOD(A. B)) otherwise

i dulo B.” denotes the remainder when A 1s divid_ed by B.)
Ecll{)el[;ff ?ggg&s Bl)é)reéCICD?Q(r)n 028u) and GCD(540, 168). (b) What does this function do?
X In ; , L

r and suppose H(N) is recursively defined by

3% N if N<35
H(N) = {2 « HIN-5)+7 otherwise

(2). H(8) and H(24).

6.15 Let N be an intege

: ‘ind H
(a) Find the base criteria of H and (b) fin
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6.16 Use Definition 6.3 (of the Ackermann function) o find A(2. 2).

6.17 Let M and N be integers and suppose F(M. N) is recursively defined by

1 ifM=0 or M=N2I
F(M-1,N)+ F(M - 1, N 1) otherwise

(a) Find (4, 2), F(1, 5) and F(2. 4). (b) When is F(M, N) undefined?

F(M, N) = {

6.18 Let A be an integer array with N elements. Suppose X is an integer function defined by

0 ifK=0
X(K) = X(A, N, K) = {X(K- 1)+ A(K) if0<K = N
X(K-1) ifK>N

Find X(5) for each of the following arrays:

(a) N=8, A: 3,7,-2.5.6,-4,2,7 (b)N=3. A: 2.7, -4
What does this function do?

6.19 Show that the recursive solution to the Towers of Hanoi problem in Sec. 6.8 requires f(n)
= 2" — | moves for n disks. Show that no other solution uses fewer than f(n) moves.

6.20 Suppose S is a string with N characters. Let SUB(S. J, L) denote the substring of S beginning

in the position J and having length L. Let A//B denote the concatenation of strings A and B.
Suppose REV(S. N) is recursively defined by

S if N =1
SV(S. N) =
aElS: &) {SL:B(S.N.l}f;‘REV(SUB(S.I,N*]J otherwise

(a) Find REV(S. N) when (i) N = 3, § = abc and (ii) N =5, S = ababc. (b) What does this
function do?

Queues; Deques

6.21 Consider the following queue where QUEUE is allocated 6 memory cells:
FRONT =2, REAR =35 QUEUE: ________ London, Berlin, Rome, Paris.

Describe the queue, including FRONT and REAR, as the following operations take plzicei
(a) Athens is added, (b) two cities are deleted, (¢) Madrid is added, (d) Moscow is added.

(¢) three cities are deleted and (f) Oslo is added.

6.22 Consider the following deque where DEQUE is allocated 6 memory cells:
LEFT =2, RIGHT =5 DEQUE: _ . London: Berlin, Rome, Paris.
Describe the deque. including LEFT and RIGHT, as the following op
(a) Athens is added on the left. '

erations take place:
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(b) Two cities are deleted from the right.
(¢) Madrid is added on the left.

(d) Moscow is added on the right.

(e) Two cities are deleted from the right.
(f) A city is deleted from the left,

(g) Oslo is added on the left,

Suppose a queue is maintained by a circular array QUEUE with N = 12 memory cells. Find
the number of elements in QUEUE if (a) FRONT = 4, REAR = 8; (b) FRONT = 10, REAR
= 3; and (c) FRONT = 5, REAR = 6 and then two elements are deleted. ,

Consider the priority queue in Fig. 6.35(b), which is maintained as a one-way list.

(a) Describe the structure if two elements are dcleted.

(b) Describe the structure if. after the preceding deletions, the elements (RRR, 3). (SSS. 1),
(TIT, 3) and (UUU, 2) are added to the queue.

(¢) Describe the structure if, after the preceding insertions, three elements are deleted.

Consider the priority queue in Fig. 6.36(b), which is maintained by a two-dimensional array
QUEUE.

(a) Describe the structure if two elements are deleted.

(b) Describe the structure if, after the preceding deletions. the elements (J1J, 3), (KKK, 1).
(LLL, 4) and (MMM, 5) are added to the queue.

(¢) Describe the structure if, after the preceding insertions, six elements are deleted.

Let Q be a non empty linked qucue. Write a procedure WIPE_Q_n to delete n elements from
the queue Q.

Translate Quicksort into a subprogram QUICK(A, N) which sorts the array A with N elements.

Test the program using

(a) 44. 33, 1L 55. 77, 90, 40. 60, 99, 22, 88, 66
(b) D. A, T. A, S
Write a program which gives the solution to_the Towers_of Hanoi problem for n disks. Test
the program using (a) n = 3 and (b) n =4

m POLISH(Q, P) which transforms an infix
pression P. Assume each operand is a single

for addition (+), subtraction (=), multiplicat%on
¢ for exponentiation. (Some programming

Translate Algorithm 6.6 into 2 subprogra
expression Q into its equivalent postfix tc::x]
alphabetic character, and use the usual sym fr) S
(*) and division (/), but use the symbol | oLrlgin
languages do not accept 1.) Test the program using
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(@ ((A+B)*D)S(E-F)
(b)) A+ (B*C-(D/E$F)*G)*H

6.4 Suppose a priority queue is maintained as a one-way list as illustrated in Fig. 6.28.

(a) Write a procedure
INSPQL(INFO, PRN, LINK, START, AVAIL, ITEM, N)

which adds an ITEM with priority number N to the queue. (See Algorithm 6.18)
(b) Write a procedure

DELPQL(INFO, PRN, LINK, START, AVAIL, ITEM)

which removes an element from the queue and assigns the element to the variable ITEM,
(See Algorithm 6.17.)
Test the procedures, using the data in Solved Problem 6.27. -

Y

6.5 Suppose a priority queue is maintained by a two-dimensional array as illustrated in Fig. 6.30.

(a) Write a procedure
INSPQA(QUEUE, FRONT, REAR, ITEM, M)

which adds an ITEM with priority number M to the queue. (See Algorithm 6.20.)
(b) Write a procedure

DELPQA(QUEUE, FRONT, REAR, ITEM)

which removes an element from the queue and assigns the element to the variable ITEM.
(See Algorithm 6.19.)
Test the procedures, using the data in Solved Problem 6.28. (Assume that QUEUE has ROW
number of rows and COL number of columns, where ROW and COL are global variables.)

6.6 Given a stack S and a queue Q, write procedures FILLQ_WITHS which will empty the
contents of the stack S and insert them into the queue Q and FILLS_WITHQ which will fill
the stack S with the elements deleted from the aueue Q. Implement the procedures with S

and Q having (i) an array representation and (i') a linked representation. What are your
observations? '



Chapter Seven

Trees

7.1 ~INTRODUCTION

So far, we have been studying mainly linear types of data structures: strings, arrays, lists, stacks
and queues. This chapter defines a nonlinear data structure called a tree. This structure is mainly
used to represent data containing a hierarchical relationship between elements, €.g., records, family
trees and tables of contents. _

First we investigate a special kind of tree, called a binary tree, which can be easily maintained
in the computer. Although such a tree may seem to be very restrictive, we will see later in the
chapter that more general trees may be viewed as binary trees.

7.2~ BINARY TREES

A binary tree T is defined as a finite set of elements, called nodes, such that:

(a) T is empty (called the null tree or empty tree), or
(b) T contains a distinguished node R, called the root of T and the remaining nodes of T form

an ordered pair of disjoint binary trees T, and T5.

T, and T, are called, respectively, the left and right

If T does contain a root R, then the two trees .
¢ is called the left successor of R; similarly, if T, is

cubtrees of R 1f T, is nonempty, then its roo

nonempty, then its root is called the right successor of R.
A binary tree T is frequently presented by means of a diagram. Specifically, the diagram in

Fig. 7.1 represents a binary tree T as follows. (i) T consists of 11 nodes, represented by the letters
A through L, excluding /. (ii) The root of T is the node A at the top of the diagram. (iii) A left-
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/ A \ c
o, e
F/ J

™~

/ >

D G

A
L
Fig. 7.1

downward slanted line from a node N indicates a left successor of N, and a right-downward slanted
line from N indicates a right successor of N. Observe that:

(a) B is a left successor and C is a right successor of the node A. . ‘
(b) The left subtree of the root A consists of the nodes B, D, E and F, and the right subtree of A
consists of the nodes C, G, H,'J, K and L.

Any node N in a binary tree T has either 0, 1 or 2 successors. The nodes A, B, C and H have two
successors, the nodes E and J have only one successor, and the nodes D, F, G, L and K have no
successors. The nodes with no successors are called terminal nodes.

The above definition of the binary tree T is recursive since T is defined in terms of the binary
subtrees T, and T,. This means, in particular, that every node N of T contains a left and a right
subtree. Moreover, if N is a terminal node, then both its left and right subtrees are empty.

Binary trees T and T’ are said to be similar if they have the same structure or, in other words, if
they have the same shape. The trees are said to be copies if they are similar and if they have the
same contents. at corresponding nodes.

Example 7.1

ot T

Consider the four binary trees in Fig. 7.2. The three trees (a), (c) and (d) are similar.
In particular, the trees (a) and (c) are copies since they also have the same data at
corresponding nodes. The tree (b) is neither similar nor a copy of the tree (d)

because, in a binary tree, we distinguish between a left successor and a right succes-
sor even when there is only one successor.

A E A E

\B F/ \3 \
C/ \D G/ \H / \ /F\

(a) (b) (©) @
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Trees

Example' 7.2 Algebraic Expressions

Consider any algebraic expression £ involving only binary operations, such as

E=(a-b)/((cxd) + e)

£ can be represented by means of the binary tree T pictured in Fig. 7.3. That is, each
variable, or constant in £ appears as an winternal” node in T whose left and right

subtrees correspond to the operands of the operation. For examp:2:

(a) In the expression E, the operands of + are c*d and e. _
(b) In the tree T, the subtrees of the node + correspond to the subexpressions c*d

and e.

et £ Sl S T

/

T~
/N AN
c/ .\d

Fig. 7.3 E = (a - b)/((cd) +e)

e it

versa.

ITRTE———EE A

Clearly every algebraic expression will correspond to a unique tree, and vice

)I'e{minology
Terminology describing family relationships is frequently used to describe relationships between
the nodes of a tree T.. Specifically, suppose N is a node in T with left successor §, and right
successor S,. Then N is called the parent (or father) of S, and S,. Analogously, §; is called the left
child (or son) of N, and §, is called the right child (or son) of N. Furthermore, S, and S, are said to
be siblings (or brothers). Every node N in a binary tree 7, except the root, has a unique parent,
called the predecessor of N.

The terms descendant and ancestor have their usual meaning. That is, a node L is called a
descendant of a node N (and N is called an ancestor of L) if there is a succession of children from
N to L. In particular, L is called a left or right descendant of N according to whether L belongs to
the left or right subtree of N.

Terminology from graph theory and horticulture is also used with a binary tree T. Specifically,
the line drawn from a node N of T to a successor is called an edge, and a sequence of consecutive
edges is called a path. A terminal node is called a leaf, and a path ending in a leaf is called a
branch.

Each node in a binary tree T is assigned a level number, as follows. The root R of the tree T is
assigned the leve! number 0, and every other node is assigned a level number which is 1 more than
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: . er are said
the level number of its parent. Furthermore, those nodes with the same level numb to

belong to the same generation.
The depth (or height) of a tree T is the maximum number of nodes in a branch of T. This turns

out to be 1 more than the largest level number of 7. The tree T in Fig. 7.1 has depthtﬁer words, if
Binary trees T and T” are said to be similar if they have the same structure Or, dmfozh S it
they have the same shape. The trees are sa1d to be copies if they are similar and 11 they

‘/?e contents at corresponding nodes.

omplete Binary Trees
Consider any binary tree 7. Each node of T can have at most two children. Accorqingl)’_, 011“3 can
show that level 7 of T can have at most 2" nodes. The tree T is said to be complete if all its.levels,
except possibly the last, have the maximum number of possible nodes, and if all the nodes at the

last level appear as far left as possible. Thus there is a unique complete tree T, Wth exactly n
nodes (we are, of course, ignoring the contents of the nodes). The complete tree T5g with 26 nodes

PN /\
VANV NVANERVAN

/\ /\ /\ /\ /\

17 18 19 20 23 24 25

Fig. 7.4 Complete Tree Ty,

The nodes of the complete binary tree 7T, in Fig. 7.4 have been purposely labeled by the
integers 1, 2, ..., 26, from left to right, generation by generation. With this labeling, one can easily
determine the children and parent of any node K in any complete tree T,. Specifically, the left and
right children of the node K are, respectively, 2*K and 2*K + 1, and the parent of K is the node
LK/2J. For example, the children of node 9 are the nodes 18 and 19, and its parent is the node
L9/2] = 4. The depth d, of the complete tree T, with n nodes is given by

D, =llog, n+ 1]

This is a relatively small number. For example, if the complete tree T, has n = 1 000 000 nodes,
then its depth D, = 21.

Extended Binary Trees: 2-Trees

A binary tree tree T is said to be a 2-tree or an extended binary tree if each node N has either 0 of
2 children. In such a case, the nodes with 2 children are called internal nodes, and the nodes with
0 children are called external nodes. Sometimes the nodes are distinguished in diagrams by using
circles for internal nodes and squares for external nodes.
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The term “extended binary tree” comes from the following operation. Consider any binary tree
T, such as the tree in Fig. 7.5(a). Then T may be “converted” into a 2-tree by replacing each empty
subtree by a new node, as pictured in Fig. 7.5(b). Observe that the new tree is, indeed, a 2-tree.
Furthermore, the nodes in the original tree T are now the internal nodes in the extended tree, and
the new nodes are the external nodes in the extended tree.

(a) Binary tree T (b) Extended 2-tree
e ——— P
Fig. 7.5 Converting a Binary Tree T into.a 2-tree

An important example of a 2-tree is the tree T corresponding to any algebraic expression E
which uses only binary operations. As illustrated in Fig. 7.3, the variables in E will appear as the
external nodes, and the operations in E will appear as internal nodes.

7.3 REPRESENTING BINARY TREES IN MEMORY

Let T be a binary tree. This section discusses two ways of representing T in memory. The first and
usual way is called the link representation of T and is analogous to the way linked lists are
represented in memory. The second way, which uses a single array, called the sequential represen-
tation of T. The main requirement of any representation of T is that one should have direct access
to the root R of T and, given any node N of T, one should have direct access to the children of N.

_Liriked Representation of Binary Trees

Consider a binary tree T. Unless otherwise stated or implied, T will be maintained in memory by
means of a linked representation which uses three parallel arrays, INFO, LEFT and RIGHT, and a
pointer variable ROOT as follows. First of all, each node N of T will correspond to a location K
such that:

(1) INFO[K] contains the data at the node N.
(2) LEFT[K] contains the location of the left child of node N.
(3) RIGHT[K] contains the location of the right child of node N.

Furthermore. ROOT will contain the location of the root R of T. If any subtree is empty, then the

corresponding pointer will contain the null value; if the tree T itself is empty, then ROOT will

contain the null value.
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Remark 1: Most of our examples will show a single item of information at each node N of a binary
tree T. In actual practice, an entire record may be stored at the node N. In other words, INFO may
actually be a linear array of records or a collection of parallel arrays.

Remark 2: Since nodes may be inserted into and deleted from our binary trees, we also im_pllanly
‘assume that the empty locations in the arrays INFO, LEFT and RIGHT form a linked list with
pointer AVAIL, as discussed in relation to linked lists in Chap. 5. We will usually let the LEFT
array contain the pointers for the AVAIL list.

Remark 3: Any invalid address may be chosen for the null pointer denoted by NULL. In actual
practice, 0 or a negative number is used for NULL. (See Sec. 5.2.)

Example 7.3

Consider the binary tree T in Fig. 7.1. A schematic diagram of the linked representa-
tion of T appears in Fig. 7.6. Observe that each node is pictured with its three fields,
and that the empty subtrees are pictured by using x for the null entries. Figure 7.7
shows how this linked representation may appear in memory. The choice of 20
elements for the arrays is arbitrary. Observe that the AVAIL list is maintained as a
one-way list using the array LEFT. :

ROOT{
- .
r 4
T Tl

4 Y
[<[o[x] —]E[x] xJelx] —TH[——
; ¥ Y
| R[] K]

Example 7.4

Suppose the personnel file of a small company contains the following data on its nine
employees:

Name, Social Security Number, Sex, Monthly Salary
Figure 7.8 shows how the file may be maintained in memory as a binary tree. Compare
this data structure with Fig. 5.12, where the exact same data are organized as a one-
way list.
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INFO  LEFT  RIGHT

1 K 0 0
ROOT 2 b 3 5
5 3 a 2 z
4 14
AVAIL 5 A 10 ”
8 6 H 17 1
AL? : - 0
g :
9 4
10 B 18 13
11 19
12 F 0 0
13 E 12 0
14 15
15 16
16 11
17 J 7 0 L —
18 D 0 0
19 .20
20 i 0 |

Fig. 7.7

Suppose we want to draw the tree diagram which corresponds to the binary tree in Fig. 7.8. For
notational convenience, we label the nodes in the tree diagram only by the key values NAME. We

construct the tree as follows:

The value ROOT = 14 indicates that Harris is the root of tbe tree. o
((g; LEFT[14] = 9 indicates that Cohen is the left child of Harris, and RIGHT[14] = 7 indicates

that Lewis is the right child of Harris.

Repeatino"itep (b) for each new node in the diagram, we obtain Fig. 7.9.
g !

-,Sréd;ential Representation of Binary Trees

S e T is a binary tree that is complete or nearly complete. Then there is an cfflClent wa); of
uPpt(z:nino T in memory called the sequential representation of T. This representation uses only a
maintaining

single linear array TREE as follows:
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NAME SSN SEX SALARY LEFT RIGHT

1 0
ROOT 2 | Davis 192-38-7282 Female 22 800 0 12
3 | Kelly 165-64-3351 Male 19 000 0 0
4 | Green 175-56-2251 Male 27 200 2 0

AVAIL 5 1
8 6 | Brown 178-52-1065 Female 14700 0 0
7 | Lewis 181-58-9939 Female 16 400 3 10

8 11
9 | Cohen 177-44-4557 Male 19 000 6 4
10 | Rubin 135-46-6262 Female 15500 0 0

" 13
12 | Evans 168-56-8113 Male 34 200 0 0

13 5
N——514 | Harris | |208-56-1654| | Female 22800 9 7

Fig. 7.8
Harris
/C ohen\ \stis
Brown /G‘reen Kelly Ebm
Davis
Evans
Fig. 7.9

(a) The root R of T is stored in TREE[1].
(b) If a node N occupies TREE[K], then its left child is stored in TREE[2*K] and its right
child is stored in TREE[2*K + 1].

Again, NULL is used to indicate an empty subtree. In particular, TREE[1] = NULL indicates that
the tree is empty.

The sequential representation of the binary tree T in Fig. 7.10(a) appears in Fig. 7 10(b)
Observe that we require 14 locations in the array TREE even though T has only 9 nodes. In i"act il'c
we included null entries for the successors of the terminal nodes, then we would actuaily requ‘ire
TREE[29] for the right successor of TREE[14]. Generally speaking, the sequential representation
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TREE
1 45
2 22
3 77
41 1
5 30
6
45 . 7 -
/ \ B
22... U 9 15
/\ \ 10 25
11 30 90 11 '
\ / 12
.15 25 88 o
14 88
15
16
29

(2) (b)
Fig. 7.10
of a tree ;vith depth d will require an array with approximately g+ 1 elements. Accordingly, this

sequential representation is usually inefficient unless, as stated above, the binary tree T is complete
or nearly complete. For example, the tree T in Fig. 7.1 has 11 nodes and depth 5, which means it

would require an array with approximately 26 = 64 elements.

7.4/@VERSING' BINARY TREES

There are three standard ways of traversing a binary tree T with root R. These three algorithms,
called preorder, inorder and postorder, are as follows:

Preorder

(1) Process the root R. ’
(2) Traverse the left subtree of R in preorder.
(3) Traverse the right subtree of R in preorder.
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Inorder

(1) Traverse the left subti‘ee of R in inorder.

(2) Process the root R.
(3) Traverse the right subtree of R in inorder.

Postorder

(1) Traverse the left subtree of R in postorder.
(2) Traverse the right subtree of R in postorder.

(3) Process the root R.
Observe that each algorithm contains the same three steps, and that the left subtree of R is always

traversed before the right subtree. The difference between the algo_rithms is the time at which the
root R is processed. Specifically, in the “pre” algorithm, the root R 1s processed before the subtreeg
are traversed; in the “in” algorithm, the root R is processed between the traversals of the Subtrees;

and in the “post” algorithm, the root R is processed after the subtrees areltraversed.
The three algorithms are sometimes called, respectively, the node-left-right (NLR) traversal, the

left-node-right (LNR) traversal and the left-right-node (LRN) traversal.
Observe that each of the above traversal algorithms is recursively defined, since the algorithm

involves traversing subtrees in the given order. Accordingly, we will expect that a stack will be
used when the algorithms are implemented on the computer.

¥
' Example 7.5
Consider the binary tree T in Fig. 7.11. Observe that A is the root, that its. left

subtree L; consists of nodes B, D and E and that its right subtree R; consists of nodes
Cand F.

‘ 7N
i - | T‘“*xD/ \E | \4_“\ Rt

F
Fig. 7.11

(a) The preorder traversal of T processes A, traverses L; and traverses Ry. However
biie p(;eortder tra"f"'s:[ of Ly processes the root B and then D and E. and the
preorder traversal of R; processes the root C RErES
preorder traversal of T. and then F. Hence ABDECF is the

(b) ::e ]noréler traversal of T traverses Ly, processes A and traverses R;. However, .
cnceRmc:r er traversal of L; processes D, B and then E, and the inorder traversal

1 Processes C and then F. Hence DBEACF is the inorder traversal of T.
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(c) The postorder traversal of T traverses Ly, traverses Ry, and processes A. However,
the postorder traversal of L; processes D, E and then B, and the postorder

traversal of R; processes F and then C. Accordingly, DEBFCA is the postorder
‘ traversal of T.

A v—"

e ————— A L — e e e

s -
'

Example 7.4

Consider the tree T in Fig. 7.12. The preorder traversal of T is ABDEFCGHILK. This
order is the same as the one obtained by scanning the tree from the left as indicated
by the path in Fig. 7.12. That is, one “travels” down the left-most branch until
meeting a terminal node, then one backtracks to the next branch, and so on. In the
preorder traversal, the right-most terminal node, node K, is the last node scanned.
Observe that the left subtree of the root A is traversed before the right subtree, and
both are traversed after A. The same is true for any other node having subtrees,
which is the underlying property of a preorder traversal.

e TS — I T T TN =

| D ,/-\1 E ;‘{‘ f__\ H
\\ /,( “ % ~—= ,J .
f; Y /.
I T ro oy K
\ / f;
/ / *
f
v S
Fig. 7.12

ey

The reader can verify by inspection that the other two ways of traversing the binary tree in Fig.

7.12 are as follows:
(Inorder) D B
F

E A G CVL J HK
(Postorder) D B

F
E G L J K H C A

Observe that the terminal nodes, D, F, G,; L and K, are traversed in the E-ame order, from left to

right, in all three traversals. We emphasize that this is true for any binary tree T.
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Example'7.7

Let £ denote the following algebraic expression:

[a+(b- )] *[(d-e)/(f+g-h)] _
The corresponding binary tree T appears in Fig. 7.13. The reader can verify by inspec-
tion that the preorder and postorder traversals of T are as follows:

(Preorder) *+a-bc/—de-+f9'£
(Postorder) @ b ¢ - + d e - f g + h - / ¢

The reader can also verify that these orders correspond precisely to the prefix and
postfix Polish notation of £ as discussed in Sec. 6.4. We emphasize that this is true

for any algebraic expression F.
) T *\!
SN N
SN /N /N
b c d e + h
/\
f g

Fig. 7.13

Example 7.8

Consider the binary tree T in Fig. 7.14. The reader can verify that the postorder
traversal of T is as follows: :

| S Se S4 Sy, S5, Ss Se S, M
One main property of this traversal algorithm is that every descendant of any node N
is processed before the node N. For example, S; comes before S4 Sg and S, come

before S,. Similarly, S, and Sg come before S, and S;, Sg and S5 come before S,.
Moreover, all the nodes S,, S,, ..., S come before the root M.

<\
(N O\
A"

Fig. 7.14
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Remark: The reader may be able to implement by inspection the three different traversals of a
binary tree T if the tree has a relatively small number of nodes, as in the above two examples.
Implementation by .inspection may not be possible when T contains hundreds or thousands of
nodes. That is. we nced some systematic way of implementing the recursively defined traversals.
The stack is the natural structure for such an implementation. The discussion of stack-oriented
algorithms for this purpose is covered in the next section.

7.5 TRAVERSAL ALGORITHMS USING STACKS

Suppose a binary tree T is maintained in memory by some linked representation

TREE(INFO. LEFT. RIGHT, ROOT)
This section discusses the implementation of the three standard traversals of T, which were defined
recursively in the last section, by means of nonrccursive procedures using stacks. We discuss the
three traversals separately.

Preorder Traversal

The preorder traversal algorithm uses a variable PTR (pointer) which will contain the location of
the node N currently being scanned. This is pictured in Fig. 7.15, where L(N) denotes the left chiid
of node N and R(N) denotes the right child. The algorithm also uses an array STACK, which will
hold the addresses of nodes for future processing.

PTR[ & 3
L ““\1 /

N> N
z/ \\
L(N) R(N)
/' \ /' \
Fig. 7.15

Algorithm:  Initially push NULL onto STACK and then set PTR := ROOT. Then repeat the
following steps until PTR = NULL or, equivalently, while PTR # NULL.

(a) Proceed down the left-most path rooted at PTR, prbcessing each node
N on the path and pushing each right child R(N), if any, onto STACK.
The traversing ends after a node N with no left child L(N) is processed.
(Thus PTR is updated using the assignment PTR := LEFT[PTR], and
the traversing stops when LEFT[PTR] = NULL.)

(b) [Backtracking.] Pop and assign to PTR the top element on STACK. If
PTR # NULL, then return to Step (a); otherwise Exit.

(We note that the initial element NULL on STACK is used as a sentinel.)
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We simulate the algorithm in the next example. Although the example Rworl;s with t:e Nodeg
themselves, in actual practice the locations of the nodes are assigned to PTR and are pushed Ontg

the STACK. : J

|

Example 7.9 o 1

Consider the binary tree T in Fig. 7.16. We simulate the above algorithm with T,
showing the contents of STACK at each step.

a/ AK‘C
/ RN

i Fig. 7.16

1. Initially push NULL onto STACK:
STACK: 0.
! Then set PTR := A, the root of T.
2. Proceed down the left-most path rooted at PTR = A as follows:
(i) Process A and push its right child C onto STACK:
STACK: @, C.
(if) Process B. (There is no right child.)
(iii) Process D and push its right child H onto STACK:
STACK: @, C, H.
(iv) Process G. (There is no right child.)
No other node is processed, since G has no left child.
3. [Backtracking.] Pop the top element H from STACK, and set PTR := H. This
leaves:
, STACK: ¢, C.
| Since PTR # NULL, return to Step (a) of the algorithm.
. 4. Proceed down the left-most path rooted at PTR = H as follows:
§ (v) Process H and-push its right child K onto STACK:
! STACK: @, C, K.
§ No other node is processed, since H has no left child..
| 5. [Backtracking.] Pop K from STACK, and set PTR := K. This leaves:
- STACK: o, C.
Since PTR # NULL, return to Step (a) of the algorithm.
6. Proceed down the left-most path rooted at PTR = K as follows:
(vi) Process K. (There is no right child.) .
No other node is processed, since K has no left child.

S T

B e —

T . S 137
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7. [Backtracking.] Pop C from STACK, and set PTR := C. This leaves:
STACK: 0. '
Since PTR # NULL, return to Step (a) of the algorithm.
8. Proceed down the left most path rooted at PTR = C as follows:
(vii) Process C and push its right child F onto STACK:
STACK: @, F.
(viii) Process E. (There is no right child.)
9. [Backtracking.] Pop F from STACK, and set PTR := F. This leaves: !
STACK: 0. :
Since PTR # NULL, return to Step (a) of the algorithm.
10. Proceed down the left-most path rooted at PTR = F as follows:
(ix) Process F. (There is no right child.)
? No other node is processed, since F has no left child.
| 11. [Backtracking.] Pop the top element NULL from STACK, and set PTR := NULL.
!._ Since PTR = NULL, the algorithm is completed.

e e A

As seen from Steps 2, 4, 6, 8 and 10, the nodes are processed in the order A, B, D; G, H K, C,

E, F. This is the required preorder traversal of T. _
A formal ‘presentation of our preorder traversal algorithm follows:

Algorithm 7.1: PREORD(INFO, LEFT, RIGHT, ROOT) -
A binary tree T is in memory. The algorithm does a preorder traversal of T,
applying an operation PROCESS to each of its nodes. An array STACK is

used to temporarily hold the addresses of nodes.

1. [Initially push NULL onto STACK, and initialize PTR.]
Set TOP := 1, STACK[1] := NULL and PTR := ROOT.
2. Repeat Steps 3 to 5 while PTR # NULL:
3. Apply PROCESS to INFO[PTR].
4. [Right child?]
if RIGHT[PTR] # NULL, then: [Push on STACK.]
Set TOP := TOP + 1, and STACK[TOP] := RIGHT[PTR].
[End of If structure.]
S. [Left child?]
If LEFT[PTR] # NULL, then:
Set PTR := LEFT[PTR].
Else: [Pop from STACK.]
Set PTR := STACK[TOP] and TOP := TOP - 1.
[End of If structure.]
[End of Step 2 loop.]
6. Exit.
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Inorder Traversal

The inorder traversal algorithm also uses a variable pointer PTR. which will contaim the Jocation of
the node N currently being scanned, and an array STACK, which will hold the addresses of node,
for future processing. In fact, with this algorithin, a node is processed only when it is popped from
STACK.
Algorithm:  Initially push NULL onto STACK (for a sentinel) and then set PTR := ROOT.,
Then repeat the following steps until NULL is popped from STACK.

(a) Proceed down the left-most path rooted at PTR, pushing each node N
onto STACK and stopping when a node N with no left child is pushed
onto STACK.

(b) [Backtracking.] Pop and process the nodes on STACK. If NULL is
popped, then Exit. If a node N with a right child R(N) is processed, set
PTR = R(N) (by assigning PTR := RIGHT[PTR]) and return to Step (a).

- We emphasize that a node N is processed only when it is popped from STACK.

Example 7.10

Consider the binary tree T in Fig. 7.17. We simulate the above algorithm with T,
showing the contents of STACK.

A
/B/ \/\c
D
o .
v i
K L M
Fig. 7.17

1. Initially push NULL onto STACK:
STACK: 0.
Then set PTR := A, the root of T.
2. Proceed down the left-most path rooted at PTR = A, pushing the nodes A, B, D,
G and K onto STACK:
STACK: @, A, B, D, G, K.
(No other node is pushed onto STACK, since K has no left child.)
3. [Backtracking.] The nodes K, G and D are popped and processed, leaving: :
STACK: @, A, B. i
(We stop the processing at D, since D has a right child.) Then set PTR := H, the :
right child of D.
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Proceed down the left-most path rooted at PTR = H, pushing the nodes H and L
onto STACK:

STACK: @, A, B, H, L.

(No other pode is pushed onto STACK, since L has no left child.)
[Backtracking.] The nodes L and H are popped and processed, leaving:
STACK: 0, A, B.

('We stop the processing at H, since H has a right child.) Then set PTR := M, the
right child of H.

Proceed down the left-most path rooted at PTR = M, pushing node M onto STACK:
STACK: 0, A, B, M.

(No other node is pushed onto STACK, since M has no left child.)

[Backtracking.] The nodes M, B and A are popped and processed, leaving:
STACK: 0.

(No other element of STACK is popped, since A does have a right child.) Set
PTR := C, the right child of A.

8. Proceed down the left-most path rooted at PTR = C, pushing the nodes C and E
onto STACK:
STACK: @, C, E.

9. [Backtracking.] Node E is popped and processed. Since E has no right child,

node C is popped and processed. Since C has no right child, the next element,
NULL, is popped from STACK.

5.

7.

The algorithm is now finished, since NULL is popped from STACK. As seen from Steps
3, 5, 7 and 9, the nodes are processed in the order K, G, D, L, H, M, B, A, E, C. This
is the required inorder traversal of the binary tree T.

A formal presentation of our inorder traversal algorithm follows:

Algorithm 7.2: INORD(INFO, LEFT, RIGHT, ROOT)

A binary tree is in memory. This algorithm does an inorder traversal of T,
applying an operation PROCESS to each of its nodes. An array STACK is
used to temporarily hold the addresses of nodes.

1. [Push NULL onto STACK and initialize PTR.]
Set TOP := 1, STACK[1] := NULL and PTR := ROOT.
2. Repeat while PTR # NULL: [Pushes left-most path onto STACK.]
(a) Set TOP := TOP + | and STACK[TOP] := PTR. [Saves node.]
(b) Set PTR := LEFT[PTR]. [Updates PTR.] '
[End of loop.]
3. Set PTR := STA:CK[TOP] and TOP := TOP - 1. [Pops node from
STACK.] "

4. Repeat Steps 5 to 7 while PTR # NULL: [Backtracking.]
S. Apply PROCESS to INFO[PTR].
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6. [Right child?] If RIGHT[PTR] # NULL, then:
(a) Set PTR := RIGHT[PTR].
(b) Go to Step 3.
[End of If structure.]
y Set PTR := STACK[TOP] and TOP := TOP -1. [Pops node.]
[End of Step 4 loop.]
8. Exit.

Postorder Traversal

The postorder traversal algorithm is more complicated than the preceding two algorithms, because
here we may have to save a node N in two different situations. We distinguish between the two
cases by pushing either N or its negative, =N, onto STACK. (In actual practice, the location of N is
- pushed onto STACK, so -N has the obvious meaning.) Again, a variable PTR (pointer) is used
which contains the location of the node N that is currently being scanned, as in Fig. 7.15.

Algorithm: Initially push NULL onto STACK (as a sentinel) and then set PTR := ROOT.
Then repeat the following steps until NULL is popped from STACK.

(@) Proceed down the left-most path rooted at PTR. At each node N of the
path, push N onto STACK and, if N has a right child R(N), push ~R(N)
onto STACK.

(b) [Backtracking.] Pop and process positive nodes on STACK. If NULL
is popped, then Exit. If a negative node is popped, that is, if PTR = = N
for some node N, set PTR = N (by assigning PTR := —PTR) and return
to Step (a). ‘

We emphasize that a node N is processed only when it is popped from STACK
and it is positive.

Consider again the binary tree T in Fig. 7.17. We simulate the above algorithm with T
showing the contents of STACK. _ '

1. Initially, push NULL onto STACK and set PTR := A, the root of T:
STACK: 0.

2. Proceed down the left-most path rooted at PTR =
G and K onto STACK. Furthermore, since A has a r
STACK after A but before B, and since D has
STACK after D but before G. This yields:

STACK: @, A, -C, B, D, -H, G, K.

3. [Backtracking.] Pop and p

only pop -H. This leaves:
STACK: @, A, -C, B, D.

Now PTR = -H. Reset PR = H and return to Step (a). |

.A, pushing the nodes A, B, D
ight child C, push -C onto
a right child H, push -H onto

r

rocess K, and pop and process G. Since -H is negative,

s —
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4. Proceed down th - :
Since H hae o rigehll:e& deo'::: pathhro;ted at PTR = H. First push H onto STACK.
STACK. This given « PuUsh -M onto STACK after H. Last, push L onto
5. [B iTACK: 0,A -C, B, D H -M, L
» LBacktracking.] Pop and process L, but only pop M. Th :
STACK: 0 A ¢ B bk y pop -M. This leaves:

'i 6 ?:): P’LRd- -M. :eset PTR = M and return to Step (a).
; . ceed down the left-most path rooted at PTR = M. Now, only M is pushed
{ onto STACK. This yields: ’ ’
5 STACK: @, A, -C, B, D, H, M.
l 7. [Backtracking.] Pop and process M, H, D and B, but only pop -C. This leaves:
7 STACK: @, A.
E Now PTR = -C. Reset PTR = C, and return to Step (a).
- 8. Proceed down the left-most path rooted at PTR = C. First C is pushed onto

STACK and then E, yielding:
L STACK: @, A, C, E.
- 9. [Backtracking.] Pop and process E, C and A. When NULL is popped, STACK is |

empty and the algorithm is completed.

As seen from Steps 3, 5, 7 and 9, the nodes are processed in the order K, G, L, M, H, |
D, B, E, C, A. This is the required postorder traversal of the binary tree T. '

A formal presentation of our postorder traversal algorithm follows:

Algorithm 7.3: POSTORD(INFO. LEFT, RIGHT, ROOT)

A binary tree T is in memory. This algorithm does a postorder traversal of T.
applying an operation PROCESS to each of its nodes. An array STACK is
used to temporarily hold the addresses of nodes.

1. [Push NULL onto STACK and initialize PTR.]
Set TOP := 1, STACK][1] := NULL ard PTR := ROOT.
2. [Push left-most path onto STACK(]
Repeat Steps 3 to 5 while PTR # NULL:
3. Set TOP := TOP + | and STACK[TOP] := PTR.
[Pushes PTR on STACK.]
4. If RIGHT[PTR] # NULL. ther: [Push on STACK.] _
Set TOP := TOP + | and STACK[TOP] := -RIGHT[PTR].
[End of If structure.] _
S. Set PTR := LEFT[PTR]. [Updates pointer PTR.]
[End of Step 2 loop.] _
6. Set PTR := STACK[TOP] and TOP := TOP - 1.
[Pops node from STACK.]
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7. Repeat while PTR > O: :

(a) Apply PROCESS to INFO[PTR].
(b) Set PTR := STACK|TOP] and TOP := TOP - 1.
[Pops node from STACK.]
[End of loop.] :
8. If PTR < 0, then:

(a) Set PTR := -PTR.
(b) Go to Step 2.

~ [End of If structure.]
9. Exit.

5 7.6 HEADER NODES; THREADS

Consider a binary tree T. Variations of the linked representation of T are frequently used because
certain operations on T are easier to implement by using the modifications. Some of these varia-
tions, which are analogous to header and circular linked lists, are discussed in this section.

Header Nodes

Suppose a binary tree T is maintained in memory by means of a linked representation. Sometimes
an extra, special node, called a header node, is added to the beginning of T. When this extra node
is used, the tree pointer variable, which we will call HEAD (instead of ROOT), will point to the
header node, and the left pointer of the header node will point to the root of T. Figure 7.18 shows
a schematic picture of the binary tree in Fig. 7.1 that uses a linked representation with a header
node. (Compare with Fig. 7.6.)

HEAD

Y

Header node

Y

°
T }
Il!

lel-] —IxH
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Suppose a binary tree T iy empty. Then T w
the header node will contain the nyl| value, Thus the condition
LEFT[HEAD] = NULL
will indicate an empty tree,

Another variati ' ;
artation of the above representation of a binary tree T is to use the header node as a

sentinel. That is. if ; Ak .
18, if a node has an empty subtree, then the pointer field for the subtree will contain

the address o
. ‘1'_35‘3 of the header node instead of the null value. Accordingly, no pointer will ever contain
an invalid address, and the condition

LEFT[HEAD] = HEAD
will indicate an empty subtree.

Threads; Inorder Threading

Co.nsider again the linked representation of a binary tree T. Approximately half of the entries in the
pointer fields LEFT and RIGHT will contain null elements. This space may be more efficiently
used by replacing the null entries by some other type of information. Specifically, we will replace
certain null entries by special pointers which point to nodes higher in the tree. These special
pointers are called threads, and binary trees with such pointers are called threaded trees.

The threads in a threaded tree must be distinguished in some way from ordinary pointers. The
threads in a diagram of a threaded tree are usually indicated by dotted lines. In computer memory,
an extra 1-bit TAG field may be used to distinguish threads from ordinary pointers, or. alterna-
tively, threads may be denoted by negative integers when ordinary pointers are denoted by positive
integers.

There are many ways to thread a binary tree T, but each threading will correspond to a particu-
lar traversal of T. Also, one may choose a one-way threading or a two-way threading. Unless
otherwise stated, our threading will correspond to the inorder traversal of T. Accordingly, in the
one-way threading of T. a thread will appear in the right field of a node and will point to the next
node in the inorder traversal of T; and in the two-way threading of T, a thread will also appear in
the LEFT field of a node and will point to the preceding pode in_ the inorder tr.aversa% of T.
Furthermore, the left pointer of the first node and the right pointer of the last node (‘m thg inorder
traversal of T) will contain the null value wllien T does not have a header node, but will point to the

does have a header node.
he:;i;;rzczgea:i;izlggous one-way threading of a binary tree T which f:orresponds to the preorc.ier
traversal of T. (See Solved Problem 7.13.) On the other han_d. there is no threading of T which

corresponds to the postorder traversal of T.

Example 7.12

’ Consider the binary tree T in Fig. 7.1.

ay inorder threading of T appears in Fig. 7.19(a). There is a thread

(a) The one-w E to node A, since A is accessed after E in the inorder traversal of T.

A from node

il still contain a header node. but the left pointer of

P S s s
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(c) Two-way threading with header node

Py

Fig. 7.19

Observe that every null right pointer has been r
the node K, which is the last node in the inord
(b) The two-way inorder threading of T appears in
thread from node L to node C, since L is acces

eplaced by a thread except for
er traversal of T.

Fig. 7.19(b). There is a left
sed after C in the inorder traversal




(<)

(d)
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of T. Observe that every null left pointer has been replaced by a thread except

for node D, which is the fir.- i '
4 r-;nnode in the inorder tra ) i
threads are the same as in F;rgl; 7.19(a). raversal of T. All the right

The two-way inorder threadin
7.19(c). Here the left thread
nf)de. Otherwise the picture i
Figure 7.7 shows how T may

of D and the right thread of K point to the header
s the same as that in Fig. 7.19(b).

) . be maintained in-memory by using a linked repre-
septatmn. Figure 7.20 shows how the representation should be modified so that
T is a two-way inorder threaded tree using INFO[20] as a header node. Observe
that LEFT[12) = - 10, which means there is a. left thread from node F to node B.
Analogously, RIGHT[17] = - 6 means there is a right thread from node J to
node H. Last, observe that RIGHT[20] = 20, which means there is an ordinary
right pointer from the header node to itself. If T were empty, then we would set

LEFT[20] = - 20, which would mean there is a left thread from the header node
to itself.

INFO LEFT RIGHT

1 K -17 -20
HEAD 2| ¢C 3 6
20 3| G -5 -2
4 14
AVAIL 51 A 10 2
8 6| H 17 1
17 L -2 -17
8 9
9 4
10| B 18 13
11 19
12| F -10 -13
13| E 12 -5
14 15
15 16
16 1
171 J 7 -6
18] D -20 -10
19 0
20 5 20

Fig. 7.20
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‘/7.7 BINARY SEARCH TREES g

-

This section discusses one of the most important data structures in computer science. a bm?ry
search tree. This structure enables one to search fo.r anf:l find an element with an ave;{tgt running
time fin) = O(log, n). It also enables one to easily insert ;nd delete elements. This structure

contrasts with the following structures:

(a) Sorted linear array. Here one can search for and find an element with a running time fln) =
O(log, n), but it is expensive to insert and delete elements. o ‘

(b) - Linked list. Here one can easily insert and delete elements, but it is expensive to search for
and find an element, since one must use a linear search with running time f{n) = O(n).

Although each node in a binary search tree may contain an entire record of data, the definition of
the binary tree depends on a given field whose values are distinct and may be ordered. N
Suppose T is a binary tree. Then T is called a binary search tree (or binary sorted tree) if each
node N of T has the following property: The value at N is greater than every value in the left
subtree of N and is less than every value in the right subtree of N. (It is not difficult to see that this
property guarantees that the inorder traversal of T will yield a sorted listing of the elements of T.)

" Example 7.13

¥

e =55

/ f[ (a) Consider the binary tree T in Fig. 7.21. T is a binary search tree; that is, every
O node N in T exceeds every number in its left subtree and is less than every
;LJ number in its right subtree. Suppose the 23 were replaced by 35. Then T would
\ still be a binary search tree. On the other hand, suppose the 23 were replaced
by 40. Then T would not be a binary search tree, since the 38 would not be
greater than the 40 in its left subtree.

14/38 \ 56
s/ \23 45/‘: \a

¥ /

70
Fig. 7.21

4

(b) Consider the file in Fig. 7.8. As indicated by Fig. 7.9, the file is a binary search
tree with respect to the key NAME. On the other hand, the file is not a binary
search tree with respect to the social security number key SSN. This situation is

similar to an array of records which is sorted with respect to one key but is
unsorted with respect to another key.

e e — AR T S e i, e e i = e
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efinition a bi .
The d on of a binary search tree given in this section

distinct. There is an analogous definit; _ assumes that all the node values are

hich each node N has ton of a binary search tree which admits dupli is, |
whic e as the fOllDWing property: T ich admits duplicates. that is, in
: &

left subtree of N and is less than or el e, s value at N is greater than every value in the
' r'\

finition is used, th . . ' value in the right subtree of N. When this
de » tNE Operations 1n the next section must be modifiegd accordingly

7.8 SEARCHING AND INSERTING IN BINARY SEARCH TREES

ose T is a binar - :
iSnusl::lzting with resllzs;};os'flz“arﬁ? f;rete. r'll'hxs section disclusscs the basic operations of searching and
- rtion algorithm. Th . act, the sear_chlqg and inserting will be given by a single search and
1 BOnim. 1he operation of deleting is treated in the next section. Traversing in T is the
same as traversing in any binary tree; this subject has been covered in Sec. 7.4.

‘ SUPEF’S:& an ITEM of inform‘ation is given. The following algorithm finds the Jocation of ITEM
in the binary search tree T, or inserts ITEM as a new node in its appropriate place in the tree.
(a) Compare ITEM with the root node N of the tree.

(i) If ITEM < N, proceed to the left child of N.
(ii) If ITEM > N, proceed to the right child of N.
(b) Repeat Step (a) until one of the following occurs:
(i) We meet a node N such that ITEM = N. In this case the search is successful.

(ii) We meet an empty subtree, which indicates that the search is unsuccessful, and we insert
ITEM in place of the empty subtree. '

In other words. proceed from the root R down through the tree T until finding ITEM in T or
inserting ITEM as a terminal node in T.

Example 7.14

(a) Consider the binary search tree T in Fig. 7.21. Suppose ITEM = 20 is given.
Simulating the above algorithm, we obtain the following steps:
1. Compare ITEM = 20 with the root, 38, of the tree T. Since 20 < 38, proceed
the left child of 38, which is 14. ‘ |
tC(zlmpare! ITEM = 20 with 14. Since 20 > 14, proceed to the right child of
14, which is 23. ' .
3. Compare ITEM = 20 with 23. SinC

& g:;‘:a:z :gEM - 20 with 18. Since 20 > 18 and 18 does not have a right

child, insert 20 as the right child of 18..
. Figure 7.22 shows the new tre€ with ITEM = _20 inserted. The shaded edges
' indicate the path down through tt}e tree dunnsg the ali’?gﬁhf’b .
(b) Consider the binary search tree T in Fig. '7.9}. ufpﬂos:f,'n " s-am g given.
Simulating the above algorithm, we obtain the following steps:

2.

e 20 < 23, proceed to the left child of 23,
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/‘1 4'\\23 45/ \82

8 .

‘< 70/
20

Fig. 7.22 ITEM = 20 Inserted

1. Compare ITEM = Davis with the root of the tree, Harris. Since Davis < Harris,
proceed to the left child of Harris, which is Cohen.

2. Compare ITEM = Davis with Cohen. Since Davis > Cahen, proceed to the right
child of Cohen, which is Green.

3. Compare ITEM = Davis with Green. Since Davis < Green, proceed to the left
child of Green, which is Davis.

4. Compare ITEM = Davis with the left child, Davis. We have found the location
of Davis in the tree.

P e M P L M L - - = e s e R

Example 7.15

Suppose the following six numbers are inserted in order into an empty binary search
tree:

40, 60, 50, 33, 55, 11

Figure 7.23 shows the six stages of the tree. We emphasize that if the six numbérs
were given in a different order, then the tree might be different and we might have a
different depth.

40 40 \ 40 40
60 \/60 33 60
50 50
(1)ITEM=40  (2) ITEM =60 (3) ITEM = 50 (4) ITEM = 33
/40\ 40
33 80 33/ \eo
/ / '
50 11 50
N\ \
55 55
(5) ITEM = 55 : (6) ITEM = 11

e — T ———

Fig. 7.23
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The formal preséntation of o o
; . Ur search . X . _
which finds the locations of a given ITE;:Ilda:Els?mon algorithm will use the following procedure
its ’

parent. The procedure traverses down the tree

using the pointer PTR and t :
he pointer SAVE for the parent node. This procedure will also be used

in the next section, on deletion.

Procedure 7.4:  FIND(INFO, LEFT. RIGHT, ROOT, ITEM. LOC PAR)

A binary search t ‘o
. ree T is : S
This procedure finds th“ In memory and an ITEM of information is given.

e location LOC of ITEM i :
PAR of ITEM in T and also the location
of the parent of ITEM. There are three special cases:

i -
(1) LOC = NULL and PAR = NULL will indicate that the tree is empty.

W I(;fOTC # NULL and PAR = NULL will indicate that ITEM is the root

(i) LOC = NULL and PAR # NULL will indicate that ITEM is not in T
and can be added to T as a child of the node N with location PAR.
1. [Tree empty?]
If ROOT = NULL, then: Set LOC := NULL and PAR := NULL. and
Return. _
2. [ITEM at root?]
If ITEM = INFO[ROOT], then: Set LOC := ROOT and PAB := NULL,
and Return. :
3. [Initialize pointers PTR and SAVE.]
if ITEM < INFO[ROOT], then:
Set PTR := LEFT[ROOT] and SAVE := ROOT.
Else:
Set PTR := RIGHT[ROOT] and SAVE := ROOT.
[End of If structure.] '
Repeat Steps 5 and 6 while PTR # NULL:
[ITEM found?] '
If ITEM = INFO[PTR], then: Set LOC := PTR and PAR := SAVE,
and Return.
6. If ITEM < INFO[PTR], then:
Set SAVE := PTR and PTR := LEFT[PTR].
Else:
Get SAVE := PTR and PTR := RIGHT[PTR].
[End of If structure.]

[End of Step 4 loop-] . B
7. [Search unsuccessful.] Set LOC := NULL and PAR := SAVE.

8. Exit.

6, we move 10 the left chil
ITEM < IN FO[PTR] or ITEM > INFO[PTR].

nsertion algorithm follows.

nos

d or the right child according to whether
Observe that, in Step

e andid
The formal statement of our search an
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Algorithm 7.5: INSBST(INFO, LEFT, RIGHT, ROOT, AVAIL, ITEM, .LOC) o
A binary search tree T is in memory and an ITEM of information is givep,
This algorithm finds the location LOC of ITEM in T or adds ITEM as a ney
node in T at location LOC.

1. Call FIND(INFO, LEFT, RIGHT, ROOT, ITEM, LOC, PAR).
[Procedure 7.4.]

2. If LOC # NULL, then Exit.

3. [Copy ITEM into new node in AVAIL list.]

4 4 (a) If AVAIL = NULL, then: Write: OVERFLOW, and Exit.
(b) Set NEW := AVAIL, AVAIL := LEFT[AVAIL] and
INFO[NEW] := ITEM.
(¢) Set LOC := NEW, LEFT[NEW] := NULL and :

RIGHT[NEW] := NULL.

4. [Add ITEM to tree.]
If PAR = NULL, then:
Set ROOT := NEW.
Else if ITEM < INFO[PAR], then:
Set LEFT[PAR] := NEW.
Else:

Set RIGHT[PAR] := NEW.
[End of If structure.]
5. Exit.

Observe that, in Step 4, there are three possibilities: (1) the tree is empty, (2) ITEM is added as 2
left child and (3) ITEM is added as a right child.

Complexity of the Searching Algorithm

Suppose we are searching for an item of information in a binary search tree T. Observe that the
number of comparisons is bounded by the depth of the tree. This comes from the fact that we
proceed down a single path of the tree. Accordingly, the running time of the search will be
proportional to the depth of the tree.

Suppose we are given n data items, A A,, ..., Ay, and suppose the items are inserted in order
into a binary search tree T. Recall that there are n! permutations of the n items (Sec. 2.2). Each
such permutation will give rise to a corresponding tree. It can be shown that the average depth of
the n! trees is approximately ¢ log, n, where ¢ = 1.4. Accordingly, the average running time f(n) 1©
search for an item in a binary tree T with n elements is proportional to log, n, that is, f(n) = O(log, n)-

Application of Binary Search Trees

Consider a collection of n data items, A, A,, .... Ay. Suppose we want to find and delete all

duplicates in the collection. One straightl‘orw'ard way to do this is as follows:
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Algorithm A:  Scan the elements

from A, to An (that is, from left to right).
(a) For each element A

i k compare Ay with A, A,, ..., Ak _,, that is, compare
Ag With those elements which precede A;c. i ! l d

(b) If Ay does occur among A A,, ..., Ak _,, then delete AK.
After all elements have been scanned, there wij] be no duplicates

Example 7.16

Suppose Algorithm A is applied to the following list of 15 rumbers:

14,10, 17, 12, 10, 11, 20, 12, 18, 25, 20, 8, 22, 11, 23
Observe that the first four numbers (14, 10, 17 and 12) are not deleted. However,

A; = 10 is deleted, since As; = A,
Ag =12 is deleted, since Ag = A,
A =20 is deleted, since Ay = A;
A =11 is deleted, since A = A

When Algorithm A is finished running, the 11 numbers

14, 10, 17, 12, 11, 20, 18, 25, 8, 22, 23
which are all distinct, will remain.

Consider now the time complexity of Algorithm A, which is determined by the number of
comparisons. First of all, we assume that the number d of duplicates is very small compared with
the number n of data items. Observe that the step involving Ak will require approximately k — 1
comparisons, since we compare Ag with items A, A, ..., Ag _ (lc§s the few thaF may al?eady hav.e
been deleted). Accordingly, the number f(n) of comparisons required by Algorithm A is approxi-
mately

(n-=1n _ 0

0O+1+2+3+ ~+m-2)+@-1=

For example, for n = 1000 items, Algorithm A will require approxi;nately 500 000 comparisons. In
‘ i i 1 ional to n”.
L . time of Algorithm A is proportiona | |
0 hGrSi‘:g r: sl;i:’:rymsr::rr:;i tlree we can give another algorithm to find the duplicates in the set A},
A,, ..., Ay of n data items.

i A,, ..., An. In building the
. . . . search tree T using the elements A}, A,, ..., Ay 18
Algorithm B: 3::ddael:ltgafx from the list whenever the value of Ak already appears in the

tree.
i ' d only with the elements
i .+ B is that each element Ay is compared only '
. :he.mam advantag(; 011: Ai%::tl;:ncan be shown that the average length of sucl? a brancl.l is
appmili':r%:elzr?r:g Ok, tw;ere c'= 1.4. Accordingly, the total number fin) of comparisons required
2
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og, n, that is, fin) = O(n log, n). For example, for n = 1000,
ely 10 000 comparisons rather than the 500 000 comparisong
ase, the number of comparisons for Algorithm B

by Algorithm B is approximately n 1
Algorithm B will require approximat
with Algorithm A. (We note that, for the worst ¢

is the same as for Algorithm A.)
Example 7.17

Consider again the following list of 15 numbers:
14, 10, 17, 12, 10, 11, 20, 12, 18, 25, 20, 8, 22, 11, 23

Applying Algorithm B to this list of numbers, we obtain the tree in Fig. 7.24. The
exact number of comparisons is
0+1+1+2+2+3+2+3+3+3+3+2+4+4+5-38

\17
| \20
8 / 18/ \25
{

\23

Fig. 7.24

On the other hand, Algorithm A requires
0+1+2+3+2+4+5+4+6+7+6+8+9+5+10=172

comparisons.

e

7.9 DELETING IN A BINARY SEARCH TREE

Suppose T is a binary search tree, and sup i :
5 pose an ITEM of info is g1 is secti i
an algorithm which deletes ITEM from the tree T. ' rrntonds given. Khis seetion S
Thf: deletion algorithm first uses Procedure 7.4 to find the location of the node N which
Zontangs I'I‘_EM .and also the location of the parent node P(N). The way N is deleted from the tree
epends primarily on the number of children of node N. There are three cases:




—
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case 2. N has exactly one child, T
in P(N) by the location o

hen N is dejete

d f : : ) )
f the only child of r[(:]l.n T by simply replacing the location of N

48 N is returned to the AVAIL list. ,

| Example 7.18

Consider the bi-nary search tree in Fig. 7.
o Ei ’ n Fig. 7.2 . :
in Fig. 7.25(b). g. 7.25(a). Suppose T appears in memory as

INFO LEFT  RIGHT

ROOT 1 33 0 9

60 3 2 25 8 10

/ \ AVAIL 3| 60 2 7

) ® Gl e o | o
/ Y / Ml |
15 50 66 5 6
/ 6 0

a3 7 75 4 0

8 15 0 0

, 9 44 0 0

10 50 1 0 _l
(a) Before deletions (b) Linked representation

Fig. 7.25

ete node 44 from the tree T in Fig. 7.25. Note that node 44 has
(a) izl’:ﬁsr:: X c::?;ure 7.26(a) pictures the tree after 44 is delete.d, a.nd Fig.
7.26(b) shows the linked representation in memory. The deletion is accom-
plished by simply assigning NULL to the parent node, 33. (The shading indicates -
(b) ;:T:::saen?:es-c)ielete node 75 from the trefe T in Fig. ?.2§ instead of node 44.
hat node 75 has only one child. Figure 7.27(a) p1c'§ures the tree ‘afte.r 75
!&Iote tha d Fig. 7.27(b) shows the linked representation. The deletion is
is dElEtfd;]:dnb gr;an.giﬂg the right pointer of the parent node 60, which
rr:icgc;l:apu‘; 05 ntﬁd to 75, so that it now points to node 66, the only child of 75.

(The shading indicates the changes.)
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ROOT
60 IEI
/ \ AVAIL
=L r [
N\ /
15 50 66
/
33
(a) Node 44 is deleted
Fig. 7.26
FOOT 1
60 3 2
/ \ AVAIL 3
25 66
7 4
N
-15/ 50 5
/ 6
33
;
\
44 8
9
10

ka) Node 75 is deleted
Fig. 7.27

INFO LEFT  RIGHT
1| 33 0 9
2| 25 8 10
3 60 2 7
4| 66 0 0
5 6
6 0
7 75 2 0
8 15 0 0
9 5
10 50 1 0
(b) Linked representation
INFO LEFT RIGHT
33 0 9
25 8 10
60 2 4
66 0 0
6
0
5
15 “ 0 0
44 0 0
50 1 0

(b) Linked representation

(c) Suppose we delete node 25 from the tree T in Fig. 7.25 instead of node 44 or

node 75. Note that node 25 has two children. Also observe that
inorder successor of node 25. Figure 7.28(a) pictures the tree a

node 33 is the
fter 25 is

deleted, and Fig. 7.28(b) shows the linked representation. The deletion is
accomplished by first deleting 33 from the tree and then replacing node 25 b
pode 33. We emphasize that the replacement of node 25 by node 33 is execuged
in memory only by changing pointers, not by moving the contents of a node
from one location to another. Thus 33 is still the value of INFO[1].

R T

S e T
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INFO LEFT RIGHT
ROOT 1| a3 8 10 |

/ ) \ E 2 5
a3 75 AVAIL 3 60 1 7
/ \ / [2] 4 | 66 0 0

156 50 66 5 6

44 - 6 0
. 7 75 4 0
8 15 0 0

:
I% 9 44 0 0
10 L 50 9 0
(a) Node 25 is deleted

{ (b) Linked representation
i -

Fig. 7.
T g. 7.28

Our deletion algorithm will be stated in terms of Procedures 7.6 and 7.7, which follow. The first
procedure refers to Cases 1 and 2, where the deleted node N does not have two children; and the
second procedure refers to Case 3. where N does have two children. There are many subcases
which reflect the fact that N may be a left child, a right child or the root. Also, in Case 2, N may
have a left child or a right child.

Procedure 7.7 treats the case that the deleted node N has two children. We note that the inorder
successor of N can be found by moving to the right child of N and then moving repeatedly to the
left until meeting a node with an empty left subtree.

Procedure 7.6: CASEA(INFO, LEFT, RIGHT, ROOT, LOC, PAR)
This procedure deletes the node N at location LOC, where N does not have
two children. The pointer PAR gives the location of th'e parent of N, or else
PAR = NULL indicates that N is the root node. The pointer C.I-IILD gives the
Jocation of the only child of N. or else CHILD = NULL indicates N has no

children.

ializes CHILD.]
t ﬁ-“féap?[mq _ NULL and RIGHT[LOC] = NULL, then:

Set CHILD := NU}E{T}‘L e
Else if LEFT[LOC] # . then:
Set CHILD = LEFT{LOC].

e Set CHILD := RIGHTILOC]

[End of If structure.]
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2. If PAR # NULL, then:
If LOC = LEFT[PAR], then:
Set LEFT[PAR] := CHILD.
Else:
Set RIGHT[PAR] := CHILD.
[End of If ptrhcture.]

Else:
Set ROOT := CHILD.

[End of If structure.]
3. Return.

Procedure 7.7: CASEB(INFO. LEFT, RIGHT, ROOT, LOC, PAR)
This procedure will delete the node N at location LOC. where N has two
children. The pointer PAR gives the location of the parent of N, or else PAR
= NULL indicates that N is the root node. The pointer SUC gives the location
of the inorder successor of N, and PARSUC gives the location of the parent of
the inorder successor.

1. [Find SUC and PARSUC]

(a) Set PTR := RIGHT[LOC] and SAVE := LOC.
(b) Repeat while LEFT[PTR] # NULL:
Set SAVE := PTR and PTR := LEFT[PTR].
[End of loop.]
(¢) Set SUC := PTR and PARSUC := SAVE.

2. [Delete inorder successor, using Procedure 7.6.]
Call CASEA(INFO. LEFT, RIGHT, ROOT, SUC, PARSUC).
3. [Replace node N by its inorder successor.]

(a) If PAR # NULL., then:
If LOC = LEFT[PAR], then:
Set LEFT[PAR] := SUC.
Else:
Set RIGHT{PAR] := SUC.
[End of If structure.]
Else:
Set ROOT := SUC.
[End of If structure. ]
(b) Set LEFT[SUC] := LEFT[LOC] and
RIGHT[SUC] := RIGHT([LOC].

4. Return.

o W:: can now formally state our deletion algorithm, using Procedures 7.6 and 7.7 as building
ocks.
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. » RIGHT, ROOT, AVAIL, ITEM
A binary search tree T is in memory, )

. . and an ITEM of information is given.
Tflslg!ggﬂthm deletes ITEM from the tree. ' ®
. [Fin

the locations of ITEM : "
Call FIND(INF and its parent, using Procedure 7.4.]

O. LEFT, RIGHT, ROOT, IT ,
2. (ITEM in tree » ITEM, LOC, PAR)

If LOC = NULL, the
3. [Delete node containing ITEM.]
If RIGHT[LOC] & NULL and LEFT[LOC] # NULL, then:
- Call CASEB(INFO, LEFT, RIGHT, ROOT, LOC, PAR).
e:

n: Write: ITEM not in tree, and Exit.

Call CASEA(INFO, LEFT, RIGHT, ROOT, LOC, PAR).
[End of If Structure.]

4. [Return deleted node to the AVAIL list.]

Set LEFT[LOC] := AVAIL and AVAIL := LOC.
S. Exit.

7.10 AVL SEARCH TREES

The binary search tree data structure was discussed in sections ?.7-7.9@0nsidcr the elements A,
B, C, D,..., Z to be inserted into a binary search tree as shown in Fig. 7.29(a). Observe how the
binary search tree turns out to be right skewed. Again the insertion of elements Z, Y, X,...,C, B,
A in that order in the binary search tree results in a left skewed binary search tree (Fig. 7.29(b)).
The disadvantage of a skewed binary search tree is that the worst case time complexity of a search
is O(n). Thérefore there arises the need to maintain the binary search tree to be of balanced height.
By doing so it is possible to obtain for the search operation a time complexity of O(log n) in the

worst case. One of the more popular balanced trees was introduced in 1962 by Adelson-Velskii
and Landis and was known as AVL trees.

—

Right skewed binary Light skewed binary
“search tree search tree

e g

(a) - (b)
Fig. 7.29
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Definition - | _
n AVL tree iff given T and T* |

tree T is 2 _
heights of subtrees T and TF

non empty binar _
‘) to be the

An empty binary tree is an AVL tree. A

to be “the left and rigl;&ﬁsubtreé's of T and h_{g_: ) ;f)d h}(,( e

respectively, T and TR are AVL trees and 1h(T) — ML 7 = &

h(TE) — h(T%) is known as the balance facior {BF) and for an AVL tree the balance factor of a node
can be eithier 0, 1, or -1, -

An AVL search (ree is-a binary searc

Representation of an AVL Search

AVL search trees like binary search trees are
every node registers its balance factor. Figure
tree. The number against each node represen

h tree which is an AVL tree.

Tree

represented using a linked repr
7.30 shows the representation of an AVL search

esentation. However,

ts its balance factor.
(-1

Fig. 7.30 AVL

Searching an AVL Search Tree

Searching an AVL search tree for an element 1s exact
search tree (Illustrated in procedure 7.4).

711 INSERTION IN AN AVL SEARCH TREE

Inserting an element into an AVL search tree in its first phase is similar to that of the one used in
a binary search tree. However, if after insertion of the element. the balance factor of any node in
the tree is affected so as to render the binary search tree unbalanced, we resort to techniques called
Rotations to restore the balance of the search tree. For example, consider the AVL search tree
sho;fn in Fig. 7.30, inserting the element E into the tree makes it unbalanced the tree, since BF(C)

To perform rotations it is necessary to identify a specific node A whose BF(A) is neither 0, 1 of
—1. and which is the nearest ancestor to the inserted node on the path from the inserted node {0 the
root. This implies that all nodes on the path from the inserted node to A will have their balance:
factors to be either 0, 1, or =1. The rebalancing rotations are classified as LL, LR, RR and RL as
{lustrated below, based on the position of the inserted node with reference m‘ A. ‘

ly similar to the method used in a binary

LL rotation: Inserted node is in the left subtree of left subtree of node A
RR rotation: Inserted node is in the right subtree of right subtree of node A
LR rotat@on: Inserted node is in the right subtree of left subtree of node A
. RL rotation: Inserted node is in the left subtree of right subtree of node A
Each of the Totations is explained with an example.
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LL Rotaﬁon L4514

pigure 7.31 illustrates the balancin .
g of an AVL search
tree through LL rotation.

Balanced Unb
AVL search nbalanced AV
tree search tree aftal; Balanced AVL
(+1) insertion 5 ?:;rttlzg ntree after
Insert
into B._x LL Rotatjon
— (8)

Bt L ——

B, : Left subtree of B

Br : Right subtree of B

Ap : Right subtree of A
h : Height

Fig. 7.31

The new element X is inserted in the left subtree of left subtree of A, the closest ancestor node
whose BF(A) becomes +2 after insertion. To rebalance the search tree, it is rotated so as to allow
B to be the root with B; and A to be its left subtree and right child, and Bg and Ag to be the left
and right subtrees of A. Observe how the rotation results in a balanced tree.

]

Example 7.19

AVL search tree after insertion and Fig. 7.32(c) the same after LL rotation.

S — e ——— T

S

s e

|
Insert 36 into the AVL search tree given in Fig. 7.32(a). Figure 7.32(b) shows the \

| e o

RR Rotation

] ing RR rotation. Here the new

i ' tes the balancing of an AVL search tree using .
Elleg::n:;fzs lil;u:l:?right subtree of A. The rebalancing rotation pushes B up to the root with A as
its left child and Bpg as its right subtree, and A, and B as the left and right subtrees of A.

Observe the balanced height after the rotation.

Example 7.20

T

in Fig. 7.34(a)- Figure 7.34(b) shows the

shown
arch tree .34(c) the rebalanced search tree after RR

into the AVL se :
Insert 65 into o and Fig. 7

unbalanced tree after inse
rotation.
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Insert 36

—

Unbalanced
AVL search tree

(b)

/ LL rotation

Balanced AVL search
tree after LL rotation

(c)
Fig. 7.32
Balanced Unbalanced AVL
AVL search search tree after
tree insertion
(=2)
Insert x
into Bg (=1)
— A

Balanced AVL search
tree after rotation

Fig. 7.33
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Insert 65
——

Unbalanced
AVL search tree
(b)

/ RR rotation

Balanced AVL search
tree after RR rotation

()
Fig. 7.34

LR and RL Rotations

The balancing methodology of LR and RL rotations are similar in nature but are mirror images of
one another. Hence we illustrate one of them viz., LR rotation in this sectior.. Fig. 7.35 illustrates

the balancing of an AVL search tree using LR rotation.
In this case, the BF values of nodes A and B after balancing are dependent on the BF value of

node C after insertion. '
If BF (C) = O after insertion then BF(A) = BF(B)=0, after rotation

If BF (C) = -1 after insertion then BF(A) = 0, BF(B) = 1, after rotation
If BF (C) = 1 after insertion then BF(A) = _1, BF(B) = 0, after rotation

Example 7.21 |
| shown in Fig. 7.36(a). Figure 7.36(b) shows the
balancing of the AVL tree using LR
39) = 1 leads to BF(A = 44) = -1 and

L search tree
and Fig. 7.36(c) the re
fter insertion BF(C =
tation.

e

Insert 37 into the AV
imbalance in the tree
rotation. Observe how 2
BF(B = 30) =0 after the 0

ations are called as single rotations and LR and RL are

. : d RR rot .
hmonget ' 2 rotanons,SI;Iian: LR can be accomplished by RR followed by LL rotation and RL

kno:: ” doul:;l'ek:':;a;;OEL followed by RR rotation. The time complexity of an insertion operation
can be accomplis AT
in an AVL tree is given by o(he;ght)-O(log e
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Unbalanced
AVL search tree
Balanced after insertion

AVL search tree
O\

(+1)

InsertxintoG,  (-1)

Balanced AVL search

C_ : Left subtree of C tree after Lg rotation

Cr : Right subtree of C

(+1)

(44)
(0) (0) Insert 37
@ @ e |

(0) (0)

Initial AVL search tree
(a)

Unbalanced
AVL search tree

(b)

/ LR rotation

Balanced AVL search
tree after rotation

(c)
Fig. 7.36
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EXAMPLE  7.22

Construct an AVL search tree by inserting the following elements in the order of their

occurrence. _
64; 1' 44' 26; 13’ 110; 981 85

Insert 64, 1 (64) e
{0)
(+2)
|nserl 14
| . o (_1) LFI rotallon B (0)
(0

Insert 85

_ Fig. 7.37

e E—— B e o A—

m—————————— T O
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7.12 DELETION IN AN AVL SEARCH TREE

The deletion of an element in an AVL search tree proceeds as illustrated in proc_{:durcs 7.6, 7.7 and
algorithm 7.8 for deletion of an element in a binary search tree. However, in the event of ap
imbalance due to deletion, one or more rotations need to be applied to balance the AVL tree.

On deletion of a node X from the AVL tree, let A be the closest ancestor node on the path
from X to the root node, with a balance factor of +2 or =2. To restore balance the rotation is first
classified as L or R depending on whether the deletion occurred on the lcft or right subtree of A,

Now depending on the value of BF(B) where B is the root of the left or right subtree of A, the R
or L imbalance is further classified as RO, R1 and R-1 or LO, L1 and L-1. The three kinds of R
rotations are illustrated with examples. The L rotations are but mirror images of these rotations,

RO Rotation
If BF(B)=0, the RO rotation is executed as illustrated in Fig. 7.38.

AVL search tree Unbalanced AVL search
before deletion of x tree after deletion of x
2
2) 42)
Delete x (0) A
: B - _T_
Bg h-1
Al 1B
Balanced AVL search h x
tree after RO Rotation Y T

x : node to be deleted

/RO rotation

Fig. 7.38

Example 7.23

Delete 60 from the AVL search tree shown in Fig. 7.39(a). This calls for RO rotation to
set right the imbalance since deletion occurs to the right of node A = 46 whose BF(A
= 46) = +2 and BF(B = 20) = 0. Figure 7.39(b) shows the imbalance after deletion
and Fig. 7.39(c) the balancing of the tree using RO rotation.




7.L3

AVL search tree
before delenOn B Unbalanced AVL search tree
(@) after deletion of 60

(b)

/ RO rotation -

Balanced AVL search tree after RO rotation
(c)
Fig. 7.39

R1 ROTATION

If BF(B) = 1, the R1 rotation as illustrated in Fig. 7.40 is executed.

Example 7.24

Delete 39 from the AVL search tree as shown in Fig. ?.41-(a). This calls for R1 rotation
to set right the imbalance since deletion occurs to the right of node A = 37 whose
BF(h = 37 = +2 and BF(B = 26) = 1. Figure 7470 shows the imbalance after
deletion and Fig.7.41(c) the balancing of the tree using R1 rc_;tat1_on._

S AL W T

R-1 Rotation

If BF(B) = -1, the R-1 rotation as illustrated in Fig. 7.42 is executed.

B———
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AVL search tree Unbalanced AVL search
before deletion of x tree after deletion of x

(+2)

Delete x

x.‘__:-_).)
1 D
Y

Balanced AVL search
tree after R1 rotation

Fig. 7.40

Delete 39 B o) ©)

Unbalanced AVL search tree
after deletion of 39
(b)

%}1 rotation

AVL search tree
before deletion

Balanced AVL search tree after R1 rotation
(c)

Fig. 7.41

N4



Trees ' 7 .45

/"/{—_

AVL search tree before
deletion of x

Unbalanced AVL search
tree after deletion of x

Balanced AVL search tree
after R-1 Rotation

Fig. 7.42

' Example 7.25

ee shown in Fig. 7.43(a). This calls for R-1 rotation
deletion occurs to the right of node A = 44 whose
_ _1. Figure 7.43(b) shows the imbalance after

of the tree using R-1 rotation.

s

Delete 52 from the AVL search tr
to set right the imbalance since
BF(A = 44) = +2 and BF(B = 22)
deletion and Fig. 7.43(c) the balancing

e gt 8 AT

SRSl Gl

EXAMPLE 7.26

h tree shown in Fig. 7.44(a) delete the listed elements:

! Given the AVL searc
120, 64, 130

R et T O P
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Delete 52
—
. (0)
AVL search tree . Unbalanced AVL search tree
before deletion C (0 after deletion
(0) (b)
(a) :
A
(0) %-1 Rotation

(0)

Balanced AVL search tree after R-1 Rotation
(c) '
Fig. 7.43

/.13 m-WAY SEARCH TREES

All the data structures discussed so far favor data stored in the internal memory and hence support
internal information retrieval. However, to favor retrieval and manipulation of data stored in
external memory, viz., storage devices such as disks etc., there is a need for some special data
structures. m-way scarc‘:_}btrees.’B trees. and B trees are examples of such data structures which
find application in problems such as file indexing. _

m-way search trees are generalized versions of binary search trees. The goal of m-way search
tree 1s to minimize the accesses while retrieving a key from a fi'le:. However, an m-way search tree
of height 4 calls for O(h) number of accesses for an insert/delete/retrieval operation. Hence it pays
to ensure that the height 4 is close to log,,(n +1), because the number of elements in an m-way
search tree of height A ranges from a minimum of 4 to a maximum of m" —1. This implies. that an
m-way search tree of n elements ranges from a minimum height of log,(n +1) to a maximum
neight of n. Therefore there arises the need to maintain balanced m-way search trees. B trees are
baJanced m-way search trees.

-

Definition
An m-way search tree T may be an empty tree. If T is non empty, it satisfies the following
properties: ‘ ' - :: : ‘ ’

(i) For some integer m, known as order of the tree, each node is of degree which can reach a
maximum of m, in other words, each node has, at mést m child hodes. A node ‘may be
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(+1)

,\128
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o (1)
w&“/l Ny (
CPNRCTYCE

{0)
26

(0)

110
@ (0)

(+1)

(1)

(+1)

Delete 120 ()
(0)
64
(0) (0)
26 85
Delete 64:
Delete 130: A

(K], A ) (KQD Az)
the pomterq t
ere k< m,

R

nted as Ag
andA,,0<z<m- | are
(i) If a node has K ! child nodes wh
Ky contamed in the node suc
keys in the subtrees into k subsets.

represe
0

h that

RO rotation (+1)

——

Fig. 7.44

(Kypts Am-1) WhETE, K, 1 <i<m- 1 are the keys

subtrees of

then the no
K < K ol and each of the keys partm

de can have only (k - 1) keys K, K,
ons all the
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(iii) For a node A, (K, A,), (Ky Ay)....(K,y _ 1, Ay 1) all key values in the subiree pointed to by
. A; are less than the key K, .0 < i < m — 2, and all key values in the subtree pointed to by

Am | are greater than K

m-1

(iv) Each of the subtrees A, 0 < i < m — | are also m-way search trees.

An example of a 5-way search tree is skown in Fig. 7.45. Observe how each node has at most s
child nodes and therefore has at most 4 keys contained in it. The rest of the properties of an m-way
search tree can also be verified by the example.

f

(g [ 44.] 76 [198]

[148] 151[172] 186 | [272] 286 350

lrle]n]n]afjelelsl=]

Fig. 7.45

7.14 SEARCHING, INSERTION AND DELETION IN AN m-WAY SEARCH
TREE

Searching an m-Way Search Tree

Searching for a key in an m-way search tree is similar to that of binary search trees. To search for
77 in the 5-way search tree, shown in Fig. 7.45, we begin at the root and as 77 > 76 > 44 > 18,
move to the fourth subtree. In the root node of the fourth subtree, 77 < 80 and therefore we move
to the first subtree of the node. Since 77 is available in the only node of this subtree, we claim 77
was successtully searched.

To search for 13, we begin at the root and as 13 < 18, we move down to the first subtree. Again,
since 13 >12 we proceed to move down the third subtree of the node but fall off the tree having
encountered a null pointer. Therefore we claim the search for 13 was unsuccessful.

Insertion in an m-Way Search Tree

To insert a new element into an m-way search tree we proceed in the same way as one would in



18 | 44 [ 76 | 198

1
AN
/

|

“‘ﬂ . 130192\141]\262[

/\j L‘xix[/‘ [xl/l
/

Insert 6

had
-
X

|
B

l

‘T 10 77

[1a8]151]172] 186] 272 | 286 | 350

T ] O] =T 1

Insert146 — -
-— =

Fig. 7.46

Deletion in an m-Way Search Tree
Let K be a key to be deleted from the m-way search tree. To delete the key we proceed as one

would to search for the key. Let the node accommodating the key be as illustrated in Fig. 7.47.

. K Key
Aj Aj Pointers to subtrees

= A = lete K. g :
g ((':; ; t}} 5;;‘7 Ui.L-)‘ I;CSLT) ctk?e“ choose the largest of the key elements K’ in the child node
i v A) =

’ i ' ’ 1l for
- » and replace K by K’. Obviously deletion of K may ca
ls)otl)nted to by /};, dele;et;:i key K o eleliions in a similar manner, to enable the key K" move up
ubsequent replaceme

the tree. f the key elements K” from the subtree
se the smallest of the Key '

.I f (';f = NUILE: $j1¢ Ngf?nah:pi::: by K”. Again deletion of K” may trigger subsequent

pointed to by A;, deleté :

replacements and deletions t0

d therefore d
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If (A; # NULL, Aj # NULL) then choose either the largest of the key elgments K’ in the subtree
pointed to by A; or the smallest of the key elements K” from the subtree pointed to by A; to replace
K. As mentioned before, to move K’ or K” up the tree it may call for subsequent replacements ang

_deletions.

We illustrate deletions on the 5-way search tree shown in Fig. 7.45. To delete 151, we search
for 151 and observe that in the leaf node [148. 151, 172, 186] where it is present, both its left
subtree pointer and right subtree pointer are such that (A; = A; = NULL). We therefore simply

" delete 151 and the node becomes [148. 172, 186] . Deletion of 92 also follows a similar process.

To delete 262, we find its left and right subtree pointers A; and A; respectively, are such that
(A; = NULL, A; # NULL). Hence we choose the smallest element 272 from the child node [272,
286, 300], delete 272 and replace 262 with 272. Note that, to delete 272 the deletion procedure
needs to be observed again. Figure 7.48 illustrates the. deletion of 262.

Delete 262 and
replace with
272

| 18 | 44[76'198|“

Y

7 [ 12 | 80 [ 92 [141]
x

b [>] ] le/
| | | |~

-

@

| i1o| J??i ]143[151]172[136] | 286 | 350

O] [~ [ <] [~ ~]

x | x

Fig. 7.48

To delete 12, we find the node [7, 12] accommodates 12 and the key satisfies (A; # NULL,
Aj = NULL). Hence we choose the largest of the keys from the node pointed to by A,, viz., 10 and |
replace 12 with 10. Figure 7.49 illustrates the deletion of 12, ' '

Delete12and | 18 | 44 | 76 [ 198]

replace with [ | x l - | ' |
U :
7 | 10 | 80 | 92 [ 141] 262

L D T ]

8 77 | 148] 151] 172] 186] | 272] 286 [ 350]
L Lo e D) e D T T > [ x [ *]

Fig. 7.49
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Example 7.27
A 3-way search tree constructed out of an empty search tree with the following keys
in the order shown, is illustrated in Fig. 7.50:
D,K,P,V,A, G

Insert D: Insert K:

EXER | T ]

Insert P, V:

Insert A, G:

m/%xﬁ

ERER ] [~ ~

x

Fig. 7.50
Deletion of A and K in the 3-way search tree of Fig. 7.51 yields:

Fig 7 51

-
R A R e A L - R

7.15 B TREES

m-way search trees have the advantage of minimizing file accesses due tq their restricted height.
However it is ‘essential that the height of the tree be kept as low as possible and therefore there



- what is defined as a B tree.

- . : ructures ‘
Data St x\

alanced m-way search )
way search trees. Such a b - Wi -;-t-r'-_gg-js

arises the need to maintain balanced m-
S .

Definition

A B-tree of order m, if non empty,’

(i) the root has at least two child nodes and at most

is an m-way search tree in which:

m child nodes

(ii) the internal nodes except the root have at least (E—] child nOde and at most m chilg

nodes. £ child
(iii) the number of keys in each internal node is one less than the numllncr' o} c 1 H‘Odcs and
these keys partition the keys in the subtrees of the node in a manner similar to that of m-way

search trees.

(iv) all leaf nodes are on the same lqvel
| nodes are of degree 2 or 3 only.

A B-tree of order 3 is referred to as 2-3 tree since the interna

"~ Example 7.28

The tree shown in Fig. 7.52 is a B tree of order 5. All the properties of the B tree can
be verified on the tree.

10]18] 21 .{36“0]42] [46]47] ~ [49]s1]s2] [58]ez2] [67]75] {aflsa[mo]ﬁg_%

FIEE T Bl=Ted=1 BH>TE] FLETE] [RTxIx] [ef=Tx] [«<TT2ixlx]|

o
|

D Pointers to subtrees [j Key fields [Z, Null pointers
Fig. 7.52

e,

e LT L E eSS —

7.16 SEARCHING, INSERTION AND DELETION IN A B-TREE

Searching a B-tree

Searching for a key in a B-tree is similar to the one on an m-way search tree. The number of
accesses depends on the height 4 of the B-tree.
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Insertion in a B-tree

The insertion of a key in a B-tree proceeds as if one were searching for the key in the tree. When
the search terminates in a failure at a leaf node and tends to fall off the tree, the key is inserted
according to the following procedure:

If the leaf node in which the key is to be inserted is not full, then the insertion is done in the
node. A node is said to be full if it contains a maximum of (m — 1) keys, given the order of the B-
tree to be m. _

If the node were to be full, then insert the key in order into the existing set of keys in the node,
split the node at its median into two nodes at the same level, pushing the median element up by
one level. Note that the split nodes are only half full. Accommodate the median element in the
parent node if it is not full. Otherwise repeat the same procedure and this may even call for
rearrangement of the keys in the root node or the formation of a new root itself.

Thus a major observatidn pertaining to insertion in a B-tree is that, since the leaf nodes are all at
the same level, unlike m-way search trees, the tree grows upwards.

Example 7.29

Consider the B-tree of order 5 shown in Fig. 7.53. Insert the elements 4, 5, 58, 6 in
the order given. '

[8 [96]116

| [ |

/
M}Iss 86 tmmno | [137]1es
Lx‘x\xlrx x—[‘f. xlx rxlxli[xlx\xl

Fig. 7.53

i

The insertion of the given elements is shown in Fig. 7.54. Note how insertion of 4,
5 is easily done in the first child node of the root since the node is not full. But
during the insertion of 58, the second child node of the root, where the insertion
needs to be done is full. Now we insert the key into the list of keys existing in the
node in the $orted order and split the node into two nodes at the same level at its
median, viz., 55. Push the key 55 up to accommodate it in the parent node which is
not full. Thus the key 58 is inserted.

The insertion of 6 is interesting. The first child node of the root where its place is
due, is full. Now the node splits at the median pushing 5 up. But the parent node
viz., the root, is also full. This in turn forces a split in the root node resulting in
the creation of a new root which is 55.

It needs to be highlighted that all the keys in the node should be ordered every
time there is a rearrangement of keys in a node.
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Insertd4, 5 8 96 | 116

CT T 1 |
R 4 N
[2]4[5]7]  [o7]a6[55]86] i1o4]11o\ 13711?5,{5
I.xlxl*l"lxllx|x|x|x]x4]I:xlxli xl

Insert 58: . ] : | = I 5 |115L
I

. [
Ss
i kA EE| B EI KR

J
ol
L

Insert 6:

7] [a7]4] [58]ee] [toa[110]  [137]145]
EEEE B R R
Fig. 7.54

Deletion in a B-tree

While deleting a key it is desirable that the keys in the leal node are removed. However when a
case arises forcing a key that is in an internal node to be deleted, then we promote a successor or a

predecessor of the key to be deleted, to occupy the position of the deleted key and such a key is

bound to occur in a leaf node (How?).
While removing a key from a leaf node, if the node contains more than the minimum number of

elements, then the key can be easily removed. However, if the leaf node contains just the minimum
number of elements, then scout for an element from either the left sibling node or right sibling
node to fill the vacancy. If the left sibling node has more than the minimum number of keys, pull
the largest key up into the parent node and move down the intervening entry from the parent node
to the leaf node where the key is to be deleted. Otherwise, pull the smallest key of the right sibling
node to the parent node and move down the intervening parent element to the leaf node.

If both the sibling nodes have only minimum number of entries, then create a new leaf node out
of the two leaf nodes and the intervening element of the parent node, ensuring that the total
number does not exceed the maximum limit for a node. If while borrowing the intervening element
from the parent node, it leaves the number of keys in the parent node to be below the minimum
number, then we propagate the process upwards ultimately resulting in a reduction, of height of the

B-tree.
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Example 7.30

Deletion of keys 95, 226, 221 and 70 on a given B-tree of order 5 is shown in

Fig. 7.55. The deletion of key 95 is simple and straight since the leaf node has more
than the minimum number of elements. To delete 226, the internal node has only the
minimum number of elements and hence borrows the immediate successor viz., 300
from the leaf node which has more than the minimum number of elements. Deletion
of 221 calls for the hauling of key 440 to the parent node and pulling down of 300
to take the place of the deleted entry in the leaf. Lastly the deletion of 70 is a little
more involved in process. Since none of the adjacent leaf nodes can afford lending a
key, two of the leaf nodes are combined with the intervening element from the parent
to form a new leaf node, viz., [32, 44, 65, 81] leaving 86 alone in the parent node.
This is not possible since the parent node is now running low on its minimum number
of elements. Hence we once again proceed to combine the adjacent sibling nodes of
the specified parent node with a median element of the parent which is the root.
This yields the node [86, 110, 120, 440] which is the new root. Observe the
reduction in height of the B-tree.

e e e

Example 7.31

On the B-tree of order 3 shown in Fig. 7.56, perform the following operations in the
order of their appearance:

Insert 75, 57 Delete 35, 65
The B-tree after the operations is shown in Fig. 7.57

S— - = e ——————— i R A — T

7.17 HEAP; HEAPSORT

This section discusses another tree structure, called a heap. The heap is used in an elegant sorting
algorithm called heapsort. Although sorting will be treated mainly in Chapter 9, we give the
heapsort algorithm here and compare its complexity with that of the bubble sort and quicksort
algorithms, which were discussed, respectively, in Chaps. 4 and 6.

Suppose H is a complete binary tree with n elements. (Unless otherwise stated, we assume that
H is maintained in memory by a linear array TREE using the sequential representation of H, not a
linked representation.) Then H is called a heap, or a maxheap, if each node N of H has the
following property: The value at N is greater than or equal to the value at each of the children of
N. Accordingly, the value at N is greater than or equal to the'value at any of the descendants of N.
(A minheap is defined analogously: The value at N is less than or equal to the value at any of the

children of N.)
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B-tree of order 5;

| 300 | 440 | 550 [ 601]

alba kb T T

115118 [ 200
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[92]44] [70]81] [oo]es100].

Delete 95, 226:

32 (44| [7o]s1]  [90]100] [115[11ﬂ [200]221]  [440]550]601]

i
Bl L PR T A B T A T T T T g

Delete 221:

[32] a4 | [1151118]  [200[300]  [ss0]601]

[70] 8]
LI*I7L| =11 TG ]

Delete 70:

| 86 [110]120]440]

[

L [ ] ] |
=
[32]4a]65[81] [90]100] [115|11m

I I I [ R N S S R A S S S

‘Fig. 7.55
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Example 7.32

Cons_1der the complete tree H in Fig. 7.58(a). Observe that H is a heap. This means, in
particular, that the largest element in H appears at the “top” of the heap, that is, 'at
the root of the tr.ee. Figure 7.58(b) shows the sequential representation of H by the
array TREE. That is, TREE[1] is the root of the tree H, and the left and right children
of node TREE[K] are, respectively, TREE[2K] and TREE[2K + 1]. This means, in particu-
lar, that the parent of any nonroot node TREE[J] is the node TREE[J + 2] (where

J + 2 means integer division). Observe that the nodes of H on the same level appear
one after the other in the array TREE.

e -

Inserting into a Heap
Suppose H is a heap with N elements, and suppose an ITEM of information is given. We insert
ITEM into the heap H as follows:

(1) First adjoin ITEM at the end of H so that H is still a complete tree, but not necessarily a

heap.
(2) Then let ITEM rise to its “appropriate place” in H s0 that H is finally a heap.

We illustrate the way this procedure works before stating the procedure formally.

Example 7.33

Consider the heap H in Fig. 7.58. Suppose we want to add_ ITEM = ?gRt;El-:lz'1ﬁiSt7ge
adjoin 70 as the next element in the complete tree; that 15, we se;ch O(Et o]f;{ 15-
Then 70 is the right child of TREE[10] = 48. The Path from ?(:;% ' eﬂ:e i
pictured in Fig. 7.59(a). We now find the appropriate place ot /&1n p

follows:

. o e A A B i S TR
—
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Insert 75:

Insert 57:

Delete 35:;

Delete 65:
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1 40 3

(a) Heap
TREE |
|97|88|95(66]55|95[48]66]35]a8[5562[77]25]a8] 18] 40[ 30[ 26[24]
1 2 3456 7 8 91011121314 15 16 17 18 19 20
(b) Sequential representation

F\g 7.58

(a) Compare 70 with its parent, 48. Since 70 is greater than 48, interchange 70 and
48; the path will now look like Fig. 7.59(b).

(b) Compare 70 with its new parent, 55. Since 70 is greater than 55, interchange 70
and 55; the path will now look like Fig. 7.59(c).

97 97 97

- &
- S
@ 55

@ 48
(@) (c)

\95 .
< / \48 A
95 5/ N

N
7

4

@

/N

62 77 2 38
24 48

o 26 |
A Fig. 7.59 ITEM = 70 15 Inserted
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(c) Compare 70 with its new parent, 8
has risen to its appropriate place i

8. Since 70 does not exceed 88, ITEM = 70
n H.

—_—

Figure 7.59(d) shows the final tree. A

dotted line indicates that an exchange‘has
taken place. :

Re;ﬁark: One must verify that the above procedure does always yield a heap as a fipz}l trfte, that js,
that nothing else has been disturbed. This is easy to see, and we leave this verification to the

reader.
Example 7.34
Suppﬁse we want to build a heap H from the following list of numbers:
44, 30, 50, 22, 60, 55, 77, 55
This can be accomplished by inserting the eight numbers one after the other into an
empty heap H using the above procedure. Figure 7.60(a) through (h) shows the
respective pictures of the heap after each of the eight elements has been inserted.

Again, the dotted line indicates that an exchange has taken place during the inser-
tion of the given ITEM of information.

44 44 50
/ / B ~
30 30 44
(a) ITEM = 44 (b) ITEM =30 (c) ITEM = 50
' 50_ | 60
\. : - - - \
30 44 50 44
e N '
22 22 30
(d) ITEM = 22 (6) ITEM = 60
60 77,
/ \ / T
50 55 50 60
/ \ i / \ / \\
22 30 44 22 30 44 55
(f) ITEM =55 | (9) ITEM =77
/?7\ |
55 60
// \\ / \
50 30 44 55
//
22
(h) ITEM = 55

Fig. 7.60 Building a Heap
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The formal statement of our insertion procedure follows: ‘

procedure 7.9: INSHEAP(TREE, N, ITEM)

A heap H with N elements is stored in the array TREE, and an ITEM of

inf S B o _ , _
ormation is given. This procedure inserts ITEM as a new element of H

PTR gives the location g e
. n of ITEM as it rises in the tree, and
location of the parent of ITEM. PAR denotes the

1. [Add new node to H and initialize PTR.]

Set N:= N + | and PTR := N,
[Find location to insert ITEM.]
Repeat Steps 3 to 6 while PTR < 1.

Set PAR := | PTR/2]. [Location of parent node.]
4. If ITEM < TREE[PAR]. then:
Set TREE[PTR] := ITEM,-and Return.
[End of If structure.]

S. Set TREE[PTR] := TREE[PAR]. [Moves node down.]
6. Set PTR := PAR. [Updates PTR.]

|End of Step 2 loop.]
7. [Assign ITEM as the root of H.]

Set TREE[I] := ITEM.
8. Return.

2

o

Observe that ITEM is not assigned to an element of the array TREE until the appropriate place for
ITEM is found. Step 7 takes care of the special ‘case that ITEM rises to the root TREE[1].
Suppose an array A with N elements is given. By repeatedly applying Procedure 7.9 to A, that
is, by executing : ‘
' Call INSHEAP(A, J. All ~ . ])

forJ=1,2, ....N -1, we can build a heap H out of the criay A.

Deleting the Root of a Heap

Suppose H is a heap with N elements. and suppose we want to delete the root R of H. This is
accomplished as follows:
(1) Assign the root R to some variable ITEM. ‘
(2) Replace the deleted node R by the last node L of

mecessarily a heap. |
(3) (Reheap) Let L sink to its approp

H so that H is'still a complete tree, but not

riate place in H so that H is finally a heap.

e works before stating the procedure formally.

Again we illustrate the way the procedur
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‘Example 7.35

a), where R = 95 is the root and L = 22 is the

last node of the tree. Step 1 of the above procedure deletes R = 95, and Step 2
replaces R = 95 by L = 22. This gives the complete tree in Fig. 7.61(b), which is
not a heap. Observe, however, that both the right and left subtrees of 22 are
still heaps. Applying Step 3, we find the appropriate place of 22 in the heap as

; Consider the heap H in Fig. 7.61(

i follows:
@)
85 /\70 85/ \70
FANFAN PN
15/ '>015/ 15/ >0 15/

(a) (b)

N N

SN SN NN

/\ / “ \ / )
conE (c) o (d)

Fig. 7.61 Reheaping

(a) Compare 22 with its two children, 85 and 70. Since 22 is less than the larger
child, 85, interchange 22 and 85 so the tree now looks like Fig. 7.61(c).

(b) Compare 22 with its two new children, 55 and 33. Since 22 is less than the
larger child, 55, interchange 22 and 55 so the tree now looks like Fig. 7.61(d).

() Compare 22 with its new children, 15 and 20. Since. 22 is greater than both
children, node 22 has dropped to its appropriate place in H.

T b e

R R S s e N

Thus Fig. 7.61(d) is the required heap H without its original root R.

Remark: As with inserting an element into a heap, one must verify that the above procedure does
always yield a heap as a final tree. Again we leave this verification to the reader. We also note that
Step 3 of the procedure may not end until the node L reaches the bottom of the tree, i.e., until L
has no children.
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The fo_“.n?l statement of our procedure follows

“procedure 7.10: DELHEAP(TREE, N, ITEM)

A . ‘

Iassl":gesg tlk-lle ":;Lht ?Rféements. is stored in the array TREE. This procedure
fe Rt e ’[E'iEl'l o.t. H to the variable ITEM and then reheaps the
ot 68 1. Ths 0?‘.1 P vz‘xrmhle LAST saves the value of the original last
o Tt lef; and rl:;' ‘mSI PTR, LEFT and- RIQH'F give the locations of LAST

ght children as LAST sinks in the tree.
;‘ §°t ITEM := TREE]1]. [Removes root of H.]
. Set LAST := TREE([N] and N := N - 1. [Removes last node of H.]

3. Set PTR := 1, LEFT := 2 and RIGHT := 3. [Initializes pointers.]
4. Repeat Steps 5 to 7 while RIGHT < N:

Ll

S. If LAST > TREE[LEFT] and LAST = TREE{RIGHT], then:
Set TREE[PTR] := LAST and Return. |
) | [End of If structure.]
6. IF TREE|RIGHT] < TREE[LEFT], then:
Set TREE[PTR] := TREE[LEFT] and PTR := LEFT.
Else:
Set TREE[PTR] := TREE[RIGHT] and PTR := RIGHT.
{End of If structure.] -
2

Set LEFT := 2+PTR and RIGHT := LEFT + L.
[End of Step 4 loop.]

8. It LEIT = N and if LAST < TREE[LEFT], then: Set PTR := LEFT.
9. Set TREE[PTR] := LAST.
10. Return.

The Step 4 loop repeats as long as LAST has a right child. Step 8 takes care of the special case
in which LAST does not have a right child but does have a left child (which has to be the last node
in H). The reason for the two “[f’ statements in Step 8 is that TREE[LEFT] may not be defined
when LEFT > N.

Application to Sorting

Suppose an arréy A with N elements is given. The heapsort algorithm to sort A consists of the two
following phases:
Phase A: Build a heap H out of the elements of A.

Phase B: Repeatedly delete the root element of H.

p .

follows.
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i .11: HEAPSORT(A, N) . S —
Algorithm 7.11 An array A with N elements is given. This algorithm sorts the elements of A

1. [Build a heap H, using Procedure 7.9.]
Repeat forJ = 1to N - I: :
Call INSHEAP(A, J, A[J + 1]).

[End of loop.] - |
2. [Sort A by repeatedly deleting the root of H, using Procedure 7.10,]

Repeat while N > 1:
(a) Call DELHEAP(A, N, ITEM).
(b) Set A[N + 1] := ITEM.

[End of Loop.]
3. Exit.

The purpose of Step 2(b) is to save space. That is, one could use another array B to hold the
sorted elements of A and replace Step 2(b) by _

Set B[N + 1] := ITEM

However, the reader can verify that the given Step 2(b) does not interfere with the algorithm, since
A[N + 1] does not belong to the heap H.

Complexity of Heapsort

Suppose the heapsort algorithm is applied to an array A with n elements. The algorithm has two
phases, and we analyze the complexity of each phase separately.

Phase A. Suppose H is a heap. Observe that the number of comparisons to find the appropriate
place of a new element ITEM in H cannot exceed the depth of H. Since H is a complete tree, its
depth is bounded by log, /m where m is the number of elements in H. Accordingly, the total number
g(n) of comparisons to insert the n elements of A into H is bounded as follows:

g(n) < nlog, n

Consequently, the running time of Phase A of heapsort is proportional to n log, n.

Phase B. Suppose H is a complete tree with m elements, and suppose the left and right subtrees
of H are heaps and L is the root of H. Observe that reheaping uses 4 comparisons to move the node
L one step down the tree H. Since the depth of H does not exceed log, m, reheaping uses ‘at most 4
log, m comparisons to find the appropriate place of L in the tree H. This means that the total
number /(n) of comparisons to delete the n elements of A from H, which requires reheaping n
times, is-bounded as follows:

h(n) < 4n log, n

Accordingly, the running time of Phase B of heapsort is also proportional to n iogz n.

Since each phase requires time proportional to n log, n, the running time to sort the n-element
array A using heapsort is proportional to » log, n, that is, fin) = O(n log, n). Observe that this
gives a worst-case complexity of the heapsort algorithm. This contrasts with the following two
sorting algorithms already studied:
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(1) Bubble sort (Sec. 4.6). The running ti
g time of bubble sort is O(n?),

2) Quicksort (Sec. 6.5). The average running t;
. . 4 g time of quicksort. i
heapbort, but the worst-case running time of quicksogl;:,.(:lgfgjlsthO(n logzn){) Bl ~ e
, the same as bubb.= surt.

otﬁer sorting algorithms are investigated in .Chap[cr .
148 PATH LENGTHS; HUFFMAN'S ALGORITHM

Recall that an extended binary tree or 2-tree is a binar : ‘

: ; . : tree T i . )

cmldret}. The nodes w1tb 0 children are called extemle nodesfna‘:glf:eesgge[;mz;a; clthero o

called internal nodes. Figure 7.62 shows a 2-tree where the internal nodes arcw(;cnot (;h:)ldrep ‘;

and the external nodes are denoted by squares. In any ot ifie. rinmben INeof eal el y circl:

more than the number N; of internal nodes; that is, g of external nodes is
NE = N! + 1 .

For example, for the 2-tree in Fig. 7.62, N, =6, and Ng=N; + 1=1.

Fig. 7.62

Frequently, an algorithm can be represented by a 2-tree T where the internal nodes represe
tests and the external nodes represent actions. Accordingly, the running time of the algorithm mi
depend on the lengths of the paths in the tree. With this in mind, we define the external path leng

Lg of a 2-tree T to be the sum of all path lengths summed over each path from the root Rof Tto ¢ °
external node. The internal path length Lyof T s defined analogously, using internal nodes inste« °

of external nodes. For the tree in Fig. 7.62,
L£=2+2+3+4+4+3+3=21 and L;=0+1+i+2+3+2=9_
Observe that '
| L,+2n=9‘+2-6=9+12-—--21=LE
where n = 6 is the number of internal nodes. In fact, the formula
Lg=L;+ 2n

is true for any 2-tree with 72 internal nodes.
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des, and suppose each of the external nodes is assigneq

. . 0 . )
Suppose T is a 2-tree with n external n | ith fength P f the tree T is defined to be o

a (nonnegative) weight. The (extcrpal) weig
sum of the weighted path lengths; 1.., -
P= WILI + Wsz + + WRL"
the weight and path length of an external node N
Consider now the collection of all 2-trees with n external nodes. Clearly, the complete tree
among them will have a minimal external path length'L‘E. On the othcr' hand, suppose each tree is
given the same n weights for its external nodes. Then it is not clear which tree will give a minimal

weighted path length 7.

where W, and L; denote, respectively,

&
]

| Example 7.36

Figure 7.63 shows three 2-trees, Ty, T, and T,, each having external nodes with
weights 2, 3, 5 and 11. The weighted path lengths of the three trees are as follows:

- Py=2-2+3:2+5:2+11-2=42
P,=2-1+3-3+5-3+11:-2=48
Py=2-3+3-3+5-2+11-1=236

A R AP PR 7 P

Fig. 7.63

The quantities P, and P; indicate that the complete tree need not give a minimum
length P, and the quantities P, and P, indicate that similar trees need not give the
same lengths.

i A A e gt

o e A P R T ud  TATTTE E, EYs. PR

w i
— o 3

The general problem that we want to solve is as follows. Suppose a list of n weights is given:

“)11 "1"2) vy W”

Among all the 2-trees with n external nodes and with the given n weights, find a tree T with a
minimum-weighted path length. (Such a tree T is seldom unique.) Huffman gave an algorithm,
which we now state, to find such-a tree 7.

Observe that the Huffman algorithm is recursively defined in terms of the number of weights
and the solution for one weight is simply the tree with one node. On the other hand, in practice, we

use an equivalent iterated form of the Huffman algorithm constructing the tree from the bottom up
rather than from the top down.
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puftman’s Algorithm;

3

—_—

| __[7er

. .]ms c w a!ﬂ w‘. ey . 2 [ s Tro ey e e e
WEIBIIS 1y, i A WEIgHS amon the 1 given
=1 weights A atree T" which gives a solution for the |

w s _
i + Wz, W3' W4, ey .wn .

Then, in the tree 7 ' )
- te tree T, replace the external node

()
by the subtree

The new 2-tree T is the desired solution.

Example 7.37

Suppose A, B, C, D, E, F, G . - _
weights as follows: and H are 8 data items, and suppose they are assigned

Data item: A B C

. b E F G H
Weight: 22 5

11 19 2 11 25 5
Figure 7.64(a) through (h) shows how to construct the tree T with minimum-weighted

path length using the above data and Huffman’s algorithm. We explain each step
separately.

(a) Here each data item belongs to its own subtree. Two subtrees with the

smallest possible combination of weights, the one weighted 2 and one

of those weighted 5, are shaded.

(b) Here the subtrees that were shaded in Fig. 7.64(a) are joined together
to form a subtree with weight 7. Again, the current two subtrees of
lowest weight are shaded. . o

(c) to (g) Each step joins together two subtrees having the lowest existing
weights (always the ones that were shaded in the_precedmg diagram),
and again, the two resulting subtree of lowest weight are shade'd.'

(h) This is the final desired tree T, formed when the only two remaining

subtrees are joined together.

R A T ST

Computer Implementation of Huffman’s Algorithm

. want to implement the Huffman algorithm
. I data in Example 7.37. Suppose ¥ 1 f the nodes; 1.e.,
S;r:lsgl?fl; Ecg)?;;::z l;dirst of all, we require an extra array WT to hold the weights of the n

d RIGHT. Figure 7.65(a)
our tree will be maintained by four parallel arrays, INFO, WT, LEFT an g

' om
shows how the given data may be stored u? th}f} comp
room for the additional nodes. opserVB [hdf | in the final tree.
initial nodes, since these nodes will be eI

uter initially. Observe that there is sufficient
ULL appears in the left and right pointers for the
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(d)

Fig. 7.64 Building q Huffman Tree
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the ‘heap ) e with the lowest weight to be on the top of
INFO  WT LEFT RIGHT INFO WT LEFT RIGHT
1 A 22 0 0o | 1 A 5 Y .
2| B | s 0 0 > B . 5 5
3 C 11 0 0 3 c i1 5 :
4D 1] o 0 4| o | 19| o 0
5| _E 2 0 0 5| E 2 0 0
6 Fol 11 0 0 6| F 11 0 0
7| G 25 0 0 71 G 25 0 0
8| H 5 0 0 8| H 0 0
9 10 9 5 2
10 1 10 12 8 9
i 12 11 22 6 3
12 13 12 31 10 4
13 14 13 44 1 1
14 15 14 56 7 | 12
15 16 15 100 | 13 14 )
16 0 16
AVAIL =9 ROOT = 15, AVAIL = 16
(a) (c)
2, 5] [5‘8]\
, 5]
/ ™ [19.{/ (7.6
(5, 2] (11, 3] P /
/ (25, 7] (22,1] . [25,7] [11.6] (11, 3]
(5, 8] [19,4] [11.6]
(22, 1] (d)

the following substeps:

ee T involves |
- (Each time a node is

he heap.
(2, 5] and the node Np = (5, 2] from the

I ired Huff
The first step in building the require

N
5\ Remove the node Ni
v deleted, one must reheap.)
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(ii) Use the data in N, and N, and the first available space' AVAIL = 9 to add a new node |
follows: -
WT[9]=2+5=7 LEFT[9] = 5 RIGHT[9] = 2

Thus N; is the left child of the new node and N, is the right child of the new node.
(iii) Adjoin the weight and location of the new node, that is, [7, 9]. to the heap.

The shaded area in Fig. 7.65(c) shows the new node, and Fig. 7.65(d) shows the new heap, whic
has one less element than the heap in Fig. 7.65(b).

Repeating the above step until the heap is empty, we obtain the required tree T in Fig. 7.65(c).
We must set ROOT = 15, since this is the location of the last node added to the tree.

Application to Coding |

Suppose a collection of n data items, Ay, A, ... Ay, are to be coded by means of strings of bits,
One way to do this is to code each item by an r-bit string where
2" l<ng2r .
For example, a 48-character set is frequently coded in memory by using 6-bit strings. One cannot I
use 5-bit strings, since 2° < 48 < 26, ' |
Suppose the data items do not occur with the same probability. Then memory space may be !
conserved by using variable-length strings, where items which occur frequently an assigned shorter
strings and items which occur infrequently are assigned longer strings. This section discusses a
coding using variable-length strings that is based on the Huffman tree T for weighted data items.
Consider the extended binary tree T in Fig. 7.66 whose external nodes are the items U, V, W, X,
Y and Z. Observe that each edge from an internal node to a left child is labeled by the bit 0 and
each edge to a right child is labeled by the bit 1. The Huffman code assigns to each external node '

the sequence of bits from the root to the node. Thus the tree T in Fig. 7.66 determines the
following code for the external nodes:

- U: 00 V: 01 W: 100 X: 1010 Y: 1011 Z: 11

This code has the “prefix” property; i.e., the code of any item is not an initial substring of the code

of any other item. This means there cannot be any ambiguity in decoding any message using 2°
Huffman code.
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Consider again the 8 data i '
) ata items A, B
wglghls represent the per o C, D, E, F,Ga 1
percentage probabilities that the itcms“i i:? om Exa};‘nhplc 7.37. Suppose the
ccur. Then the tree T of mini-

mum-weighted path length ¢ )

Jield an cfficient COdiEg O?ntiltruztcd in Fig. 7.64, appearing with the bit labels in Fi

? llowing eode: ¢ data items. The reader can verify that ath: Stxl‘z FIT% 7612‘1 b
e T yields the

A:. 00 B: 11011 C: o011 D

E: 11010 F 010 G 10 111

H: 1100

Fig. 6.67

7.19 GENERAL TREES

A general tree (sometimes called a tree) is defined to be a nonempty finite set T of elements,
called nodes, such that:

(1 T contains a distinguished element R called the root of T.
(2) The remaining elements of T form an ordered collection of zero or more disjoint trees

Tl’ TZ'-‘ grutely Tm'
The trees Tps T2 oo T, are called subtrees of t

successors of R. _ : _ ‘ _
Terminology from family relationships, graph theory and horticulture is used for general trees In

the same way as for binary trees. In particular, if N is a node with successors S Sg0 oes Sy then N
is called the parent of the S;'s, the S.’s are called children of N, and the §;'s are called siblings of

each other.

The term “tree” comMe
ematics and computet scie ume
a distinguished node R called the root of T; an

node N of T haved specific order. These tWO properties are n

of a tree.

he root R, and the T0Ots of T), Ty +-s Tm 3T€ called

s up, with slightly different meanings, in many different areas of math-

nce. Here W€ assume that our general tree T is rooted, that is, that T has
at T 18 ordered, that is, that the children of each

ot always required for the definition
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- Example 7.38
e i i, s i D g e it B a i O D .
Figure 7.68 pictures a general tree T with 13 nodes,
‘ A B,C, D, EF G HJ KL MN

I,
AN
L M/ \N

Unless otherwise stated, the root of a tree T is the node at the top of tl_'n? diagram,
and the children of a node are ordered from left to right. Accordingly, A is the root

of T, and A has three children; the first child B8, the second child ¢ and the third
child D. Observe that:

(a) The node C has three children.

(b) Each of the nodes B and K has two children.

(c) Each of the nodes D and H has only one child.
(d) The nodes E, F, G, L, J, M and N have no children.

The last group of nodes, those with no children, are called terminal_ nodes.

T e T A W e m

A binary tree T’ is not a special case of a

general tree T: binary trees and general trees are
different objects. The two basic differences follow:

(1) A binary tree 7/ may be empty,
(2) - Suppose a node N has only one
child in a binary tree 77, but no

but a general tree T is nonempty.
child. Then the child is disti
such distinction exists in a
The second difference is illustrated by the trees T, and T, in Fi ifi i

: U 2 12. 7.69. S €C '
T, and T, are distinct trees, since B is the left ¢ : e W iivy

hild of A in the tree T but B is the ri h ild of A
in the tree 7,. On the other hand, there i : ! 1S the right child o
e 2 ere 1s no difference between the trees T and 7, as general

nguished as a left child or right
general tree T,
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A A

/ \
/N N\

(a) Tree T, (b) Tree T,

Fig. 7.69
Computer Representation of General Trees

Suppose T is a general tree. Unless otherwise stated or implied, T will be maintained in memory by

means of a linked representation which uses three parallel arrays INFO, CHILD (or DOWN) and

SIBL (or HORZ), and a pointer variable ROOT as follows. First of all, each node N of T will
correspond to a location K such that:

(1) INFO[K] contains the data at node N.

(2) CHILDI[K)] contains the location of the first child of N. The condition CHILD[K] = NULL
indicates that N has no children. :

(3) SIBL[K] contains the location of the next sibling of N. The condition SIBL[K] = NULL
indicates that N is the last child of its parent.

Furthermore, ROOT will contain the location of the root R of T. Although this representation may
seem artificial, it has the important advantage that each node N of T, regardless of the. number of
children of N, will contain exactly three fields.

The above representation may easily be extended to represent a forest F consisting of trees T,
Y YO 7, by assuming the roots of the trees are siblings. In such a case, ROOT will contain the
location of the root R, of the first tree T, or when F is empty, ROOT will equal NULL.

- Example 7.39 ,
2. c'ﬁnside”r the gefie ral tree T in Fig. 7.68. Suppose the data of the nodes of T are

i in Fi " The structural relationships of T are.
n an array INFO as 1n Fig. 7.70(3) .
Zﬁ;ﬁéd by assigning values to the pointer ROOT and the arrays CHILD and SIBL as

follows:

i of T is stored in INFO[2], set BOOT = 2..
(;; 2::?; ;:2 ;?:1(: ihild of A is the node B, which 1; ;tore: U1£1LINF(J[3], set
= ince A has no sibling, set S-;IBL' 2] := NULL.
CHILDIZ] 'ﬁ 3t- ?t]ulfj of B is the node £, which 1s stored in IbeO[lS], s'et
) EEICLEDE;T' r515 Since node C is the next sibling of B and (s stored in

 INFO[4], set SIBL3] = 4.
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IBL
_cHuo SIBL

INFO

[ L A i

2| A 2 < ?

3|8 | 3] 15 | 9%

4| C 4 ___6___-—-———16

5 5 13

6| G 6 0 !

71 H 7 11 3__

8|y 8 0 0

9 (N 9 0 0

10 M 10 0 9

1L 11 0 0

12| K 12 10 0

13 13 0

14| F 14 0 0

15| E 15 0 14

16| D 16| 12 0

ROOT =2, AVAIL = 13
(a) (b)
Fig. 7.70 |
And so on. Figure 7.70(b) gives the final values in CHILD and SIBL. Observe that
the AVAIL list of empty nodes is maintained by the first array, CHILD, where

f AVAIL = 1. i
i

S e e S - e
T T T e e ——

~ Correspondence between General Trees and Binary Trees

Suppose T is a genera}l tree. Then we may assign a unique binary tree T’ to T as follows. First of
all, the podes of the binary tree T will be the same as the nodes of the general tree T, and the root
of T7 will be the root of T. Let N be an arbitrary node of the binary tree 7’. Then the left child of

N in T’ will be the first child of the node N in the general tree T and the right child of N in T” will
be the next sibling of N in the general tree T

4

Example 7.40

Fig. 7.71 corresponds to the general tree 7. Observe tha

the picture of 7’ in Fig. 7.71 un
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Fig. 7.71 Binary Tree T’

t

| I

The comput ; :
sponding bigar;rt:zg f;femanon of the general tree T and the linked representation of the corre-
for the general tree T .E;rc exactly the same except that the names of the arrays CHILD and SIBL
wee T’ The importar:; 1 ;cill:lr.tespond to the names of the arrays LEFT and RIGHT for the binary

' . of this correspondence is that certain algori i '
5 . S th : S
trees, such as the traversal algorithms, may now apply to general t%e?s ms that applied to binary

Binary Trees

7.1 Suppose T is the binary tree stored in memory as in Fig. 7.72. Draw the diagrain o' T

The tree T is drawn from its root R downward as follows:

(a) The root R is obtained from the value of the pointer ROOT. Note that ROOT = 5. Hence

INFO[5] = 60 is the root R of T.

(b) The left child of R is obtained from the left pointe
Hence INFO[2] = 30 is the Jeft child of R.

(¢) The right child of R is obtained from the right pointe
6. Hence INFO[6] = 70 is the right child of R.

e tree as pictured in Fig. 7.73(a). Repeating the above

Ily obtain the required tree T in Fig. 7.7 3(b).

r field of R. Note that LEFT[5] = 2.

r field of R. Note that RIGHT([5] =

We can now draw the top part af th
process with each new node, we fina
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INFO LEFT  RIGHT

RooT 1] 20 0 0
E] 2| 30 1 13
AVAIL 3| 40 0 0
0] w0 | o
5| 60 2 6
6| 70 0 8
7| 80 0 0
8| 90 7 14

9 10

10 0
11| 35 0 12
12| 45 3 4
13| 55 11 0
14| 95 0 5

Fig. 7.72
e

0" 70

55 -

\
\/

35 &0 o5

N/
/

40 50

(b)
Fig. 7.73

7.2 A binary wee T has 9 nodes. The inorder o :
sequences of nades: and preorder traversals of T yield the following
Inorder: E A C K

Preorder: F A E k

Draw the tree T.

F H D B ¢
CDHGB
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The tree T is drawn from its root downward as follows
(a) The root of T is obtaj .
ined - i e firs in i
G by choosing the first node in its preorder. Thus F is the root of

(b) The left chi : :
nodes in thgtiez-{ thtl:) node F is obtained as follows. First use the inorder of T to find the
subtree T, of F. Thus T, consists of the nodes E, A, C and K. Then the

leil Chlld Of I iS Ob[ained y ‘1. I ]} I
. b Choo‘.lng 1hL‘. fl ‘;l node in the €0 d .

h er of l Wll (:h appe'dl S
in the [)IE:OIdel 0‘ I) Ihus A iS [he left sO0n Of ['. | ( |

¢) Simil ight s
(c) .lrmldrly, the rl'ghl bl:lbll'ee T, of F consists of the nodes H, D, B and G, and D is the
root of T,, that is, D is the right child of F.

Repeati ;
peating the above process with each new node, we finally obtain the required tree in

_ Fig. 7.74.
F
/ “\\
A . == p
/ x\\ -~ T
E K ne ¢
/ /
C B
Fig. 7.74

7.3 Consider the algebraic expression E = (2x + y)(5a - b)’.

(a) Draw the tree T which corresponds to the expression E.

(b) Find the scope of the exponential operator; i.e., find the subtree rooted at the exponential
operator.

(c) Find the prefix Polish expression P which is equivalent to E, and find the preorder of T.

(a) Use an arrow (T) for exponentiation and an asterisk (*) for multiplication to obtain the
tree shown in Fig. 7.75.
(b) The scope of T is the tree shaded in Fig. 7.75. It corresponds to the subexpression

(5a - b)>.
(c) There is no difference between the prefix Polish expression P and the preorder of T.
Scan the tree T from the left, as in Fig. 7.12, to obtain:

*+*2xyT~*Sab3

7.4 Suppose a binary tree T is in memory. Write a recursive procedure which finds the number
NUM of nodes in T.
The number NUM of nodes in T is 1 more than the number NUML of nodgs in the left
subtree of T plus the number NUMR of nodes in the right subtree of T. Accordingly:

p7.4: COUNT(LEFT, RIGHT, ROOT, NUM) - _ |
Procedure This procedure finds the number NUM of nodes in a binary tree T in

memory.
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(Observe that the array INFO does not play any role in this

7.5 Suppose a binary tree T is in

DEP of T.

W B e g

Fig. 7.75

.= 0, and Return.
OOT], NUML).
], NUMR).

If ROOT = NULL, then: Set NUM
Call COUNT(LEFT, RIGHT, LEFT[R
Call COUNT(LEFT, RIGHT, RIGHT[ROOT
Set NUM := NUML + NUMR + L.

Return.

procedure.)

memory. Write a recursive procedure which finds the depth

The depth DEP of T is 1 more than the maximum of the depths of the left and right
subtrees of T. Accordingly:

Procedure P7.5: DEPTH(LEFT, RIGHT. ROOT. DEP)
This procedure finds the depth DEP of a binary tree T in memory.

5.

1. If ROOT = NULL, then: Set DEP := 0, and Return.
2. Call DEPTH(LEFT, RIGHT, LEFT[ROOT], DEPL).
3.

4. If DEPL > DEPR, then:

Call DEPTH(LEFT, RIGHT, RIGHT[ROOT], DEPR).

Set DEP := DEPL + 1|.
Else:

Set DEP := DEPR + 1.
[End of If structure.]
Return.

(Observe that the array INFO does not play any role in this procedure.)

7.6 Draw all the possible nonsimilar trees T where:

(a) T is a binary tree with 3 nodes.
(b) T is a 2-tree with 4 external nodes.

(a} There are five such trees, which are pictured in Fig. 7.76(a).
(b) Each_ 2-tree with 4 external nodes is determined by a binary tree with 3 nodes, i.e., by @
tree in part (a). Thus there are five such trees, which are pictured in Fig. 7.76(b).
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o
5
)}
v_)'
.
L)
O

(a) Binary traes with 3 nodes

S 2 Q
C 0 d\ Ll . ’1 &"D
00 — Q0 mE-

(b) Extended binary trees with 4 external hodes

Fig. 7.76
Binary Search Trees; Heaps

7.7 Consider the binary search tree T in Fig. 7.73(b), which is stored ‘1: memory as in Fig. 7.72.

Suppose 1TEM = 33 is added to the tree T. (a) Find the new tree T. (b) Which changes
occur in Fig. 7.72? '

(a) Compare ITEM = 33 with the root. 60. Since 33 < 60, move to the left child, 30. Since
33 > 30, move to the right child, 55. Since 33 < 55, move to the left child, 35. Now
33 < 35, but 35 has no left child. Hence add ITEM = 33 as a left child of the node 35 to
give the tree in Fig. 7.77. The shaded edges indicate the path down through the tree
during the insertion algorithm.

Fig. 7.77

:_- a .

= is the left child of
i i EFT[11] := 9 80 that ITTEM = 33 is the leit it
avmg?ﬁ]nog? 2;2:?7 f'IGSt stows E;he updated tree T in memory. The shading indicates
INF = 3. -

the changes from the original picture.
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INFO LEFT RIGHT

roor 1| 20 | © 0
5 2 | 30 1 13
AVAIL 3 [ 40 | O 0
10 4 | 50 0 0
5 | 60 2 6
6 | 70 0 8
7 | 80 0 0
8 | 90 7 14
9 | 33 0 0

10 0
11 35 9 12
12 | 45 3 4
13 | 55 | 11 0
14 | 95 0 0

Fig. 7.78

7.8 Suppose the following list of letters is inserted in order into an empty binary search tree:
J,R D, G, T, E M H P, A F,Q
(a) Find the final tree T and (b) find the inorder traversal of T.

(a) Insert the nodes one after the other to obtain the tree in Fig. 7.79.
(b) The inorder traversal of T follows:

A’_D$ E! F’ G» Ha J) M, P\ Q, R, T
Observe that this is the alphabetical listing of the letters.

7.9 Consider the binary search tree T in Fig. 7.79. Describe the tree after (a) the node M is
deleted and (b) the node D is also deleted. -

(a) The node M has only one child, P. Hence q
in place of M.

(b) The node D has two children. Find the inorder successor of D, which is the node E. First
delete E from the tree, and then replace D by the node E
Figure 7.80 shows the updated tree. .

elete M and let p become the.left child of R

7.10 Suppose n data items A,, Ay, ..., Ay are already sorted, i.e

Ap<Ay< < Ay



(a)
the final tree T.

(b) What is the depth D of th
(e)

E/\
/
AN

. 7.81

T

H Q
Fig. 7.80

Assuming the items are inserted in order into an empty binary search tree, describe

e tree T?

Compare D with the average depth AD of a binary search tree with n nodes for (i) n =

50, (i1) n = 100 and (iii) n = 500.

(a)

The tree will consist of one branch which extends to the right, as pictured in Fig. 7.81

(b) Since T has a branch with all » nodes, D = n.

(c)

It is known that AD = ¢ log, n, where ¢ = 1.4. Hence D(50) = 50, AD(50) = 9; D(100)

= 100, AD(100) = 10; D(500) = 500, AD(500) = 12.

7.11 Consider the minheap H in Fig

Fig. 7.81

. 7.82(a). (H is a minheap, since the smaller elements are

on top of the heap, rather than the Jarger elements.) Describe the heap after ITEM = 11 is

inserted into H.

Fi rt ITEM as the next node in the complete tree, that is, as the left child of node
irst inse

44. Then repeatedly compare

ITEM with its parent. Since 11 < 44, interchange 11 and 44.
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22/ 8 \ 33
\44

7.82

SN

/
. 28
55 33

(a)

‘ 11/8.\33
o W
d

40 55

<

7

a\

5 .33 44

(b)
Fig. 7.82

" Since 11 < 22, interchange 11 and 22. Since 11 > 8, ITEM = 11 has found its appropriate
place in the heap. Figure 7.82(b) shows the updated heap H. The shaded edges indicate the

path of ITEM up the tree.

7.12 Consider the complete tree T with N = 6 nodes in Fig. 7.83. Suppose we form a heap out
of T by applying ' '
Call INSHEAP(A, J, A[J + 1])

forJ=1,2, .., N~ 1 (Here T is stored sequentially in the array A.) Describe the
different steps. '

16
18/ \22
20/ N

15 40

Fig. 7.83

Figure 7:84 shows the different steps. We explain each step separately



T Trees . Jres
e 18\ 2 "
16\ Vo /16< P 27 Ny
? (a) ITEY:15= :Z " rd & \15 e
._ (0) ITEM = 22 (¢) ITEM = 20
22 40

/20 < \ 18 /20< \: 22

16 15 40 16 1518”
" ()ITEM =15 (e) ITEM = 40

Fig. 7.84

The tree is now a heap. The dotted edges indicate that an exchangé has taken place. Thc
unshaded area indicates that part of the tree which forms a heap. Observe that the heap is
created from the top down (although individual elements move up the tree).

AVL Search Trees, m-Way Search Trees, B Trees

7.13 Find which of the following is a (i) Binary search tree (ii) AVL search tree (iii) Skewed
binary search tree (iv) Binary tree (neither of (i), (ii) and (iii))

@) (b) - (o) (d)
Fig. 7.85

(a) Skewed binary search tree
(b) Binary tree

(¢) AVL search tree

(d) Binary search tree

7.14 Insert the following keys in the order shown to construct an AVL search tree.
Aa Bl C’ D’ E
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Delete the last two keys in the order of Last in First out.

Insert A, B

®

(-2)

InsertC

RR rotation e

Delete E

Delete D

(8)
®» ©

Fig. 7.86

7.15 In the following 4-way search tree trace the tree after deletion of (i) U and (M.
_ n ot (1) U and (i) M.
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The 4-way search tree after deletion of U and M is as follows:

Delete U:

Delete M:

(b)
Fig. 7.87

7.16 Construct a 3-way search tree for the list of keys in the order shown below. What are your

observations?
List A: 10, 15, 20, 25, 30, 35, 40, 45.

List B: 20, 35, 40, 10, 15, 25, 30, 45.

The corresponding trees are shown in Fig. 7.88.
The observation is that for the same set of keys, various m-way search trees of varying
heights can be constructed. The height of an m-way search tree varies from a low of log,(n
+ 1) to a high of ». For minimum number of accesses related to the efficient retrieval of
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- 3-way search tree for List A:

10 | 15

X X

20 | 25

30 | 35

40 | 45

3-way search tree for List B:

.

(10 [ 15 [40] 45 ]
<[ xTx] [ 2] [ <] x]+]
x x X

Fig. 7.88

keys, it is essential that the height of an m-way search tree is close to log,(n + 1). In the
problem, while the 3-way search tree corresponding to List B is of balanced height with a
value equal to log,(n + 1), the same corresponding to List A shows an imbalance in height.

7.17 Construct a B-tree of order 3 (2-3 tree) by inserting the following keys in the order shown
into an empty B-tree:
MQANPWXTGE]

The 2-3 tree constructed is shown in Fig. 7.89.

7.18 In the B-tree of order 3 given in Fig. 7.90(a) delete 75, 60,

Miscellaneous Problems

7.19 Consider the binary tree T in Fig. 7.1. (a) Find the one-way preorder threading of 7. (b) Find
the two-way preorder threading of T. :

(a) Replace the right null subtree of a terminal node N by a thread pointing to the successor
of N in the preorder traversal of 7. Thus there is a thread from D to E, since E is visited
after D in the preorder traversal of 7. Similarly, there is a thread from F to C, from G to

- Hand from L to K. The threaded tree appears in Fig. 7.91. The terminal node X has no
thread, since it is the last node in the preorder traversal of 7. (On the other hand, if 7 had
a header node Z, then there would be a thread from K back to Z.)
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B-tree of order 3: | 70

Delete 75

Delete 60

EER

| 80 [ 90 |
X‘X‘X_l

Fig. 7.90

(b) There is no two-way preorder threading of T that is analogous to the two-way inorder
threading of T.

7.20 Cbnsider the weighted 2-tree T in Fig. 7.92. Find the weighted path léngth P of the tree T, :

Multiply each weight W, by the length L; of the path from the root of T to the node
containing the weight, and then sum ali such products to obtain P. Thus:
P=4-2+15-4425-445.3+48-2+ 16 -2=8+60+100+ 15+ 16 + 32 =231

7.21 Suppose the six weights 4, 15, 25, 5, 8, 16 are given. Find a 2-tree Twith-the given weighté
i and a minimum weighted path length P, (Compare T with the tree in Fig. 7.92.)

Use the Huffman algorithm. That is, repeatedly combine the two subtrees with minimum
weights into a single subtree as follows:



(a) 4, 15,
(b) 15,
(c) 15,
(d)
(e)

(f) @
(The.circled number indicat
from Step (f) backward, yie
P=25-2+4-4+5-4+8-
(The tree in Fig. 7.92 has weighted path len

es the root of the n
1ding Fig. 7.93. With th

3+15-2+16-?.
gth 231.)

7.22 Consider the general tree T in Fig. 7-

The nodes of T” will be the same as
he root of T. Fu

root of T/ will be the same as t

the nodes of the g
rthermore, 1

ew subtree in the step.) The tree T is drawn

e tree T, compute
=50+ 16+20+24+30+32= 172

94(a). Find the corresponding binary tree i

eneral tree T, and in particular, the
£ N is a node in the binary tree T',
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G/ F\H

(a) General tree T

(b) Binary tree T

Fig. 7

then its left child is the first child of NinT
Constructing T’ from the root down. we obt
oot R and
are defined

7.23 Suppose T is a general tree with 1
and the postorder traversal of T

Preorder: (1) Process the root R.

K L M
SN
P Q
A
F\
Y
/
K
AN
L
N
M
F'/ \N
N
Q
94

and its right child is the next sibling of N in T.
ain the tree in Fig. 7.94(b).

subtrees Ty, T,, ..., Ty The preorder traversal
as follows: : '

(2) Traverse the subtrees T, Ty, ..., Ty in preorder.



Trees

— 7.9

Preorder: (1) Traverse the subtrees T, T,, ..., Ty in postorder.
(2) Process the root R.

-Let T be the general tree in Fig. 7.94(a). (a) Traverse T in preorder. (b) Traverse T in
nostorder. '
Note that T has the root A and subtrees T,. T, and T; such that:

T, consists of nodes B, C, D and E.
T, consists of nodes F, G and H.
T, consists of nodes J, K, L, M, N, P and Q.

(a) The preorder traversal of T consists of the following steps:

(i) Process root A.
(ii) Traverse T, in preorder: Process nodes B, C, D, E.
(iii) Traverse T, in preorder:  Process nodes F, G, H.
(iv) Traverse T, in preorder: Process nodes J, K, L, M, P, Q, N.
That is, the preorder traversal of T is as follows:
A, B, C.D,E,F, G HJ KL MP QN
(b) The postorder traversal of T consists of the following steps:
(i) Traverse T, in postorder:  Process nodes C, D, E, B.
(ii) Traverse T, in postorder:  Process nodes G, H, F.
(iii) Traverse T, in postorder:  Process nodes K, L, P, Q, M, N, J.
(iv) Process root A.
In other words, the postorder traversal of T is as follows:

C.D, E B, G H F K, L,P,Q_ M, N, J, A

7.24 Consider the binary tree T’ in Fig. 7.94(b). Find the preorder, inorder and postorder travers-
als of T’. Compare them with the preorder and postorder traversals ‘obtained in Solved

Problem 7.23 of the general tree T in Fig. 7.94(a).

Using the binary tree traversal algorithms in Sec. 7.4. we obtain the following traversals
of T
preorder: A, B, C.D, E, F, H.J.K,L.M,P,Q,N
Inorder: C.D.E.B.G,H, F K, L, P.Q. M.N, ], A
postorder: E, D.C,H.G.Q P.N.M, L, K. J. F, B, A
Observe that the preorder of the binary tree T’ is identical to the preorder of the general T,
and that the inorder traversal of the binary tree T is identical to the postorder traversal of the
general tree T. There is no natural traversal of the general tree T which corresponds to the

postorder traversal of its corresponding binary tree T.

5,
F,
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T

SURPLEMENTARY;PROBLEMS

Binary Trees

7.1

£

da

7.4

8-

Consider the tree T in Fig. 7.95(a).

(a) Fill in the values for ROOT, LEFT and RIGHT in Fig. 7.95(b) so that T will be stored in
memory.

(b) Find (i) the depth D of T, (ii) the number of null subtrees and (iii) the descendants of
node B.

INFO LEFT  RIGHT

1 A
ROOT 2| ¢
/A\ (] sl
/B\ c\' AVAIL : : :
D E = < 6 0
/ \ 71 H
@ H 8| F
9| E
10 | B
(a) : (b)
Fig. 7.95

List the nodes of the tree T in Fig. 7.95(a) in (a) preorder, (b) inorder and (c) postorder.

Draw the diagram of the tree T in Fig. 7.96.

Suppose the following sequences list the nodes of a binary tree T in preorder and inorder,
respectively:

Preorder: G, B, Q
Inorder: Q B K, C

Draw the diagram of the tree.

,A,C,K,F,P,D,E R, H
C.F,A,G.P,E,D, H,R

O"l‘)

L | Y

Suppose a binary tree T is in memory and an ITEM of information is given.

(a) Write a procedure which finds the location LOC of ITEMin T (assummg the elements
of T are distinct).

(b) Write a procedure which finds the location LOC of ITEM and the location PAR of the
parent of ITEM in T.
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7.6

el

7.8

INFO LEFT  RIGHT

1 H l 4. 11
ROOT 2 R 0 0
3 17
) ; : 0_. —
5 B 18 7
AVAIL 6 3
8 7 E 1 0
8 6
9 C 0 10
10 F 15 16
11 Q 0 12
12 S 0 0
13 0
14 A 5 9
i5 2 0
16 L 0 0
17 | 13 | \
18|l o | o 0 J
Fig. 7.96

(¢) Write a procedure which finds the number NUM of times ITEM appears in T (assuming
the elements of T are not necessarily distinct).

Remark: T is not necessarily a binary search tree.
Suppose a binary tree T is in memory. Wrile a nonrceursive procedure for each of the
following:

(a) Finding the number of nodes in T.
(b) Finding the depth D of T.

(c) Finding the number of terminal nodes in T.

Suppose a binary tree T is in memory. Write a procedure which deletes all the terminal

nodes in T.
Suppose ROOTA points to a binary tree T, in memory. Write a procedure which makes «
copy T, of the tree T, using ROOTB as a pointer.
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Binary Search Trees

7.9

7.10

7.11

712

7.13

Suppose the following cight numbers are inserted in order into an empty binary scarch tree
T

' 50. 33, 44, 22: 77, 35, 60. 40
Draw the tree T.

Consider the binary search tree T in Fig. 7.97. Draw the tree T if euch‘ olf'tl(ljc Iol:jowllinf_.
operations is applied to the original tree T. (That is. the operations are applied independently.
not successively.)

(a) Node 20 is added to T. (d) Node 22 is deleted from T.
(b) Node 15 is added to T. (e) Node 25 is deleted {rom T.
(¢) Node 88 is added to T. (f) Node 75 is deleted from T.

Consider the binary search tree T in Fig. 7.97. Draw the final tree T if the six operations in
Problem 7.10 are applied one after the other (not independently) to T.

50
/ = T

— i e i
25 T 75
// "“\\‘\K\ /’ ._‘\‘\\\
33

Fig. 7.97

Draw the binary search tree T in Fig. 7.98.

Consider the binary search tree T in Fig. 7.98. Describe the changes in INFO, LEFT,
RIGHT, ROOT and AVAIL if each of the following operations is applied independently
(not successively) to T.

(a) Davis is added to T. (d) Parker is deleted from T.
(b) Harris is added to T. (e) Fox is deleted from T.
(¢) Smith is added to T. (f) Murphy is deleted from T.

Consider the binary search tree T in Fig. 7.98. Describe the final changes in INFO, LEFT,
RIGHT, ROOT and AVAIL if the six operations in Problem 7.13 are applied onc after the
other (not independently) to T.

AVL Search Trees, m-way Search Trees, B Trees

7.15

Outline an LO rotation for the generic AVL search tree shown in Fig. 7.99 when the element
X shown is deleted.
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7.16 Make use of Supplementary Problem 7.15 to delete element B from t

given in Fig. 7.100.

A& W M

o w o ~N o o

12
13
14
15

INFO LEFT  RIGHT
Jones 7 0
Fox 11 1

8
Murphy 2 15
13 R
Thomas 0 0
Green 0 0
9
10
5
Conroy 0 0
Parker 0 0
14
0
Rosen 12 6
Fig. 7.98

B. Br

Fig. 7.99

he AVL search tree
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7.17

7.18

7.19

7.20

7.21

7.22

7.23

——

Insert the following keys in the order shown below into an initally empty m-way search tree
of order (i) 5 (ii) 4 (iii) 3

GSFLQXZVRAIJW

Define preorder traversal of an m-way search tree to be as follows:
Visit all the keys in the root node first followed by visiting all nodes in the subtrees
beginning from left to right recursively in preorder.

List the keys in the preorder for the 4-way search tree constructed in Supplementary Problem
7.17.

A post order traversal of a B-tree of order m may be defined as below:
Recursively traverse all the subtrees of the root of the B-tree from the left to the right and
traverse all keys in the root node.

Execute post order traversal for the B-tree of order 3 constructed in Solved Problem 7.17.
Are B-trees of order 2 full binary trees? If so, how?

Consider the binary tree T in Fig. 7.95(a).

(a) Draw the one-way inorder threading of T.
(b) Draw the one-way preorder threading of T.
(c) Draw the two-way inorder threading of T.

In each case, show how the threaded tree will appear in memory using the data in Fig.
7.95(b).

Consider the complete tree T with N = 10 nodes in Fig. 7.101. Suppose a maxheap is formed
out of T by applying

Call INSHEAP(A, J, A[J + 1))

for J =1, 2, ..., N = 1. (Assume T is stored sequentially in the array A.) Find the final
maxheap. ’

Repeat Supplementary Problem 7.22 for the tree T in Fig. 7.101, except now fofm a minheap
out of T instead of a maxheap.

” / 30\
o \40 |
5

/33/\ 60 — - ™~

11
60

Fig. 7.101
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7.24 Draw the 2-tree corresponding to each of the following algebraic expressions:
(@) E| = (a - 3b)2x - y)*
(b) E, = (2a + 5b Y (x - 7y)’

7.25 Consider the 2-tree in Fig. 7.102. Find the Huffman coding for the seven letters determined
by the tree T.

7.26 Suppose the 7 data items A, B, ..., G are assigned the following wcights:
(A, 13), (B,2). (C,19), (D,23), (E29), (F.5), (G.9)
Find the weighted path length P of the tree in Fig. 7.102.

7.27 Using the data in Problem 7.6, find a 2-tree with a minimum weighted path length P. What is
the Huffman coding for the 7 letters using this new tree?

728 Consider the forest F in Fig.7.103. which consists of three trees with roots A. B and C.
respectively.
AL B A
1IN | RN
L K F /J\ E G
H D
Fig. 7.103 Forest F

(a) Find the binary tree F’ corresponding to the forest F.
(b) Fill in values for ROOT, CHILD and SIB in Fig. 7.104 so that F will be stored in

memory.

7.29 Suppose T is a complete tree with n nodes and depth D. Prove (a) 2P-1_1<n<2P-1and

(b) D = log, n.
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ROOT INFO CHILD SIB
1 1] A B
|

2 9]

3 E

4 G

5| J |

6 L

L

8 K

9 H

10 F

11 D

12 B

Fig. 7.104

Hint: Use the following identity with x = 2:

trl+|_|
) ]
l+x+ 2+ X0+ -+ ¥ = —_—

x—1

7.30° Suppose T is an extended binary tree. Prove:

(@) Np=N;+ 1, where N is the number of external nodes and N 1s the number of internal
nodes.
(b) L, =L, + 2n, where Ly is the external path len

gth. L, is the internal path length and n is
the number of internal nodes. '

e PreE s

B e T o D

Programming Problems 7.1 to 7.3 refer to the tree T in Fig. 7.1, which is stored in memory as in
Fig. 7.105. .

7.1 Write a program which prints the nodes of T'in (a) preorder, (b) inorder and (¢) postorder.

7.2 Write a program which prints the termin; 2g of T in (a) neane .
postorder. hal nodes of 7 in (a) preorder (b) inorder and (c)

(Note: All three lists should be the same.)
7.3 Write a program which

by printing the nodes
obtained in Programmj

makes a copy T’ of T using ROOTB as a pointer.

5 i .
of 7" in preorder and inorder and comparing th
ng Problem 7.1, i

Test the program
e lists with those
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INFO LEFT RIGHT

ROOTA 1| k [ o .

2| ¢ 3 6 |
AVAIL 3| @ 0 5
n 4l 14

5| A 10 2

6| H | 17 1

7 H_L 0 0

8 9

9 4

10 B 18 13

1 19

12 F o o

13 E 12 0

14 15

15 16

16 11

17 J 7 0

18 D 0 0

19 20

20 21

21 22

22 23

23 24

24 | 0

Fig. 7.105

7.4 Translate heapsort into a subprogram HEAPSORT(A, N) which sorts the array A with N
elements. Test the program using

(a) 44, 33, 11, 55, 77, 90, 40, 60, 99, 22, 88, 66
(b) D,A, T,A,S,T,R,U,C, T,U,R,E, S

Programming Problems 7.5 to 7.11 refer to the list of employee records which are stored either
as in Fig. 7.8 or as in Fig. 7.106. Each is a binary search tree with respect to the NAME key, but
Fig. 7.106 uses a header node, which also acts as a sentinel. (Comparc these problems with
Programming Problems 5.7 to 5.12 in Chapter 5.)

(o
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7.5

7.6

1.7

7.8

7.9

7.10

NAME SSN SEX SALARY LEFT RIGHT

HEAD 1 0
5 2| Davis | | 192-38.7282 Female 22800 5 12
3| Kelly 165-64-3351 Male 19 000 5 5
AVAIL 4| Green 175-56-2251 Male 27 200 2 5
8 |5 009 191 600 14 5
6 | Brown 178-52-1065 Female 14700 5 5
7 | Lewis 181-58-9939 Female 16 400 3 10

8 1
9 | Cohen 177-44-4557 Male 19 000 6 4
10 | Rubin 135-46-6262 Female 15500 5 5

L 13
12 | Evans 168-56-8113 Male 34 200 5 5

13 1
14 | Harris 208-56-1654 Female 22 800 9 7

Fig. 7.106

Write a program which prints the list of employee records in alphabetical order. (Hint: Print
the records in inorder.)

Write a program which reads the name NNN of an employee and prints the employee’s
record. Test the program using (a) Evans, (b) Smith and (c) Lewis.

Write a program which reads the social security number SSS of an employee and prints the
employee’s record. Test the program using (a) 165-64-3351, (b) 135-46-6262 and (c) 177-
44-5555.

Write a program which reads an integer K and prints the name of each male employee when
K =1 or of each female employee when K = 2, Test the program using (a) K=2,(b) K =5
and (¢) K = 1. '

Write a program which reads the name NNN of an employee and deletes the employee’s
record from the structure. Test the program using (a) Davis, (b) Jones and (c) Rubin.

Write a program which reads the record of a new employee and inserts the record into the
file. Test the program using:

(a) Fletcher; 168-52-3388; Female: 21 000
(b) Nelson; 175-32-2468; Male: 19 000
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7.11

7.12

7.13

7.14

7.15

7.101

Implement a function DELETE_AVL which will delete a given element ITEM from the
AVL search tree T. Follow the procedure discussed in the text.

Implement a function CHECK_BF which will obtain the balance factors of all the nodes of

an AVL scarch tree. Makf:'. use of this function to redesign the insert procedure of a binary
search tree so as to make it function as an AVL search tree.

Design a linked data structure to represent the node of an m-way search tree. Write functions

SEARCH_MWAY, INSERT_MWAY and DELETE_MWAY to perform search, insert and
delete operations on an m-way search tree.

Write a function which will traverse the B-tree of order m in inorder following a procedure
similar to the postorder traversal technique discussed in Supplementary Problem 7.19.

Write functions SEARCHB, INSERTB, DELETEB to search, insert and delete keys

respectively, into a B-tree of order m. Implement a menu driven program to perform these
operations on a B-tree.



‘Chapter Eight

Graphs and Their
Applications

8.1 INTRODUCTION

This chapter investigates another nonlinear data structure: the graph. As we have done with other
data structures, we discuss the representation of graphs in memory and present various operations
and algorithms on them. In particular, we discuss the breadth-first search and the depth-first search
of our graphs. Certain applications of graphs, including topological sorting, are also covered.

8.2 GRAPH THEORY TERMINOLOGY

This section summarizes some of the main terminology associated with the theory of graphs.
Unfortunately, there is no standard terminology in graph theory. The reader is warned, therefore,
that our definitions may be slightly different from the definitions used by other texts on data

structures and graph theory.
Graphs and Multigraphs

A graph G consists of two things:

(1) A set V of elements called nodes (or points ot vertices)
(2) A set E of edges such that each edge e in E is identified with a unique (unordered) pair [u,

v] of nodes in ¥, denoted by e = [u, V]

381
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Sometimes we indicate the parts of a graph by writing G = (V, E).

Suppose e = [u, v]. Then the nodes u and v are called the endpoints of e, and u and v are said to
be adjacent nodes or_neighbors. The degree of a node u, written deg(u), is the number of edges
containing i If deg(u) = O—that is, if u does not belong to any edge—then u is called an isolated
node. _ T

~A path P of length n from a node u to a node v is defined as a sequence of n + 1 nodes.

P = (v(h vls vz’-'-!vn)

such that u =.vy, v;_, is adjacent to v;fori = 1, 2, ..., n; and v, = v. The path P is said to be closed
if vy = v,. The path P is said to be simple if all the nodes are distinct, with the exception that v,
may equal v, that is, P is simple if the nodes v, Vi, ..., v, _ are distinct and the nodes v, v,, ...,
v, are distinct. A cycle is a closed simple path with length 3 or more. A cycle of length k is called
a k-cycle. '

A graph G is said to be connected if there is a path between any two of its nodes. We will show
(in Solved Problem 8.18) that if there is a path P from a node u to a node v, then, by eliminating

unnecessary edges, one can obtain a simple path Q from u to v; accordingly, we can state the
following proposition. '

Proposition 8.1

A graph G is connected if and only if there is a simple path between any two nodes in G.

A graph G is said to be complete if every node u in G is adjacent to every other node v in G.
Clearly such a graph is connected. A complete graph with n nodes will have n(n — 1) /2 edges.

A connected graph T without any cycles is called a tree graph or free tree or, simply, a tree.
This means, in particular, that there is a unique simple path P between any two nodes u and v in T
(Solved Problem 8.18). Furthermore, if T is a finite tree with m nodes, then T will have m — 1
edges (Problem 8.20). x5 '

A graph G is said to be labeled if its edges are assigned data. In particular, G is said to be
weighted if each edge e in G is assigned a nonnegative numerical value w(e) called the weight or
length of e. In such a case, each path P in G is assigned a weight or length which is the sum of the
weights of the edges along the path P. If we are given no other information about weights: we may
assume any graph G to be weighted by assigning the weight w(e) = 1 to each edge e in G.

The definition of a graph may be generalized by permitting the following:

(1) Multiple edges. Distinct edges e and e’ are called multiple edges if they connect the same
endpoints, that is, if ¢ = [u, v] and €’ = [u, V).
(2) Loops. An edge e is called a loop if it has identical endpoints, that is, if e = [u, u].

Such a generalization M is called a multigraph. In other words, the definition of a graph usually
does not allow either multiple edges or loops.

A multigraph M is said to be finite if it has a finite number of nodes and a finite number of
édges Observe that a graph G with a finite number- of nodes must automatically have a finite
number of edges and so must be finite; but this is not necessarily true for a multigraph M, since M

may have multiple edges. Unless otherwise specified, graphs and multigraphs in this text shall be
finite.



Graphs and Their Applications 8.3
P |

—

Example 8.1

(a) Figure 8.1(a) is a picture of a connected graph with 5 nodes—A, 8, (, D and
E—and 7 edges:

(A4 8, [B (. [C D) [DE] [AE ICE [AC

There are two simple paths of length 2 from B to £: (B, A, E) and (B, C, E).
There is only one simple path of length 2 from B to D: (B, C, D). We note that
(B, A, D) is not a path, since [A, D) is not an edge. There are two 4-cycles in
the graph:

[A, B, CE Al and [A CD,E Al

Note that deg(A) = 3, since A belongs to 3 edges. Similarly, deg(C) = 4 and
deg(D) = 2.

(b) Figure 8.1(b) is not a graph but a multigraph. The reason is that it has multiple
edges—e, = [B, (] and e; = [B, (]—and it has a loop, es = [0, D). The
-definition of a graph usually does not allow either multiple edges or loops.

(c) Figure 8.1(c) is a tree graph with m = 6 nodes and, consequently, m - 1 =5

edges. The reader can verify that there is a unique simple path between any two
nodes of the tree graph.

A E
B
c D
a) Graph
@ a (b) Multigraph
3
B 2 2 3
4
(c) Tree (d) Weighted graph
Fig. 8.1

(d) Figure 8.1(d) is the same graph as in Fig. 8.1(a), except that now the graph is
weighted. Observe that P, = (8, C, D) and P, = (B, A, E, D) are both paths from
node B to node D. Although P, contains more edges than P, the weight w(P,) =
9 is less than the weight w(P;) = 10.

3 st

Directed Graphs

liA directed graph G, also called a digraph or graph, is the same as a multigraph except that each
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edge ¢ in G is assigned a direction, or in other words, each edge e is identified with an ordered pair
(u, v) of nodes in G rather than an unordered pair [«, v].

Suppose G is a directed graph with a directed edge e = (4, v). Then e is also called an arc.
Moreover, the following terminology is used:

(1) e begins at u and ends at v.

(2) u is the origin or initial point of e, and v is the destination or terminal point of e.
(3) u is a predecessor of v, and v is a successor or neighbor of u.

(4) u is adjacent to v, and v is adjacent to u.

The outdegree of a node u in G written outdeg(u), is the number of edges beginning at .
Similarly, the indegree of w, written indeg(x), is the number of edges.ending at u A node u is
called a source if it has a positive outdegree but zero indegree. Similarly, u is called a sink if it has
a zero outdegree but a positive indegree.
The notions of path, simple path and lycle carry over from undirected graphs to directed graphs
except that now the direction of each edge in a path (cycle) must agree with the direction of the
path (cycle). A node v is said to be reachable from a node u if there is a (directed) path from u to v.
directed graph G is said to be connected, or strongly connected, if for each pair u, v of nodes
in G there is a path from u to v and there is also a path from v to . On the other hand, G is said to”
be unilaterally connecred if fm any pair u, v of nodes in G there is a path from u to v or a path

from v to f‘,,)

I

' Example 8.2
| Figure 8.2 shows a directed graph G with 4 nodes and 7 (directed) edges. The edges
e, and e are said to be parallel, since each begins at B and ends at A. The edge e, is
a loop, since it begins and ends at the same point, B. The sequence P, = (D, C, B, A)
is not a path, since (C, B) is not an edge—that is, the direction of the edge e, = (8,
() does not agree with the direction of the path P,. On the other hand, P, = (D, B,
A) is a path from D to A, since (D, B) and (B, A) are edges. Thus A is reachable from
D. There is no path from C to any other node, so G is not strongly connected.
However, G is unilaterally connected. Note that indeg(D) = 1 and outdeg(D) = 2. Node
C is a sink, since indeg(C) = 2 but outdeg(() = 0. No node in G is a source.

= D

g

es

Fig. 8.2
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Let 7 be any honempty tree graph. Suppose we choose any node R in 72 Then 7 with this
designated node R is called a rooted tree and R is called its root. Recall that there is a unique
simple path “'“”} the root R to any other node in 7. This defines a direction to the edges in T, so0
the rooted ree I" may be viewed as a directed graph. Furthermore, suppose we also order the
successors of each node v in 7. Then T is called an ordered rooted tree. Ordered rooted trees are
nothing more than the general trees discussed in Chapter 7.

A dil'cmfd graph G is said to be simple if G has no parallel edges. A simple graph G may have
loops, but it cannot have more than one loop at a given node. A nondirected graph G may be
viewed as a simple directed graph by assuming that each edge [w, v] in G represents two directed
edges, (u, v) and (v, w). (Observe that we use the notation [u, v] to denote an unordered pair and
the notation (i, v) to denote an ordered pair.)

Warning: The main subject matter of this chapter is simple directed graphs. Accordingly, unless
otherwise stated or implied, the term “graph” shall mean simple directed graph. and the term
“edge” shall mean directed cdge. '

8.3 SEQUENTIAL REPRESENTATION OF GRAPHS; ADJACENCY MATRIX;
PATH MATRIX . '

There are two standard ways of maintaining a graph G in the memory of a computer. One way,
called the sequential representation of (i, 1s by means of its adjacency matrix_A. The other way,
called the linked representation ol G.1s by means of linked lists of neighbors. This section covers
the first representation, and shows how the adjacency matrix A of G can be used to easily answer
certain questions of connectivity in . The linked representation of G will be covered in See, 8.5
Regardless of the way one maintains a graph G in the memory of the computer, the graph G is
normally input into the computer by using its formal definition: a collection of nodes and a
collection of edges. ) '

Adjacency Matrix

Suppose G is a simple directed graph with m nodes, and suppose the nodes of G have been ordered
and are called v, vy..... v, Then the adjacency matrix A = (ay) of the graph G is the n X m matrix
defined as follows:
| if v; is adjacent OV, that is, if thereis an edge (v;. v;)
4

ad: = :
Y 0 otherwise

Such a matrix A, which contains entries of only 0 and 1, is called a bir matrix or a Boolean matrix.

The adjacency matrix A of the graph G dpcs dgpgnd on the ordering 0? the nodes of G; that i.s, a
different ordering of the nodes may result in a different .ud_]ucency matrix. Ho»‘vever. the matrices
resulting from two different orderings are closely 1I'c1alcd in that one can b(-:_ obtained from the other
by simply interchanging rows and columns. Unless otherwise stated, we will assume that the nodes

of our graph G have a fixed ordering.
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Suppose G is an undirected graph. Then the adjacency matrix A of G will be a symmetric
matrix, i.e., one in which a; = a;; for every i and j. This follows from the fact that each undirected
edge [u, v] corresponds to the two directed edges («, v) and (v, u).

The above matrix representation of a graph may be extended to multigraphs. Specifically, if G is
a multigraph, then the adjacency matrix of G is the m x m matrix A = (a;;) defined by setting a;
equal to the number of edges from v; to v;.

Example 8.3

Consider the graph G in Fig. 8.3. Suppose the nodes are stored in memory in a linear
array DATA as follows:

DATA: X, Y. Z W

Then we assume that the ordering of the nodes in G is as follows: v; =X, Vv, = Y,
v; = Z and v, = W. The adjacency matrix A of G is as follows:

00
0 1
00
01

o

oORr Rk O
=

o

Note that the number of 1's in A is equal to the number of edges in G.

Y , > X
1

Fig. 8.3

T BT T L M——

T ———

Consider the powers A, A2 A3, ... of the adjacency matrix A of a graph G. Let
a(i, j) = the ij entry in the matrix AK
Observe that a, (i, j) = a;; gives the number of paths of length 1 from node v; to node v;. One can

show that a,(i, j) gives the number of paths of length 2 from v; to v, In fact, we prove in
Miscellaneous Problem 8.3 the following general result.

Proposition 8.2

Let A be the adjacency matrix of a graph G. Then a(i, j), the ij entry in the matrix AX, gives the
number of paths of length K from v; to v;. '

Consid::r ajgain the graph G in Fig. 8.3, whose adjacency matrix A is given in Example 8.3. The
powers A~, A” and A% of the matrix A follow:
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(1)810 1 0 0 1 0011
Azzo 1 2 Ho |1 022 4412023
01 1 1 0 1 1 {101 2
10 0 1 0 0 I 1 o1 1

Accordingly. In zar;cular, there is a path of length 2 from v, 10 v, there are two paths of length 3
v, to v4, and there are s of 3

lf)rorﬂn WE) 3 re three paths of length 4 from v, 10 v,. (Here, v, = X. v, = Y, v3 = Z and

4= )

Suppose we now define the matrix B, as follows:
B.=A+A2+ A4 ... 1 A"

Then the ij entry of the matrix B, gives the number of paths of length r or less from node v; to v;.

Path Matrix

Let G be a simple directed graph with m nodes, Vs Vo ..o v, The path matrix or reachability
matrix of G 1s the m-square matrix P = () defined as follows:

B {l it there is a path (rom v; to v;
i

0 otherwise

Suppose there is a path from v; to v;. Then there must be a simple path from v; to v; when v; # vj, or
there must be a cycle from v; to v; when v; = v;. Since G has only m nodes. such 2 simple path must
have length m — 1 or less, or such a cycle must have length m or less. This means that there is a

nonzero ij entry in the matrix B,,, defined at the end of the preceding subsection. Accordingly, we
have the following relationship between the path matrix P and the adjacency matrix A.

Proposition 8.3
Let A be the adjacency matrix and let P = (p;) be the path matrix of a digraph G. Then P = 1 if
and only if there is a nonzero number in the ij entry of the matrix
B,=A + AT+ AP+ AT
Consider the graph G with m = 4 nodes in Fig. 8.3. Adding the matrices A, A%, A and A%, we
obtain the following matrix By, and, replacing the nonzero entries in-B, by |, we obtain the path
matrix P of the graph G:

1 0 2 3\ 1 01 1
By = 30 35 and = 1 011
270 3 3 1 0 1 1

de v, is not reachable from any of the other nodes.

Recall that a directed graph G is said to be strongly connected if, for any pair of nodes u and v
in G, there are both a path from u to v and a path from v to u. Accordingly, G is strongly connected
if and only if the path matrix P of G has no zero entries. Thus the graph G in Fig. 8.3 is not

strongly connected.

Examining the matrix P, we see that the no
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L

s defined to be the graph G’ such that " has the same
v;) in G° whenever there is a path Iro'm 1'1."“ v, in G
graph G 18 precisely the adjacency matrix of 1ts transitive
it and only if its transitive closure is g

The transitive closure of a graph G

nodes as G and there is an edge (v,
Accordingly, the path matrix P of the
closure G’. Furthermore, a graph G is strongly connected
complete graph:
Remark: The adjacency matrix A and the path matrix P’ of a graph (; may be ViC\‘\'Cd as logica]
(Boclean) matrices, where 0 represents “false” and | represents “true. Thus. the logical operations
of A(AND) and v(OR) may be applied to the entries of A and P. The values of A and Vv appear in
Fig. 8.4. These operations will be used in the next section.

STe [P ]
L0

oo of olo 1]
o v] 1)
(a) AND (b) OR
Fig. 8.4

7; 8.4 WARSHALL'S ALGORITHM; SHORTEST PATHS

Let G be a directed graph with m nodes, vy, v, «.oo Vyr Suppose we want to find the path matrix P
of the graph G. Warshall gave an algorithm for this purpose that is much more efficient than
calculating the powers of the adjacency matrix A and using Proposition 8.3. This algorithm is
described in this section, and a similar algorithm is used to find shortest paths in G when G is
weighted.

First we definc m-square Boolean matrices Py, Py..... P, as follows. Let P.li, j] denote the i
entry of the matrix P,. Then we define:

] if thereis asimr " {from y; to v; which does not
Pli. j1= use any other no. . except possibly v, vy, oy
0 otherwise

In other words,
Puli, jl=1 if there is an edge from v; 10 v;
P,li, jl=1 if there is a simple path [rom v 10 v; which does not use any other
' nodes except possibly v,
if there is a simple path from v; to v; which does not use any other
nodes except possibly v, and v,

Pg[i- j]=1

First observe that the mz_xtrix P, = A, the adjacency matrix of G. Furthermore, since G has only ™
nodes, the last matrix P,, = P, the path matrix of G. ' -

arsh I
Warshall observed that P,[i, j] = 1'can occur only if one of the following two cases occurs:
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8.9

(1) There is a simple path from Vi oy w

thh d e I r .
Vy, .-s Vi 15 hence J OCS not use any other nodes except possibly v,

Pe i jl =1
k and a simple
bly Vi Va, L.

Pooalikl=1 und
These two cases are pictured, respectively,

(2) There is a simple path from v. 1o y - .
use any other nodes except p’ossi path from v to v, where each path does not

-+ Vi _1* hence
Py lk jl =1
in Fig. 8.5(a) and (b), where

otes part of a simple path whi " _
den p ple p hich does not use any nodes except possibly vy, v,,

suny -Vk_ 1*
V= \»;

\.r_-.._._;...._,.vk_,___,___’_v;_

(@) (b)

Fig. 8.5

Accordingly, the elements of the matrix P, can be obtained by

Pelio Y= Py Ui 1 v (Pe_ i k) A Py k. )

where we use the logical operations of A (AND) and v (OR). In other words we can obtain each

entry in the matrix P, by looking at only three entries in the matrix P, _,. Warshall's algorithm
follows.

Algorithm 8.1: (Warshall’s Algorithm) A directed graph G with M nodes is maintained in

memory by its adjacency matrix A. This algorithm finds the (Boolean) path
matrix P of the graph G.

1. Repeat for I, J =1, 2,..., M: [Initializes P.]
If A[l, J] = 0, then: Set P[1, J] := 0;
Else: Set P[I, J] := 1.
{End of loop.]
2. Repeat Steps 3 and 4 for K = 1, 2, ..., M: [Updates P.]
3. Repeat Step 4 for I = 1,2, ..., M:
4. Repeat forJ = 1,2, ..., M:
Set P[1, J] : = P[1, J] v (P1, K] A P[K, J]).
[End of loop.}
[End of Step 3 loop.]
[End of Step 2 loop.]
5. Exit.

K Shortest-Path Algorithm

Let G be a directed graph with m nodes, vi. Va, «oos Vi Suppose G is weighted; that 1s, suppose
each edge ¢ in G is assigned a nonnegative number w(e) called the weight or length of the edge e.
Then G may be maintained in memory by its weight matrix W= (r.-.rf-}-), defined as follows:
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w(e) if thereisan edge e fromv; tOV;
Yi= 0 if thereis no edge fromy; tOv;

The path matrix P tells us whether or not there are paths between the nodes. Now we want to find
a matrix Q which will tell us the lengths of the shortest paths between the nodes or, more exactly,
a matrix Q = (g;;) where

' q;; = length of a shortest path from v; to v,
Next we describe a modification of Warshall’s algorithm which finds us the matrix Q.

Here we define a sequence of matrices Qg, Qs+ Qp (analogous 1o the above matrices Py, Py,
..., P_) whose entries are defined as follows:

Q,li, j] = the smaller of the length of the preceding path from Vi to v; or
the sum of the lengths of the preceding paths from vi to v; and
from v to v; '

More exactly,

Quli, J1 = MIN(Q, _ L s QO [, k] + Q- L&, D

The initial matrix Q is the same as the weight matrix W except that each 0 in W is replaced by e
(or a very, very large number). The final matrix Q,, will be the desired matrix Q.

Example 8.4

Consider the weighted graph G in Fig. 8.6: Assume v, =R, v, =S, v3 =T and v, = U.

i Then the weight matrix W of G is as follows:

=

[
SO N~
o w o wm
» o oo
oo N O

Fig. 8.6

‘ Applying the modified Warshall's algorithm, we obtain the following matrices Q,, Q
0r 1r

Q;. Q; and Q, = Q. To the right of each matri
atrix Q,, we sh : :
correspond to the lengths in the matrix Q,. ‘ oW the matrix of paths which




Graphs and Thejr Applications

8.1
)
o= RR RS — —
ao=' » r'; o 2 SR — _ su
4 e — 1§ - —
4 o 1 oo R — o
(7 5 o o o -
Q, - 7 12 o 2 SR OSRS — sU
* 3 e e - " — —
\4 09 i e UR URS UT —
(75 7 RR RS — RSU
4 9 1 11 UR URS UT URS
7 5 e 7 RR RS — RSU
Qu=| ! 12 =2 SR SRS — SU
U103 w5 TSR TS — TSU
4 @ 16 UR UTS UT UTSU
7 5 8 7 (RR RS RSUT RSU
| 7 11 3 2 SR SURS SUT SU
?" %=1 3 65 TSUR TS  TSUT TSU
3 ' 4 4 16 UR UTS UT  UTSU

We indicate how the circled entries are obtained:

ol[4r 2] = MIN(GOH' 2]! 00[4' 1] + 00[1, 2]) = MIN(M, 4 + 5) =0

02[1, 3] e MIN(Gj[l, 3], 01[1, 2] + 01[2, 3]) = MIN(W, 5+ oo) = oo
| Qs[4, 2] = MIN(Q,[4, 2], Qp[4, 3] + @[3, 2]) = MIN(9, 3 + 1) = 4
| Qu[3. 1] = MIN(Q[3, 1], 5[3, 4] + Qs[4, 1]) = MIN(10, 5 + 4) = 9

ISP |
L L R

The formal statement of the algorithm follows.
L L . ' N
i g _Path Algorithm) A weighted graph G with M nodes is maintaine
Heortthm 8 (S:r?lr(:::tby its wgeight matrix W. This algorithm finds a matrix Q such that
nQ1[I J] is the length of a shortest path from node V, to node V. INFINITY is a

is the minimum value function.
very large number, and MIN is th

= : [Initializes Q.]

eat for I, J =1, 2, ..., M: [Iniua

L Rep wi(l, J]1 =0, then: Set Q[I, J] := INFINITY;
Else: Set Q[I, J]:= wil, J].

d of loop-]
2 %ir;e; Steps 3 and 4 for K=12, ..M [Updates Q.]
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3. Repeat Step 4 for 1= 1,2, ..., M:
4. Repeat forJ = 1,2, ..., M:
Set Q[I, J]:= MIN(Q(L, 7], QIL K] + Q[K. JD.
[End of loop.]
[End of Step 3 loop.]
[End of Step 2 loop.]
5. Exit.

Observe the similarity between Algorithm 8.1 and Algorithm 8.2. _
Algorithm 8.2 can also be used for a graph G without weights by simpl
w(e) = 1 to each edge e in G.

8.5 LINKED REPRESENTATION OF A GRAPH

y assigning the weight

Let G be a directed graph with m nodes. The sequential representation of G in memory—i.e., the
representation of G by its adjacency matrix A—has a number of major drawbacks. First of all, it
may be difficult to insert and delete nodes in- G. This is because the size of A may need to be
changed and the nodes may need to be reordered, so there may be many, many changes in the
matrix A. Furthermore, if the number of edges is O(m) or O(m log, m), then the matrix A will be
sparse (will.contain many zeros): hence a great deal of space will be wasted. Accordingly, G is
usually represented in memory by a linked representation, also called an adjacency. structure,
which is described in this section. -

Consider the graph G in Fig. 8.7(a). The table in Fig. 8.7(b) shows each node in G followed by
its adjacency list, which is its list of adjacent nodes, also called its successors or neighbors. Figure
8.8 shows a schematic diagram of a linked representation of G in memory. Specifically, the linked
representation will contain two lists (or files), a node list NODE and an edge list EDGE, as
follows. ' o -

A > oD
- Node |Adjacency List
E A B,C,D
| 4 B C
C
B C D CE
E C
(a) Graph G (b) Adjacency list of G
Fig. 8.7

(a) Node list. Each element in the list NODE will correspond to a node in G, and it will be a
record of the form:

NODE NEXT ADJ

Here _NODE.will be the name or key value of the node, NEXT will be a pointer to the next
node in the l{st NODE: an(_l AD'J will be a pointer to the first element in the adjacency list of
the node, which is maintained in the list EDGE) The shaded area indicates that there may be
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NODE list EDGE list
T —T 1
START ~Alele Hr HI.:.—'—I‘-IIII\JJI
J

other information in the record, such as the indegree INDEG of the node, the outdegree
OUTDEG of the node, the STATUS of the node during the execution of an algorithm, and
so on. (Alternatively, one may assume that NODE is an array of records containing fields
such as NAME, INDEG, OUTDEG, STATUS, ....) The nodes themselves, as pictured in
Fig. 8.7, will be organized as a linked list and hence will have a pointer variable START for
the beginning of the list and a pointer variable AVAILN for the list of available space.
Sometimes, depending on the application, the nodes may be organized as a sorted array or a
binary search tree instead of a linked list.

(b) Edge list. Each element in the list EDGE will correspond to an edge of G and will be a

record of the form:
F DEST | LINK

The field DEST will point to the location in the list NODE of the destination or terminal
node of the edge. The field LINK will link together the edges with the same initial node,
that is, the nodes in the same adjacency list. The shaded area indicates that there may be
other information in the record corresponding to the edge, such as a field EDGE containing
the labeled data of the edge when G is a labeled graph, a field WEIGHT containing the
weight of the edge when G is a weighted graph, and so on. We also need a pointer variable
AVAILE for the list of available spacc in the list EDGE.

Figure 8.9 shows how the graph G in Fig. 8.7(a) may appear in memory. The choice of 10

loeations for the list NODE and 12 locations for the list EDGE is arbitrary.
The linked representation of a graph G that we have been discussing may be denoted by

GRAPH(NODE, NEXT, ADJ, START, AVAILN, DEST, LINK, AVAILE)

The representation may also include an array WEIGHT when G is weighted or may include an
array EDGE when G is a labeled graph.
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]
]
i

T
NODE NEXT  ADJ : DEST  LINK AVAILE
START 1 3 1] 2 (C) 7 ﬁ
2 c 9 0 2 5
3 8 .3 7() | 10
ey 4 A 7 2 J 4| 9 (D) 0
BN 1 5 -
6 E 0 "= j—+s 2 (C) o |
7 B 2 6 7| 6 (E) 0
8 10 8 9
9 D 6 1 ~ 9 12
10 0 10| 2 (C) 4
N 11 7(0) 0
12 0
Fig. 8.9

Example 8.5

Suppose Friendly Airways has nine daily flights, as follows:

103 Atlanta to Houston =~ 203 Boston to Denver 305 Chicago to Miami
106 Houston to Atlanta 204 Denver to Boston 308 Miami to Boston
201 Boston to Chicago 301 Denver to Reno 402 Reno to Chicago

Clearly, the data may be stored efficiently in a file where each record contains three
fields:
Flight Number, City of Origin, City of Destination

However, such a representation does not easily answer the following natural
questions:

(a) Is there a direct flight from city X to city Y?

(b) Can one fly, with possible stops, from city X to city Y?

(c) What is the most direct route, i.e., the route w1th the smallest number of stops,
from city X to city Y?

To make the answers to these questions more readily available, it may be very useful
for the data to be organized also as a graph G with the cities as nodes and with the
flights as edges. Figure 8.10 is a picture of the graph G.

Figure 8.11 shows how the graph G may appear in memory using the linked
representation. We note that G is a labeled graph, not a weighted graph, since the
flight number is simply for identification. Even though the data are organized as a
graph, one still wouid require some type of algorithm to answer questions (b) and (c).
Such algorithms are drscussed later in the chapter.

N - r—"
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——— == Boston

Houston .O

Atlanta
Miami
Fig. 8.10
NODE list EDGE list
CITy NEXT ADJ NUMBER ORIG DEST LINK

1 0 1 103 2 4 0
2 | Atlanta 12 1 2 106 4 2 0
3 | Chicago 11 7 3 201 12 3 4
4 | Houston 7 2 4 203 12 11 0
5 6 5 204 11 12 6
6 8 6 - 301 11 10 0
7 | Miami 10 8 7 305 3 7 0
8 9 | 8 308 7 12 0
9 1 9 402 10 | 3 0
10 | Reno 0 9 10 11
11 | Denver 4 | 5 11 12
12 | Boston 3 3 12 0

START =2, AVAILN =5 AVAILE =10

Fig. 8.11
8.6 YOPERATIONS ON GRAPHS

Suppose a graph G is maintained in memory by the linked representation
GRAPH(NODE, NEXT, ADJ, START, AVAILN, DEST, LINK, AVAILE)

as discussed in the preceding section. This section discusses the operations of searching, inserting
and deleting nodes and edges in the graph G. The operation of traversing is treated in the next
section. ‘ | |

The operations in this section use certain procedures from Chapter 5, on linked lists. For
completeness, we restate these procedures below, but in a slightly different manner than in Chapter
5. Naturally ;f a circular linked list or a binary search tree is used instead of a linked list, then the
analogous procedures must be used.

e g e L~




8.16 Data Structures

—

Procedure 8.3 (originally Algorithm 5.2) finds the location LOC of an ITEI\iI in a linked list.

Procedure 8.4 (originally Procedure 5.9 and Algorithm 5.10) deletes a given ITEM from g
linked list. Here, we usc a logical variable FLAG to tel! whether or not ITEM originally appears in
the linked list.

Searching in a Graph

Suppose we want to find the location LOC of a node N in « graph G. This can be accomplished by
using Procedure 8.3, as follows:

Call FINP(NODE, NEXT, START. N, LOC)
That is, this Call statement scarches the list NODE for the node N.

On the other hand, suppose we want to find the location LOC of an edge (A, B) in the graph G.
First we must find the location LOCA of A and the location LOCB of B in the list NODE. Then
we must find in the list of successors of A, which has the list pointer ADJ[LOCA], the location
LOC of LOCB. This is implemented by Procedure 8.5, which also checks to see whether A and B
are nodes in G. Observe that LOC gives the location of LOCB in the list EDGE.

Inserting in a Graph

Suppose a node N is to be inserted in the graph G. Note that N will be assigned to NODE[AVAILN],
the first available node. Moreover, since N will be an isolated node, one must also set ADJ[AVAILN]
:= NULL. Procedure 8.6 accomplishes this task using a logical variable FLAG to indicate overflow.

Clearly. Procedure 8.6 must be modified if the list NODE is maintained as a sorted list or a
binary search tree.

Procedure 8.3: FIND(INFO, LINK START, ITEM. LOC) [Algorithm 5.2]

Finds the location LOC of the first node containing ITEM, or sets
LOC := NULL.

1. Set PTR := START.
2. Repeat while PTR # NULL:
If ITEM = INFO[PTR], then: Set LOC := PTR, and Return.
Else: Set PTR := LINK[PTR].
[End of loop.] _
3. Set LOC := NULL, and Return.

Procedure 8.4: DELETE(INFO, LINK, START, AVAIL, ITEM, FLAG) [Algorithm 5.10]

Deletes the first node in the list containing ITEM, or sets FLAG := FALSE
when ITEM does not appear in the list.

1. [List empty?] If START = NULL, then: Set FLAG := FALSE. and Return.
2. [ITEM in first node?] If INFO[START]. = ITEM, then:
Set PTR := START, START := LINK[START],
LINK[PTR] := AVAIL, AVAIL := PTR.
FLAG := TRUE, and Return.
~ [End of If structure.]
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3. S = :
" Ret PTR = LINKfSTART].and SAVE := START. [Initializes pointers. }
5- Repeat Steps 5 and 6 while PTR » NULL:

If INFO[PTR] = ITEM, then:

Set LINK[SAVE] := LINK[PTR], LINK[PTR} := AVAIL,

AVAIL := PTR, FLAG := TRUE, and Return.
(End of If structure.]

6. Set SAVE := PTR and PTR := LINK[PTR]. (Updates pointers]
[End of Step 4 loop.]
7. Set FLAG = FALSE, and Return.

_‘-Prgcedure 8.5: FINDEDGE(NODE, NEXT, ADY, START, DEST, LINK, A, B, LOC)

This procedure finds the location LOC of an edge (A, B) in the graph G, or
sets LOC := NULL. |

1. Call FIND(NODE, NEXT, START, A, LOCA).
2. CALL FIND(NODE, NEXT., START, B, LOCB).
3. If LOCA = NULL or LOCB = NULL, then: Set LOC := NULL.

Else: Call FIND(DEST, LINK, AD]J [LOCA], LOCB, LOC).
4. Return.

Procedure 8.6: INSNODE(NODE, NEXT, ADJ, START, AVAILN. N, FLAG)
This procedure inserts the node N in the graph G.

1. [OVERFLOW?] If AVAILN = NULL, then: Set FLAG := FALSE, and
Return.

2. Set ADJ[AVAILN] ;= NULL.
3. [Removes node from AVAILN list]
: Set NEW := AVAILN and AVAILN := NEXT{AVAILN]
4. [Ihserts node N in the NODE list.] _

Set NODE[NEW] := N, NEXT[NEW] := START and START := NEW.
5.. Set FLAG := TRUE, and Retum.

Suppose an edge (A, B) is to be inserted in the graph G. (The procedure will assume that both A
and B are already nodes in the graph G.) The procedure first finds the location LOCA of A and the
location LOCB of B in the node list. Then (A, B) is inserted as an edge in G by inserting LOCB in
the list of successors of A, which has the list pointer ADJ[LOCA]. Again, a logical variable FLAG
is used to indicate overflow. The procedure follows.

Procedure 8..7: INSEDGE(NODE, NEXT, ADJ, START, DEST, LINK, AVAILE, A, B. FLAG)
This procedure inserts the edge (A, B) in the graph G.

1. Call FIND(NODE, NEXT, START, A, LOCA).

9. Call FIND(NODE, NEXT, START, B, LOCB).

3. [OVERFLOW?] If AVAILE = NULL. then: Set FLAG := FALSE, and
Return. '

4. [Remove node from AVAILE list.] Set NEW := AVAILE and AVAILE
= LINK[AVAILE].
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5. [Insert LOCB in list of successors of A.]
Set DEST[NEW] := LOCB, LINK[NEW] := ADJ[LOCA] and

ADJ[LOCA] := NEW.
6. Set FLAG := TRUE, and Return.

The procedure must be modified by using Procedure 8.6 if A or B is not a node in the graph G.

Deleting from a Graph

Suppose an edge (A, B) is to be deleted from the graph G. (Our procedure will assume that A and

B are both nodes in the graph G.) Again, we must first find the location LOCA of A and the
location LOCB of B in the node list. Then we simply delete LOCB from the list of successors of
. A, which has the list pointer ADJ[LOCA]. A logical variable FLAG is used to indicate that there is
no such edge in the graph G. The procedure follows.

Procedure 8.8: DELEDGE(NODE, NEXT, ADJ, START, DEST, LINK, AVAILE, A, B,
FLAG)
This procedure deletes the edge (A, B) from the graph G.

1. Call FIND(NODE, NEXT, START, A, LOCA). [Locates node A.]
- 2. Call FIND(NODE, NEXT, START, B, LOCB). [Locates node B.]
3. Call DELETE(DEST, LINK, ADJ[LOCA], AVAILE, LOCB, FLAG).
[Uses Procedure 8.4.]
4. Return:

Suppose a node N is to be deleted from the graph G. This operation is more complicated than
the search and insertion operations and the deletion of an edge, because we must also delete all the
edges that contain N. Note these edges come in two kinds; those that begin at N and those that end
at N. Accordingly, our procedure will consist mainly of the following four steps:

(1) Find the location LOC of the node N in G.

(2) Delete all edges ending at N; that is, delete LOC from the list of successors of each node M
in G. (This step requires traversing the node list of G.) '

(3) Delete all the edges beginning at N. This is accomplished by finding the location BEG of
the first successor and the location END of the last successor of N, and then adding the
successor list of N to the free AVAILE list. _ -

(4) Delete N itself from the list NODE.

The procedure follows. -

Procedure 8.9: DELNODE(NODE, NEXT, ADJ, START, AVAILN, DEST, LINK, AVAILE,
N, FLAG)
This procedure deletes the node N from the graph G.

1. Call FIND(NODE, NEXT, START, N, LOC). [Locates node N.]
2. If LOC = NULL, then: Set FLAG := FALSE, and Return.
3. [Delete edges ending at N.]
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() Set PTR := START.
(b) Repeat while PTR # NULL:
(i) Call DELETE(DEST, LINK, ADJ[PTR], AVAILE, LOC, FLAG).
(ii) Set PTR := NEXT[PTR].
[End of loop.]
4. [Successor list empty?] If ADJ[LOC] = NULL, then: Go to Step 7.
S. [Find the first and last successor of N.]
(a) Stf.t BEG := ADJ[LOC], END := ADJ[LOC] and PTR := LINK[END].
(b) Repeat while PTR # NULL:
Set END := PTR and PTR := LINK[PTR].
[End of loop.)
6. [Add successor list of N to AVAILE list.]
. Set LINK{END] := AVAILE and AVAILE := BEG.
7. [Delete N using Procedure 8.4.]
Call DELETE(NODE, NEXT, START, AVAILN, N, FLAG).
8. Return. '
Example 8.6

e
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Consider the (undirected) graph G in Fig. 8.12(a), whose adjacency lists appear in Fig.
8.12(b). Observe that G has 14 directed edges, since there are 7 undirected edges.

& 5 Adjacency lists
A: B,C,D
B: ADE
C. AD
D: ABCE
. ; E E: B,D
C D
(a) (b)
Fig. 8.12

Suppose G is maintained in memory as in Fig. 8.13(a). Furthermore, suppose node
B is deleted from G by using Procedure 8.9. We obtain the following steps:

Step 1. Finds LOC = 2, the location of B in the node ist.
Step 3. Deletes LOC = 2 from the edge lis‘t, that is, from each list of successors.
Step 5. Finds BEG = 4 and END = 6, the first and last' successors of B,
Step 6. Deletes the list of successors frpm the edge list.
Step 7. Deletes node B from the node list.
Step 8. Returns.
The deleted elements are circled in Fig. 8.13(a). Figure 8.13(b) shows G in memory
after node B (and its edges) are deleted.

N T IV Y A "

o T ——
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o ~N o o 2 W N

(=] ©o (o2} ~J o S w L

- ek ek ek ek ek b
a O A W N =

MODE NEXT ADJ
A 2 1 1
3 | 4 2
c 4 7 3
D 5 9 4
E 0 13 5
7 6
8 7
0 8
START =1
AVAILN =6
DEST  LINK
® | 2 1
3 3 2
4 0 3
® | 5 4
) 6 5
® | o 6
| s 7
4 0 8
1 10 9
® 11 10
3 12 j 11
5 | 0 | 12
@ | 13
I .
i 4 0 I 14
- ;.8 i 15
0 | 16
AVAILE = 16

(a) Before deletion

Fig. 8.13

NODE NEXT ADJ
A 3 2
6
C 4 7
D 5 9
0 14 .
7
8
0
START =1
AVAILN =2
DEST LINK
15
3 3
4 0
> |
-
13
1 8
4 0
1 11
1
—— ]
|3 ] 12 ]
| L) i 0
. ' 10
-
4 0
16
0
AVAILE = 4

(b) After deleting B
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8.7 TRAVERSING A GRAPH

Many graph algorithms require one to s

ystematically examine the nodes and edges of a graph G.
There are two standard ways th

: at this is done. One way is called a breadth-first search, and the
other is called a depth-first search. The breadth-first search will use a queue as an auxiliary
structure to hold nodes for future processing, and analogously, the depth-first search will use a
stack.

During the execution of our

. algorithms, each node N of G will be in one of three states, called
the status of N, as follows:

STATUS = 1:  (Ready state.) The initial state of the node N.

STATUS = 2: (Waiting state.) The node N is on the queue or stack, waiting to be
processed.

STATUS = 3:

(Processed state.) The node N has been processed.
We now discuss the two searches separately.

Breadth-First Search

The general idea behind a breadth-first search beginning at a starting node A is as follows. First we
examine the starting node A. Then we examine all the neighbors of A. Then we examine all the
neighbors of the neighbors of A. And so on. Naturally, we need 1o keep track of the neighbors of a
node, and we need to guarantee that no node is processed more than once. This is accomplished by

using a queue to hold nodes that are waiting to be processed, and by using a field STATUS which
tells us the current status of any node. The algorithm follows.

Algorithm A: This algorithm exccutes a breadth-first search on a graph G beginning at a
starting node A.

1. [Initialize all nodes to the ready state (STATUS = 1).

2. Put the starting node A in QUEUE and change its status to the waiting
state (STATUS = 2).

3. Repeat Steps 4 and 5 until QUEUE is empty:

4. Remove the front node N of QUEUE. Process N and change the
status of N to the processed state (STATUS = 3).

5. Add to the rear of QUEUE all the neighbors of N that are in the
steady state (STATUS = 1), and change their status to the waiting
state (STATUS = 2).

_ (End of Step 3 loop.]
6. Exit.

The above algorithm will process only those nodes which are reachable from thc'starting node
A. Suppose one wants to examine all the nodes in tl.1e graph.G. Then the glgo.mhm must be
modified so that it begins again with another node (WFllCh we will call B) that is still in the ready
state. This node B can be obtained by traversing the list of nodes. o

-
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Example 8.7

Consider the graph G in Fig. 8.14(a). (The adjacency lists of the nodes appear in Fig.
8.14(b).) Suppose G represents the daily flights between cities of some airline, and
suppose we want to fly from city A to city J with the minimum number of stops. In

" other words, we want the minimum path P from A to J (where each edge has length

1).

deacency lists

F,C,B
G,C

o
=,

XCOMMOUO®>
G X m

mooooom

(a) (b)

Fig. 8.14

The minimum path P can be found by using a breadth-first search beginning at city
A and ending when J is encountered. During the execution of the search, we will also
keep track of the origin of each edge by using an array ORIG together with the array
QUEUE. The steps of our search follow.

(a) Initially, add A to QUEUE and add NULL to ORIG as follows:

FRONT=1  QUEUE: A
REAR =1 ORIG :0

(b) Remove the front element A from QUEUE by setting FRONT := FRONT + 1, and
add to QUEUE the neighbors of A as follows:
FRONT=2  QUEUE: A, F, C, B
REAR =4 ORIG :0 A A A

Note that the origin A of each of the three edges is added to ORIG.
(c) Remove the front elemant F from QUEUE by setting FRONT := FRONT + 1, and
add to QUEUE the neighbors of F as follows:

FRONT=3  QUEUE: A F, C, B, D
REAR =5 ORIG :@ A A A F
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(d) Remove the front element C fro

4 A m QUEUE, g
(which are in the ready state) UE, and add to QUEUE the neighbors of C

as follows:

FRONT= 4  QUEUE: A F,C,B D

REAR =5 ORIG :@ A A, A, F
Note that the neighbor F of C is not added to QUEUE, since F is not in the
ready state (because F has already been added to QUEUE).

e) Remove thg front element B from QUEUE, and add to QUEUE the neighbors of B
(the ones in the ready state) as follows:

FRONT=5  QUEUE: A, F, C, B, D, G
REAR =6 ORIG :¢ A, A, A, F, B

Note that only G is added to QUEUE, since the other neighbor, C is not in the
ready state. '

(f) Remove the front element D from QUEUE, and add to QUEUE the neighbors of D
(the ones in the ready state) as follows:

e T AR T o e T
T S

FRONT=6  QUEUE: A, F,C, B, D, G
REAR =6 ORIG :0, A A A F B
(g) Remove the front element G from QUEUE and add to QUEUE the neighbors of G
(the ones in the ready state) as follows:
FRONT=7  QUEUE: A, F, C, B, D, G, E
REAR =7 ORIG :0 A A A F B G

(h) Remove the front element E from QUEUE and add to QUEUE the neighbors of E h
(the ones in the ready state) as follows:

e T

el ——

FRONT = 8 QUEUE: A, F, C, B, D, G, E 3
REAR o 8 ORIG . 0; A; Al’ A: Fr B: G: E

We stop as soon as J is added to QUEUE, since J is our final destination. We now
backtrack from J, using the array ORIG to find the path P. Thus

Je—E—G&B««A

is the required path P.

L e i e e s

Depth-First Search

The general idea behind a depth-first search beginning at a starting node A is as follows. First we
€xamine the starting node A. Then we examine each node N along a path P which begins at A; that
is, we process a neighbor of A, then a neighbor of a neighbor of A, and so on. After coming to a
“dead end.” that is, to the end of the path P, we backtrack on P until we can continue along
another, path P’. And so on. (This algorithm is similar to the inorder traversal of a binary tree, and
the algorithm is also similar to the way one might travel through a maze.) The algorithm is very
similar to the breadth-first search except now we use a stack instead of the queue. Again, a field
STATUS is used to tell us the current status of a node. The algorithm follows,




—

"8.24 Data Structures

Algorithm B:  This algorithm executes a depth-first search on a graph G beginning at 3

starting node A. _
1. Tnitialize all nodes to the ready state (STATUS = 1).
2. Push the starting node A onto STACK and change its status to the waiting
state (STATUS = 2). B

3. Repeat Steps 4 and 5 until STACK is empty.

4. Pop the top node N of STACK. Process N and change its status to the
processed state (STATUS = 3). '

5. Push onto STACK all the neighbors of N that are still in the ready
state (STATUS = 1), and change their status to the waiting state
(STATUS = 2). -

[End of Step 3 loop.]

6. Exit.

Again, the above algorithm will process only those nodes which are reachable from the starting |
node A. Suppose one wants to examine all the nodes in G. Then the algorithm must be modified so |
that it begins again with another node which we will call B—that is still in the ready state. This
node B can be obtained by traversing the list of nodes. '

Example 8.8

T S

Consider the graph G in Fig. 8.14(a). Suppose we want to find and print all the nodes
reachable from the node J (including J itself). One way to do this is to use a depth-
first search of G starting at the node J. The steps of our search follow.
(a) Initially, push J onto the stack as follows:
' STACK: J

| (b) Pop and print the top element J, and then push onto the stack all the
neighbors of J (those that are in the ready state) as follows:

, Print J STACK: D, K
(c) Pop and print the top element K, and then push onto the stack all the
neighbors of K (those that are in the ready state) as follows:
Print K STACK: D, E, G

| (d) Pop and print the top element G, and then push onto the stack all the
i neighbors of G (those in the ready state) as follows:

Print G STACK: D, E, C

Note that only C is pushed onto the stack, since the other neighbor, E, is not in
the ready state (because E has already been pushed onto the stack).

(e) Pop and print the top element C, and then push onto the stack all the
neighbors of C (those in the ready state) as follows:

Print C STACK: D, E F
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() POP and print the top element F, and then push onto the stack all the i
neighbors of F (those in the ready state) as follows: '

Print F STACK: D, E

!"vlote that the only neighbor D of F is not pushed onto the stack, since D is not
in the read'y state (because D has already been pushed onto the stack).
(9) Pop anq print the top element E, and push onto the stack all the neighbors of E
(those in the ready state) as follows:
Print E STACK: D

(Note that none of the three neighbors of E is in the ready state.)
(h) Pop and print the top element D, and push onto the stack all the neighbors of
D (those in the ready state) as follows:

Print D STACK: *’

The stack is now empty, so the depth-first search of G starting at J is now complete.
Accordingly, the nodes which were printed,

J, K, G C FED
are precisely the nodes which are reachable from J.

= T s - — - - —— —

8.8 POSETS: TOPOLOGICAL SORTING

Suppose S is a graph such that each node v, of § represents a task and each edge («, v) means that
the completion of the task « is a prerequisite for starting the task v. Suppose such a graph S con-
tains a cycle, such as
P=(u v, w, t)
This means that we cannot begin v until completing «, we cannot begin w until completing v and
we cannot begin u until completing w. Thus we cannot complete any of the tasks in the cycle.
Accordingly, such a graph S, representing tasks and a prerequisite relation, cannot have cycles.
Suppose S is a graph without cycles. Consider the relation < on S defined as follows:

u<v if there is a path from w to v
This relation has the following three properties:

(1) For each element u in S, we have u 4 u. (Irreflexivity.)

(2) If u<v, thenv tu (Asymmetry.)

3) Ifu<vandv<w then u < w. (Transitivity.)
Such a relation < on S is called a partial ordering of S, and § with such an ordering is called a
partially ordered set, or poscl. Thus a graph S without cycles may be regarded as a partially

ordered set. ) . _ , :
On the other hand, suppose S is a partially ordered set with the partial ordering denoted by <.

Then § may be viewed as 2 graph whose nodes are the elements of S and whose edges are defined

as follows:

|
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(u, v) is an edge in S if u<vy

Furthermore, one can show that a partially ordered set S, regarded as a graph, has no cycles.

Example 8.9

Let S be the graph in Fig. 8.15. Observe that S has no cycles. Thus' S may be regarded
as a partially ordered set. Note that G < C, since there is a path from G to C. :
Similarly, B < F and B < C. On the other hand, B ¢ A, since thére is no path from B
to A. Also, A ¢ B,

* A
Adjacency lists
G
A C
B: D, F
c C: -
D: C 'E
E: C ‘
[ B F: g F
G: A F
i
i D
(a) (b)
i Fig. 8.15

Topological Sorting

Let S be a directed graph without cycles (or a partially ordered set). A topological sort T of S is
a linear ordering of the nodes of S which preserves the original partial ordering of S. That is: If
u<vinS(ic., if there is a path from u to v in S), then u comes before v in the linear ordering T.
Figure 8.16 shows two different topological sorts of the graph S in Fig. 8.15. We have included the
edges in Fig. 8.16 to indicate that they agree with the direction of the linear ordering.

Thre following is the main theoretical result in this section.

Proposition 8.4

Let-S be a finite directed graph without cycles or a finite partially ordered set. Then there exists a
topological sort T of the set S.

Note that the proposition states only that a topological sort exists. We now give an algorithm
which will find such a topological sort.

The main idea behind our algorithm to find a topological sort T of a graph § without cycles is
that any node N with zero indegree, i.e., without any predecessors, may be chosen as the first
element in the sort T. Accordingly, our algorithm will repeat the following two steps until the
graph S 1s empty:
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(1) Finding a node N with zero indegree
(2) Deleting N and its edges from the graph §

The order in which the nodes are deleted from. the graph S will use an auxiliary array QUEUE

which will temporarily hold all the nodes with zero indegree. The algorithm also uses a field.
INDEG such that INDEG(N) will contain the current indegree of the node N. The algorithm

follows.

- Algorithm C:  This algorithm finds a topological sort T of a graph S without cyclcs;

[
!

1.

6.

. Example 8.10

—_—

Find the indegree INDEG(N) of each node N of S. (This can be done by
traversing each adjacency list as in Problem 8.15.)

Put in a queue all the nodes with zero indegree.

Repeat Steps 4 and 5 until the queue is empty.

Remove the front node N of the queue (by setting FRONT := FRONT
+ 1)

Repeat the following for each neighbor M of the node N:
(a) Set INDEG(M) := INDEG(M) - 1.
[This deletes the edge from N to M.]
(b) If INDEG(M) = 0, then: Add M to the rear of the queue.
[End of loop.] '
[End of Step 3 loop.]
Exit.

Consider the graph S in Fig. 8.15(a). We apply our Algorithm C to find a topological
sort T of the graph S. The steps of the algorithm follow.
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1.

2.

3a.

3b.

4a.

4b.

ba.

5b.

6a.

6b.

Find the indegree INDEG(N) of each node N of the graph S. Ims yields:
INDEG(A) = 1 INDEG(B) = 0 INDEG(C) = 3 INDEG(D) = 1
INDEG(E) = 0 INDEG(F) = 2 INDEG(G) = 0 -

[This can be done as in Problem 8.15.]
Initially add to the queue each node wit
FRONT = 1, REAR = 3, QUEUE: B, E, G
RONT := FRONT + 1, as

h zero indegree as follows:

Remove the front element B from the queue by setting F
follows:
FRONT = 2, REAR = 3 QUEUE: B, E,G
Decrease by 1 the indegree of each neighbor of B, as follows:
INDEG(D) =1 -1=0 and  INDEG(F)=2-1=1

is used to find the neighbors D and F of

[The adjacency list of B in Fig. 8.15(b) -
since 1ts

the node B.] The neighbor D is added to the rear of the queue,
indegree is now zero:
FRONT = 2, REAR =4 QUEUE: B, E G, D

[The graph S now looks like Fig. 8.17(a), where the node B and the edges from

B have been deleted, as indicated by the dotted lines.]
Remove the front element E from the queue by setting FRONT := FRONT + 1, as

follows:
' FRONT = 3, REAR = 4 QUEUE: B, E G, D

Decrease by 1 the indegree of each neighbor of E, as follows:
INDEG(C) =3 -1=2
[Since the indegree is nonzero, QUEUE is not changed. The graph S now looks

like Fig. 8.17(b), where the node E and its edge have been deleted.]
Remove the front element G from the queue by setting FRONT := FRONT + 1, as

follows:
FRONT = 4, REAR = 4 QUEUE: B, E, G, D

Decrease by 1 the indegree of each neighbor of G, as follows:
INDEG(A) =1 -1=0 and INDEG(F)=1-1=0
Both A and F are added to the rear of the queue, as follows:
FRONT = 4, REAR =6 QUEUE: B, E G, D, A F
[The graph S now looks like Fig. 8.17(c), where G and its two edges have been

deleted.] i
Remove the front element D from the fueue by setting FRONT := FRONT + 1, as

follows:
FRONT = 5, REAR=6 QUEUE: B, E, G, D, A, F

Decrease by 1 the indegree of each neighbor of D, as follows:
INDEG(C) =2 -1=1
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' d

(c) G-deleted (d) D-deleted
Fig. 8.17

[Since the indegree is nonzero, QUEUE is not changed. The graph S now looks
like Fig. 8.17(d), where D and its edge have been deleted.]
7a. Remove the front element A from the queue by setting FRONT := FRONT + 1, as
follows:
FRONT = 6, REAR =6 QUEUE: B, E G, D, A F
7b. Decrease by 1 the indegree of each neighbor of A, as follows:

INDEG(C) =1 -1=0

Add C to the rear of the queue, since its indegree is now zero:

FRONT = 6, REAR =7 QUEUE: B, E G, D, A F C
8a. Remove the front element F from the queue by setting FRONT := FRONT + 1, as
. follows:
FRONT = 7, REAR =7 QUEUE: B, E G D, A F C

8b. The node F has no neighbors, so no change takes place.
9a. Remove the front element C from the queue by setting FRONT := FRONT + 1 as

follows:

8.29
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9b. The node C has no neighbors, so no other changes take place.
The queue now has no front element, so the algorithm is completed. The elements in
the array QUEUE give the required topological sort 7 of 5 as follows:
T:8,EG D A FC
The algorithm could have stopped in Step 7b, where REAR is equ
nodes in the graph S. _ |

T

al to the number of

Graph Terminology

8.1 Consider the (undirected) graph G in Fig. 8.18. (a) Describe G form
* of nodes and its set E of edges. (b) Find the degree of each node.

ally in terms of its set V

b

e . . d
Fig. 8.18

(a) There are 5 nodes, a, b, ¢, d and e; hence V = {a, b, ¢, d, e}. There are 7 pairs [x, ] of
nodes such that node x is connected with node y; hence
E = {la b, [a c], [a, d], [b, c], [b, €], [¢, d]), [c. €]}

(b) The degree of a node is equal to the number of edges to which it belongs; for example,
deg(a) = 3, since a belongs to three edges; [a, b], [a, ¢] and [a, d]. Similarly, deg(b) =3,

deg(c) = 4, deg(d) = 2 and deg(e) = 2.

8.2 Consider the multigraphs in Fig. 8.19. Which of them are (a) connected; (b) loop-free (i.e.,
without loops); (c) graphs? '

(1) @) @ @

Fig. 8.19
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(a) Only multigraphs 1 and 3 are connected
(b) Only multigraph 4 has a lo :

(¢) Only multigraphs | and 2
has multiple edges and a

op (i.e., an edge with the same endpoints).

lare graphs. Multigraph 3 has multiple edges, and multigraph 4
00p.

8.3 Consider the connected gr
F. (b) Find the distance b
the maximum distance e

aph G in Fig. 8.20. (a) Find all simple paths from node A to node

etween A and F. (c) Find the diameter of G. (The diameter of G is
Xisting between any two of its nodes.)

A B c
D E F
Fig. 8.20

(a) A simple path from A to F is a path such that no node and hence no edge is repeated.
There are seven such simple paths:

(A,B,C,F) (ABETF (ADEF (ADECF
(A’ B’ C‘ E' F) (A, B; Er C| F') (A! Dr E, B! C; F')
(b) The distance from A to F equals 3, since there is a simple path, (4, B, C, F), from A to F
of length 3 and there is no shorter path from A to F.

(¢) The distance between A and F equals 3, and the distance between any two nodes does
not exceed 3; hence the diameter of the graph G equals 3.

8.4 Consider the (directed) graph G in Fig. 8.21. (a) Find all the simple paths from X to Z.

(b) Find all the simple paths from Y to Z. (c) Find indeg(Y) and outdeg(Y). (d) Are there
any sources or sinks? :

Xe —A Y

Fig. 8.21

(a) There are three simple paths from X to Z: (X, Z), (X, W, 2) and (X, Y, W, 2).
(b) There is only one simple path from Y to Z: (¥, W, 2).
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(¢) Since two edges enter ¥ (i.e., end at .Y), we have indeg(¥) = 2. Since only one edge

leaves Y (i.e., begins at ¥), out_dcg(Y) = l.

(d) X is a source, since no edge enters X l(1.e.,
outdeg(X) > 0). There are no sinks, since €ac
node is the initial point of some edge).

indeg(X) = 0) but some edges leave X (i, e,
h node has a nonzero outdegree (i.e., each

" 8.5 Draw all (nonsimilar) trees with exactly 6 nodes. (A graph G is S'";f“G‘" K:l «th 8@191‘1 3 if
there is a one-to-one correspondence between the set V of nodes 0 A Thic: Bel / of
nodes of G’ such that (i, v) is an edge in G if and only if the cor responding pair (i, V') of
nodes is an edge in G".)

ed in Fig. 8.22. The first tree has diameter 5, the

There are six such trees, which are exhibit ' .
iameter 2. Any other tree with

next two diameter 4, the next two diameter 3 and the last one d
6 nodes will be similar to one of these trees.

T EE

Fig. 8.22

8.6 Find all spanning trees of the graph G shbwn in Fig. 8.23(a). (A tree T is called a spanning
tree of a connected graph G if T has the same nodes as G and all the edges of T are
contained among the edges of G.)

- N7
VNN N

Fig. 8.23

There are eight such spanning trees, as shown in Fig. 8.23(b). Since G has 4 nodes, each
Spam_ung tree T must have 4 — 1 = 3 edges. Thus each spanning tree can be obtained by
dfeletmg 2 of the 5 edges of G. This can be done in 10 ways, except that two of them lead t0
disconnected graphs. Hence the eight spanning trees shown are all the spanning trees of G-

Sequential Representation of Graphs

8.7 Consider the graph G in Fi : !
BT foll(g)ws: G in Fig. 8.21. Suppose the nodes are stored in memory in an array

DATA: X,Y,Z W
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_(;) l;i“d. the adjacency matrix A of the graph G
_( ) Find the path matrix P of G using powers of the adjacency matrix A
(c) Is G strongly connected? ' Y

(a) The nodes are normal] :
y ordered according to t i . :
assume v =X, v, =Y v, = Z and v g to the way they appear in memory; that is, we

4 = W. The adjacency matrix A of G follows:

A=

o O oo

11 1
0 0 1
1 0 1
010
Here a;; = 1 if there is a node from v; to v; otherwise, a;; = 0.

(b) Since G has 4 nodes, compute A2, A%, A* and B, = A + A% + A7 +'A%

011 2 01 2 2
001 O 01 0 1
Az‘-_- 3:
0 0 1 1 . 0111
LO 1 0 1 0001 1)
(0 2 2 3 05 68W
44|00 1 g |01 23
O 1 1 2 710 3 35
01 1 1 0 2 3 5,

The path matrix P is now obtained by setting p; = | wherever there is a nonzero entry in
the matrix B,. Thus

o OO
— et
[ e
Pk

(c) The path matrix shows that there is no path from v, to v, In fact, there is no path from
any node to v,. Thus G is not strongly connected.

8.8 Considcr the graph G in Fig. 8.21 and its adjacency matrix A obtained in Problem 8.7. Find
the path matrix P of G using Warshall’s algorithm rather than the powers of A.-
Compute the matrices Py, Py, Py, P, and P4 where initially Py = A and
Pli. jl= Py [0 j1v (Piylis j1 A Pk, j))
That is,

Pk[l, }] = 1 if Pk—l{i’ J] = l or bOth Pk—l[i' k] = l and Pk--ilk' j] = l
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© Then:
0111 01 11
0001 0001
Pislo 101 M jo1 o001
0010 0010
01 11 0111
0 0 01 101 11
P3'01pl Fa=To 111
o1 11 01 11
Observe thatP, = P, = P, = A. The changes in P, occur for the following reasons:
P34, 2) = 1 because P,(4, 3) =1 and P,(3,2) =1
P4, 4) =1 because P4, 3) =1 and P,3,4) =1

The changes in P, occur similarly. The last matrix, P, is the required path matrix P of the
graph G.

8.9 Consider the (undirected) weighted graph G in Fig. 8.24. Suppose the nodes are stored in
memory in an array DATA as follows:

DATA: A,B,C, X, Y

Find the weight matrix W = (w;;} of the graph G.

A

Fig. 8.24

Assuming v; = A, v, =B, v; =C, v; =X and vs = Y, we arrive at the following weigt"
matrix W of G: :

(06 0.4 1
60508
W=1050 0 2
400 0 3
08 23 0

Here w; denotes the weight of the edge from v, to v;. Since G is undirected, W is @

symmetric matrix, that is, w, = w,.
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8.10 Suppose G is a graph (undirected) which } ; is. witl
(P,) be the path matrix of ) Which is cycle-free, that is, without cycles. Let P =

(a) When can an eq

g¢ [v; v;] be added t - i
(b) How does the p ! 0 G so that G is still cycle-free?

ath matrix p change when an edge [viv]] is added to G?

(@) Th;et? ge [v;, vj will form a cycle when it is added to G if and only if there already is a
(b) ]::?t ¢ ctwecn r" and v;, Hence the edge may be added to G when P;=0.

st set p;; = 1, since the edge is a ath from v, to v.. Al tp. =1ifp. =1 andp.

= 1. In other words, & p vito v;. Also, set p;, = 1 if p;; = 1 and p;,

ilf there are both a path P, from Vg to v; and a path P, from v; to v,,
then P, [v,, v;]: P, will form a path from v, to v,.

8.11 A minimum spannin

; gtree T of a wéighted graph G is a spanning tree of G (see Problem
8.6) which has the

minimum weight among all the spanning trees of G.

(a) D‘eqcribe an algorithm to find a minimum spanning tree T of a weighted graph G.
(b) Find a minimum spanning tree T of the graph in Fig. 8.24.

(a)

'

Algorithm P8.11: This algorithm finds a minimum spanning tree T of a weighted
graph G.

1. Order all the edges of G according to increasing weights.
2. Initialize T to be a graph consisting of the same nodes as G
and no edges.

3. Repeat the following M - 1 times, where M is the number
of nodes in G:

Add to T an edge E of G with minimum weight such that E
does not form a cycle in T.
[End of loop.]

4. Exit.

Step 3 may be implemented using the results of Solved Problem. 8.10. Problem 8.10(a)
tells us which edge e may be added to 7 so that no cycle is formed—i.e., so that T is still
cycle-free—and Problem 8.10(b) tells us how to keep track of the path matrix P of T as
each edge e is added to T. N | o

(b) Apply Algorithm P8.11 to obtain the minimum spanning tree T lnl_Fig.-8.2S. Although
[A, X] has less weight than [B, C), we cannot add [A, X] to T, since it would form a
-cycle with [A, Y] and [Y, X].

A

3

Fig. 8.25

——e
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8.12 .Suppose a weightec¢ graph'G is maintained in memory by a node array DATA and a
weight matrix W as follows:

DATA: X, Y,S, T

0 30
017
0 0 4
6 8 0

Draw a picture of G. -

" The picture appears in Fig. 8.26. The nodes are labeled by the entries in DATA. ¢
if w; # 0, then there is an edge from v; to v; with weight w;, (We assume v, =X, v, = Y,
vy = S and v, = T, the order in which the nodc% appear in the array DATA.)

Fig. 8.26

Linked Representation of Graphs

8.13- A graph G is stored in memory as follows:

NODE |A | B | E D| C
NEXT |7 | 4 |0] 6 [ 8] o] 2| 3
ADJ 12| |5 71 9
{t 2 3 4 5 6 1 8
 START = 1, AVAILN =5
DEST | 2 |6 | 4 6 |74 |4l
LNK [0 [3]6] 00 o]0 01 0

1 2 3 4 5 6 7 8 9 10
AVAILE = 8
Draw the graph G. |

First find the neighbors of each NODE[K] by traversing its adjacency list, which has the
pointer ADJ[K]. This yields:

A: 2(B) and 6(D) C. 4(E) E: 6(D)
B: 6(D), 4(E) and 7(C) D: 4(E)
Then draw th; diagram as in Fig. 8.27.
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Fig. 8.27

8.14 Find the changes in the linked rcliresemation of the graph G in Problem 8.13 if the

following operat.ions occur: (a) Node F is added to G. (b) Edge (B, E) is deleted from G.
(c) Edge (A, F) is added to G. Draw the resultant graph G.

(a) The. node list is not sorted, so F is inserted at the beginning of the list, using the first
available free node as follows:

START =5 NODE | A | B E |F| D|C
AVAILN =8 NEXT 714106 |1 0] 213
AD] 1] 2 510 7] 9
1 2 3 4 5 6 7 8

Observe that the edge list does not change.
(b) Delete LOC = 4 of node E from the adjacency list of node B as follows:

AVAILE =3 DEST 216 6| 7| 4 4| 6
LINK 10| 6/ 8/, 0| 0| O| O | 4| O| O

1 2 3 4 S5 6 7 8 ‘9 10
Observe that the node list does not change.

(¢) The location LOC = 5 of the node F is inserted at the beginning of the adjacency list
of the node A, using the first available free edge. The changes are as follows:
ADJ[1] = 3 DEST | 2| 6| 5 6! 71 4 4| 6
AVAILE =8 LINK |61 0,0 0)0|4] 0| 0

1 2 3 4 5 6 7 8 9 10
The only change in the node list is the ADJ[1] = 3. (Observe that the shading
indicates the changes in the lists.) The updated graph G appears in Fig. 8.28.

B

> C

Fig. 8.28
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Suppose a graph G is maintained in memory in the form
GRAPH(NODE, NEXT, ADJ, START, DEST, LINK)
Write a procedure which finds the indegree INDEG and the outdegree OUTDEG of each

. node of G.

First we traverse the node list, using the pointer PTR in order to 'initlalm’: the arrays
INDEG and OUTDEG to zero. Then we traverse the node list, using the pointer PTRA,
and for each value of PTRA, we traverse the list of neighbors of NODE{P:I‘RA]. }lsil}g the
pointer PTRB. Each time an edge is encountered, PTRA gives the location of its initial
node and DEST[PTRB] gives the location of its terminal node. Accordingly, each edge

updates the arrays INDEG and OUTDEG as follows:

OUTDEG[PTRA] := OUTDEG[PTRA] + 1
and

INDEG[DEST[PTRB]] := INDEG[DEST[PTRB]] + 1
The formal procedure follows.

Procedure P8.15: DEGREE(NODE, NEXT, ADJ, START, DEST, LINK, INDEG,

OUTDEG)
This procedure finds the indegree INDEG and outdegree OUTDEG of
each node in the graph G in memory.

1. [Initialize arrays INDEG and OUTDEG.]

(a) Set PTR := START.
(b) Repeat while PTR # NULL: [Traverses node list.]

(i) Set INDEG[PTR] :=0 and OUTDEG([PTR] :=0.
(ii) Set PTR := NEXT[PTR].
[End of loop.]
. Set PTRA := START.
. Repeat Steps 4 to 6 while PTRA # NULL: [Traverses node
list.]
4. Set PTRB := ADJ[PTRA].
. Repeat while PTRB # NULL: [Traverses list of
neighbors.]

(a) Set OUTDEG([PTRA] := OUTDEG[PTRA] + |
and
INDEG[DEST[PTRB]] :=
INDEG[DEST[PTRB]] + 1.
(b) Set PTRB := LINK[PTRB].
[End of inner loop using pointer PTRB.}
6. Set PTRA := NEXT[PTRA].

[End of Step 3 outer loop using the pointer PTRA.]
7. Return.

w N
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Igge§e§e::;cfe§1 Ot; the algﬂ*l‘it-hm 1S t0 use a breadth-first or depth-first search to find all
- ochable trom a starting node A and to assign them the same component number.
The algorithm follows.

Algorithm P8.16: Finds the connected components of an undirected graph G.

- E}itially set COMP(N) := 0 for every node N in G, and initially set
* — 0' g

2. Find a node A such that COMP(A) = 0. If no such node A exists,

then:
Set NCOMP := L, and Exit.
Else:
' SetL ;=L + 1 and set COMP(A) := L.
3. Find al

I nodes N in G which are reachable from A (using a breadth-

first search or a depth-first search) and set COMP(N) = L for each
such node N.

4. Return to Step 2.

Linked Representation of Graphs

8.17 Suppose G is an undirected graph with m nodes Vis V2, ..., v, and n edges e, e,, ..., e, The
incidence matrix of G is the m X n matrix M = (m;;) where

1 if node v; belongs to edge e;
™i= 10 otherwise

Find the incidence matrix M of the graph G in Fig. 8.29.

€s

Uy Uy

ey =) &4

Uz e3 Us
Fig. 8.29

Since G has 4 nodes and 5 edges, M is a 4 x 5 matrix. Set m;; = 1 if v; belongs to e;. This
yields the following matrix M:
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1 0001
{11100
M=o 0110
01011

8.18 Suppose u and v are distinct nodes in an undirected graph G. Prove:

(a) If there is a path P from « to v, then there is a simple path Q from u to v.
(b) If there are two distinct paths P, and P, from u 0 v, then G contains a cycle.

(a) Suppose P = (vg, V; ..., V,) Where u = voand v = Vp. If v; = v}, then

. P = (Voo VoVja 1 oo Vn)
is a path from u to v which is shorter than P. Repeating this process, weé finally obtain a
path Q from u to v whose nodes are distinct. Thus Q is a simple path from u to v.
(b) Let w be a node in P, and P, such that the next nodes in P, anc P, are distinct. Let w’ be
the first node following w which lies on both P, and P, (See Fig. 8.30.) Then the
subpaths of P, and P, between w and w’ have no nodes in common except w and w';

hence these two subpaths form a cycle.
Py

'
u W w v

P,
Fig. 8.30

'8.19 Prove Proposition 8.2: Let A be the adjacency matrix of a graph G. Then agli, j). the i
entry in the matrix A%, gives the number of paths of length K from v; to v;.

The proof is by induction on K. Note first that a path of length 1 from v; to v; is precisely
an edge (v, v)). By definition of the adjacency matrix A, a,(i, j) = a;; gives the number of
edges from v; to v;. Hence the proposition is true for K = 1.

Suppose K > 1. (Assume G has m nodes.) Since AK=AK-14,

ag(i, j) = X ag (i, $)a(s, Jj)
s=1
By induction, ag _ (i, 5) gives the number of paths of length K — 1 from v; to v, and a (s )
gives the number of paths of length 1 from v, to v;. Thus ag _ (i, $)ay(s, j) gives the numb’
of paths of length K from v; to v; where v, is the next-to-last node. Thus all the paths of
length K from v; to v; can be obtained by summing up the ay _ GG, 5)ay(s, j) for all s. That =
ag(i, j) is the number of paths of length X from v; to v;. Thus the proposition is proved-

8.20 Suppose G is a finite undirected graph without cycles. Prove each of the following:

(a) If G has at least one edge, then G has a node v with degree 1.
(b) If G is connected—so that G is a tree—and if G has m nodes, then G has m - | edge®
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(¢) If G has m nodes anq ™~ 1 edges, then G is 4 tree.

(a) Let P = (y,, Y1 -+ v,) be a sim
assume [u, vy is a
If u# v, then p
leads to a contra
(b). The proof is by induction on

G has 1 m. Suppose m = 1. Then G consists of an isolated node and
m — 1 =0 edges. Hence the result is true for m = 1, Suppose m > 1. Then G has a
node v such that deg(v)

= 1- Delete ; ’ t btaiﬂ
the graph G’. Then G v and its only edge [, v'] from the graph G to o

¢ $ still connected and G is a tree with m - 1 nodes. By induction,
G has m-2 edges. Hence G has m
(c) Let T, T,

= 1 edges. Thus the result is true.
-+ T, denote the connected components of G. Then each T, is a tree. Hence
each T; has one more node than edg

es. Hence G has s more nodes than edges. But G has
only one more node than edges. Hence s = 1 and G is a tree.

Ple path of maximum len
nedgeanduxvl.lfuzvifori> 1, th

=W vo, v is a simple path with le
diction. Hence deg(vy) = 1.

gth. Suppose deg(vy) # 1, and
en C = (v;, vg,..., v;) is a cycle.
ngth greater than P. Each case

R A

UERLEME N AR QRN

i 2 L e s

Graph Terminology

8.1 Consider the undirected graph G in Fig. 8.31. Find (a) all sim

ple paths from node A to node
H, (b) the diameter of G and (c) the degree of each node. '

A B Cy D

El F 'G H.
Fig. 8.31

8.2 Which of the multigraphs in Fig. 8.32 are (a) connected, (b) loop-free (i.e., without loops)
and (c) graphs?

lL [ ]
| Fig. 8.32

in Fi ind the indegree and outdegree of each

- i h G in Fig. 8.33. (@) Fin cach

53 Consider thcddtl;ecltqidmizpof simple paths from v, to v,. (c) Are there any sources or sinks”?
node. (b) Find the .
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Ua

S

]

Us
Fig. 8.33
8.4 Draw all (nonsimilar) trees with 5 or fewer nodes. (There are eight such trees.)

8.5 Find the number of spanning trees of the graph G in Fig. 8.34.

A

c

D

F

mOo———O®

Fig. 8.34

Sequential Representation of Graphs; Weighted Graphs

8.6 Consider the graph G in Fig. 8.35. Suppose the nodes are stored in memory in an array
DATA as follows:

DATA: X, Y,Z, S, T
(a) Find the adjacency matrix A of G. (b) Find the path matrix P or G. (c) Is G strongly

connected?
S T
X Z
Y
Fig. 8.35
8.7 Consider the weighted graph G in Fig. 8.36. Suppose the nodes are stored in an array DATA
as follows:

DATA: X, Y,S, T

(a) Find the weight matrix W of G. (b) Find the matrix Q of shortest paths using Warshal®
Algorithm 8.2.
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X 3 ’

6 2

-
Fig. 8.36

8.8 Find a minimum Spanning tree of the graph G in Fig. 8.37.

Fig. 8.37

8.9 The following is the incidence matrix M of an undirected graph G:

0 1
] 1
1 0
0 0

I
— o — O O
— O O — O
— DO

SO - O -

0

— Qo0 O -
o - O O —

0

(Note that G has 5 nodes and 8 edges.) Draw G and find its adjacency matrix A.

8.10 The following is the adjacency matrix A of an undirected graph ‘G:

01010
1 00 11
A=1(0 0 0 1 1
1 11 01
01110

(Note that G has S nodes.) Draw G and find its incidence matrix M.

Linked Representation of Graphs

8.11 Suppose a graph G is stored in memory as follows:
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I

NODE | A C | E D B

NEXT | 4]0 8]0 7] 3]2]]

ADJ 6 1 |10 2 9

8

1 2 3 4 5 6 7

START = 6, AVAILN =5

DEST | 8 | 8 1| 4| 3] 3| 6| 3
T o |

LINK | 5| 7] 8/ 00 0[0]0

1 2 3 —“: 5 6 7 g 9 10

AVAILE = 3

Draw the graph G.
8.12 Find the changes in the linked representation of the graph G in Supplementary Problem 8.11
if edge (C, E) is deleted and edge (D. E) is inserted.

8.13 Find the changes in the linked representation of the graph G in Supplementary Problem 8.11
if a node F and the edges (E, F) and (F. D) are inserted into G.

8.14 Find the changes in the linked representation of the graph G in Supplementary Problem 8.11

if the node B is deleted from G.
Supplementary Problems 8.15 to 8.18 refer to a graph G w

a linked representation:
GRAPH(NODE, NEXT, ADJ, START, AVAILN, DEST, LINK, AVAILE)

hich is maintained in memory by

8.15 Write a proceduré to supplement each of the following:
(a) Print the list of successors of a given node ND.
(b) Print the list of predecessors of a given node ND.

8.16 Write a procedure which determines whether or not G is an undirected graph.

Write a procedure which finds the number M of nodes of G and then finds the M x M
adjacency matrix A of G. (The nedes are ordered according to their order in the node list of

G.)

8.17

8.18 Write a procedure which determines whether there are any sources or sinks in G.
Supplementary Problems 8.19 to 8.20 refer to a weighted graph G which is stored in memory using

a linked representation as follows:
GRAPH(NODE, NEXT, ADJ, START, AVAILN, WEIGHT, DEST, LINK, AVAILE)

8.19 Write a procedure which finds the shortest path from a given node NA to a given node NB:
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ose a gr is i _
8.1 2;1(13’{:1 it o% ;P:rge::dlr;i;lrts tg,;‘ g:ea‘ns of an integer M, representing the nodes 1, 2, ..., M,
for each of the following: © Integers, representing the edges of G. Write a procedure

(a) To find the M x M ad

) jacency matrix A of .
(b) To use the adjacency matrix 4 the graph G.

graph G and Warshall’s algorithm to find the path matrix P of the

Test the above using the following data:

() M=5;N=8;3,4),(5,3),

(2, 4), (1, 5), (3, 2), 4, 2),
(i) M = 6: N ), (1,5), 3,2), (4,2), 3, 1), (5, 1),

=10;(1, 6), (2, 1), (2, 3), (3, 5), 4, 5), (4, 2), (2. 6), (5. 3), (4. 3). (6. 4)

8.2 Suppose a weightcd graph G is input by means of an integer M, representing the nodes 1, 2,
...» M, and a list qf N ordered triplets (a;, b;, w;) of integers such that the pair (a; b)) is an
edge of G and w; is its weight. Write a procedure for each of the following:

(a) To find the M X M weight matrix W of the graph G.

(b) To use the weight matrix W and Warshall’s Algorithm 8.2 to find the matrix Q of shor-
test paths between the nodes.

Test the above using the following data:

i) M=4;N=7;(1,2,5),(2,4,2),3,2,3), (1, 1, 7), (4, 1, 4), (4, 3, 1). (Compare with
Example 8.4.) -
(ii)) M=5;N=8;(3,5,3),(41,2).(52,2),(1,5,5),(1,3,1), 2,4, 1), (3, 4, 4), (5, 4, 4).

8.3 Suppose an empty graph G is stored in memory using the linked representation
GRAPH(NODE, NEXT, ADJ, START, AVAILN, DEST, LINK, AVAILE)

Assume NODE has space for 8 nodes and DEST has space for 12 edges. Write a program
which executes the following operations on G:

(a) Inputs nodes A, B, C and D
(b) Inputs edges (A, B), (A, C), (C. B), (D, A), (B, D) and (C, D)

(¢) Inputs nodes E and F |
(d) Inguts edges (B, E), (F, E), (D, F)_and (F, B)
(€) Deletes edges (D, A) and (B, D)
(f) Deletes node A : | )
ngrammMg Problems 8.4 to 8.5 refer to the data in Fig. 8.38, where the cities are stored as a

binary search tree.
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8.4 Write a procedure with input CITYA and CITYB which fi
the flight from city A to city B,
Chicago, CITYB = Boston; (b) C
New York, CITYB = Philadelphia.

© @O N ;O ;s W N =

N =, A . a o d ed ed ea e
O © @ N O A W N = O

__—_-‘___-_‘M
CITY LEFT  RIGHT Afi_
1 | Allanta 0 2 12
2 | Boston 0 0 1
3 | Houston 0 0 14
4 | New York 3 8 4
5 6
8 0
7 | Washington 0 0 10
8 | Philadelphia 0 7 6
9 | Denver 10 4 8
10 | Chicago 1 0 2
START =9, AVAILN =5
NUMBER PRICE ORIG DEST LINK
201 80 2 10 3
202 80 10 2 0
301 50 2 4 0
302 50 4 2 5
303 40 4 8 7
304 40 8 4 9 .
305 120 4 2] 0
306 120 9 4 13
401 40 8 7 0
402 40 7 8 11
403 80 7 1 0
404 80 1 7 16
501 80 9 3 15
502 80 3 9 0
503 140 9 1 0
504 140 1 9 0
18
19
20
0

NUM = 16, AVAILE = 17
Fig. 8.38

nds the flight number and cost of

if a flight exists. Test the procedure using (a) CITYA =
ITYA = Washington, CITYB = Denver; and (c) CITYA =
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8.5

8.6

8.7

8.8

8.9

3.10

Write a procedure with in
; : ; put CIT
city B with a minimum number (};A and CITYB which finds the way to fly from city A to

— '.l 5 < H . 1
(a) C;ITYA = Boston, CITYB = Hot:qfnpr:" (‘;)nd 80 Tinds s cost. Test the procedure using
(¢) CITYA = New York, CITYB = Atlris ? EITA = Denver. CRTYB = Washing(on: anc

Write a procedure with i
tnput CITYA and CITYB which finds the cheapest way to fly from

city A to city B and also finds
th - .
Problem 8.5. (Compare the rCSull: )Cost. Test the procedure using the data in Programming

Write a pro ic
procedure which deletes a record from the file given the flight number NUMB. Test

2h(;:4program using (@) NUMB = 503 and NUMB = 504 and (b) NUMB = 303 and NUMB =

Write a procedure which inputs a record of the form

(NUMBNEW, PRICENEW, ORIGNEW, DESTNEW)
Test the procedure using the following data:

(a) NUMBNEW = 505, PRICENEW = 80, ORIGNEW = Chicago, DESTNEW = Denver
NUMBNEW = 506, PRICENEW = 80, ORIGNEW = Denver, DESTNEW.= Chicago

(b) NUMBNEW = 601, PRICENEW = 70, ORIGNEW = Atlanta, DESTNEW = Miami
NUMBNEW = 602, PRICENEW = 70. ORIGNEW = Miami, DESTNEW = Atlanta

(Note that a new city may have 10 be inserted into the binary search tree of cities.)

Translate the topological sort algorithm into a program which sorts a graph G. Assume G is
input by its set V of nodes and its set E of edges. Test the program using the nodes A, B, C,

D, X, Y,Z S and T and the edges
(a) (A, 2), (S, 7), (X, D), (B, 1), (C, B), (Y, X), (Z, X), (S, C) and (Z, B)

DY), (A X0, (Y. B), 6. V). (€ T K 9 (B, A), (C, ) and (X, T)
P Ei’ o 4 D 2 %, (0. ). (A, 5. B D @ V). (1) and (X, A)

finds the number of connected components of an unordered graph G
onent number 0 each of its nodes. Assume G is input by its set V of
directed) edges- Test the program using the nodes A, B, C, D, X,

Write a program which
and also assigns a comp
nodes and its set E of (un
Y,Z, S and T and the edges:

a) [A, X], [B, T}, [y, Cl (S Z),
(b) [Z, C), (D, Bl (A, X, (S cl, D, T1.

(D, T), (A S), [Z, A, [D, B] and [X, S]
X, S], Y, Bl [T, B] and (S, Z]
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Chapter Nine
Sorting and Searching

9.1 INTRODUCTION

Sorting and searching are fundamental operations in computer science. Sorting refers to the operation
of arranging data in some given order, such as increasing or decreasing, with numerical data, or
alphabetically, with character data. Searching refers to the operation of finding the location of a
given item in a collection of items. : _

There are many sorting and searching algorithms. Some of them, such as heapsort and binary
search, have already been discussed throughout the text. The particular algorithm one chooses
depends on the properties of the data and the operations one may perform on the data. Accord-
ingly, we will want to know the complexity of each algorithm; that is, we will want to know the
running time f{n) of each algorithm as a function of the number n of input items. Sometimes, we

will also discuss the space requirements of our algorithms. )
Sorting and searching frequently apply to a file of records, so we recall some standard terminology.

Each record in a file F can contain many fields, but there may be one particular field whose values -

uniquely determine the records in the file. Such a field K is called a primary key, and the values
k.. k,....in such a field are called keys or key values. Sorting the file F usually refers to sorting F

With respect to a particular primary key, and searching in F refers to searching for the record with

a given key value.
This chapter will first investigate s
Some texts treat searching before sorting.

orting algorithms and then investigate searching algorithms.
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9.2 SORTING
Let A be a list of n elements A,, A,, ..., A, in memory. Sorting A refers to the operation of

rearranging the contents of A so that they are increasing in order (numerically or lcxlcographlcally)
that is, so that

A]SA2$A3$"‘$A“

Since A has n elements, there are n! ways that the contents can appear in A. These ways correspond
precisely to the n! permutations of 1, 2,..., n. Accordingly, each sorting algorithm must take care
of these n! possibilities.

Example 9.1

Suppose an array DATA contains 8 elements as follows:

DATA: 77, 33, 44, 11, 88, 22, 66, 55
After sorting, DATA must appear in memory as follows:

DATA: 11, 22, 33, 44, 55, 66, 77, 88

- Since DATA consists of 8 elements, there are 8! = 40 320 ways that the numbers 11,
22,..., 88 can appear in DATA.

Complexity of Sorting Algorithms

The complexity of a sorting algorithm measures the running time as a function of the number n of
items to be sorted. We note that each sorting algorithm S will be made up of the following
operations, where Aj, A,, ..., A, contain the items to be sorted and B is an auxiliary location:

(a) Comparisons, which test whether A; < Aj or test whether A; < B
(b) Interchanges, which switch the contents of A; and Ajorof A; and B
(c) Assignments, which set B := A; and then set A = B or A; := A;

Normally, the complexity function measures only the number of comparisons, since the number
of other operations is at most a constant factor of the number of comparisons.

There are two main cases whose complexity we will consider; the worst case and the average
case. In studying the average case, we make the probabilistic assumption that all the n! permutations
of the given n items are equally likely. (The reader is referred to Sec 2.5 for a more .detailed
discussion of complexity.)

Previously, we have studied the bubble sort (Sec. 4.6), quicksort (Sec. 6.6) and heapsort (Sec-
7.10). The approximate number of comparisons and the order of complexity of these algorithms
are summarized in the following table:
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Algorithm | Worst Case Average Case
Bubble Sort ﬂ%:p_ = O(n?) ’_'("2_1) = O(nd)
Quicksort '—191;_:”2 = 0(n?) 1.4n 1og n = O(n log n)
Heapsort 3nlog n = O(n log n) 3nlog n = O(n log n)

Note first that the bubble sort is a ver
the algorithm. Observe that the aVéra
quicksort, but its worst-
empirical evidence seem

Y slow way of sorting; its main advantage is the simplicity of
ge-case complexity (n log n) of heapsort is the same as that of
— complexity (n log n) seems quicker than quicksort (n). However,
$ 10 Indicate that quicksort is superior to heapsort except on rare occasions.
Lower Bounds

The reader may ask whether there is an algorithm which can sort » items in time of order less than
O(n log n). The answer is no. The reason is indicated below.

Suppose S1s an algorithm which sorts n items ay, ay, ..., a,. We assume there is a decision tree
T corresponding to the algorithm S such that T'is an extended binary search tree where the external
nodes correspond to the n! ways that n items can appear in memory and where the internal nodes
correspond to the different comparisons that may take place during the execution of the algorithm
§. Then the number of comparisons in the worst case for the algorithm § is equal to the length of
the longest path in the decision tree T or, in other words, the depth D.of the tree, T, Moreover, the

average number of comparisons for the algorithm § is equal to the average external path length .
E of the tree T. '

Figure 9.1 shows a decision tree T for sorting n = 3 items. Observe that T has n! = 3! = 6
external nodes. The values of D and E for the tree follow:

D=3 and E=%(2+3+3+3+3+2)=2.66’?

Consequently, the corresponding algorithm S requires at most (worst case) D = 3 comparisons and,
on the average, E = 2.667 comparisons to sort the n = 3 items. _ ' . _

Accordingly, studying the worst-case and 'average—casc con}plet;ty'o_ a som;g 1;i‘lgonthm S is
reduced to studying the values of D and E in the corresponding ecision tree T. First, _however,
we recall some facts about extended binary trees (Sec. 7.11). Suppose TH};-. an extended tl)lmary tree
With N external nodes, depth D and external path length E(T). Any suc tree cannot have more
than 22 external nodes, and so

o2 > N orequivalently D 2log N
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a1<8z<a;

a3<az<a
az<a;<a { @p<az<a

Fig. 9.1 Decision Tree T for Sorting n = 3 items

8,<83<a rasca‘caz

Furthermore, T will have a minimum external path length E(L) among all such trees with N nodes
when T is a complete tree. In such a case, _
' E(L) = N log N + O(N) 2 N log N

The N log N comes from the fact that there are N paths with length log N or log N + 1, and the-
O(N) comes from the fact that there are at most N nodes on the deepest level. Dividing E(L) by the

number N of external paths gives the average external path length E.. Thus, for any extended
binary tree T with N external nodes,
EzE(L)ZqugN
N
Now suppose T is the decision tree corresponding to a sorting algorithm § which sorts » items.
Then T has n! external nodes. Substituting n! for N in the above formulas yields

=log N

D2>logn!=nlogn and E?_lognlznl'ogn_

The condition log n! = n log n comes from Stirling’s formula, that

n
n! = \jznn[fl—] [1+Ié—+---)
€ n

Thus n log n is a lower bound for both the worst case and the average case. In other words,
O(n log n) is the best possible for any sorting algorithm which sorts n items.

Sorting Files; Sorting Pointers

Suppose a file F of records R}, Ry,..., R, is stored in memory. “Sorting F” refers to sorting Fwit
respect to some field K with corresponding values k, k,,..., k,. That is, the records are ordered 0
that '

kySky S <k

n
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employees: Ompany contains. the following data on each of its

Name Sodcial Security Number

; T Sex  Monthly Sala
sorting fhe file With respect to the Name key will yield a different orderryof the
records than sorting the file with respect to the Social Security Number key. The
company may want to sort the file according to the Salary field even though the field
ol n.ot 1.1mquely determine the employees. Sorting the file with respect to the Sex
key will likely be useless; it simply separates the employees into two subfiles, one
with the male employees and one with the female employees. '

A — L S n

R e e L L

Sorting a file F by reordering the records in memory may be very expensive when the records
are very long. Moreover, the records may be in secondary memory, where it is even more time-
consuming to move records into different locations. Accordingly, one may prefer to form an
auxiliary array POINT containing pointers to the records in memory and then sort the array POINT

with respect to a field KEY rather than sorting the records themselves. That is, we sort POINT so
that

KEY[POINT[1]] € KEY[POINT[2]] < -+ < KEY[POINT[N]]
Note that choosing a different field KEY will yield a different order of the array POINT.

xample 9.3

J ' i L .2(b) shows
sonnel file of a company in memory Flg'ure 9.2( )

i;l?':;eagr.: % FS'SFI:V; EI‘JTpI;hEAME and PTRSSN. The array POINT contau_'ls the locations of

the recordis’in men'i'ory PTRNAME shows the pointers sorted according to the NAME

field, that is,
NAME[PTRNAME[1]] < NAME[PTRNAME[2]] < === < NAME[FIRNAME(S]]

and PTRSSN shows the pointers sorted according to the SSN field, that is,
SSN[PTRSSN[1]] < SSN[PTRSSN[2]] < - = SSN[PTRSSN[9]]

: easily find the location of NAME in
siver Ehe nare (EMF) of anNimkg]e; 'tr?: ii;aanry seagch algori’shm. Similarlg,.r, given the |
memory using the arralel’JTwl:B of an employee, one can easily f;‘ndehe locz;t:g; of the
::?l gl nzmgel;emory by using the array PTRSSNf arnfhz ;c;:‘;ﬁ: Sopear in
B : ?y:es bserve lso, that it is not even Mece records can easily be done.
SUE:;:stsiTé 212?::2:;' l:cat;'ons. Thus inserting and deleting

N L L

B it
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| NAME  SSN SEX SALARY POINT PTRNAME PTRSSN
| 1 i 2 6 10
? o | Davis | 192-38-7282 | Female 22800 2 _Ci_ 9 3
3 | Kelly | 165-64-3351| Male 19 000 3| 4 2 12
4 | Green | 175-56-2251 | Male | 27 200 4| 6| 12 4
f 5 5 ___7_ __‘.‘_. 9
6 | Brown | 178-52-1065 | Female | 14 700 6| 9| [ 6
7 | Lewis | 181-58-9939 | Female | 16 400 7110 |3 ?
8 g | 12 ; 2
9 | Cohen | 177-44-4557 | Male 19 000] o [ 14] 9] | 14 ]
10 | Rubin | 135-46-6262 | Famale | 15 500
11
1 12 | Evans | 168-56-8113 | Male 34 200
‘ 13 o
;' 14 [ Harris | 208-56-1654 | Female | 22 800|
i (@) (b)

Fig. 9.2

i ————— ey s S

9.3 INSERTION SORT

Suppose an array A with n elements A[l], A[2], ..., A[N] is in memory. The insertion sort
algorithm scans A from A[1] to A[N], inserting each element A[K] into its proper position in the
previously sorted subarray A[l1], A[2], ..., A[K = 1]. That is:

Pass 1. A[1] by itself is trivially sorted.

Pass 2. A[2] is inserted either before or after A[1] so that: A[1], A[2] is sorted.

Pass 3. A[3] is inserted into its proper place in A[1], A[2], that is, before A[1], between All]
and A[2], or after A[2], so that: A[1], A[2], A[3] is sorted.

Pass 4. A[4] is inserted into its proper place in A[1], A[2], A[3] so that:

A[1], A[2], A[3], A[4] is sorted.

Pass N. A[N] is inserted into its proper place in A[1], Al2], ..., .ﬁ;[N —l]sothat
A[l], A[2], ..., A[N] is sorted.
This sorting algorithm is frequently used when n is small. For example, this algorithm is ver
popular with bridge players when they are first sorting their cards.
There remains only the problem of deciding how to insert A[K] in its proper place in the sorted
subarray Af1], A[2], ..., A[K - 1]. This can be accomplished by comparing A[K] with A[K - }'
comparing A[K] with A[K 2], comparing A[K] with A[K - 3], and so on, until first mcetlﬂg
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ont AlJ] such that A} < |
o forward one location, ¢ S h of the clements
joved TOTWe & rvedtion, and A(K] is thep i ments AIK - 1), A[K -2), ..., A[J + 1] is

we are com A h that A[J] € A[K]; otherwise

a sentinel element AI[JS]r‘Zg_:[K] with A[1]. This condition can be

/_ (or a very small number).
Example 9.4 |

aGcmnplished by introducing

Suppose an array A contains 8 elements as follows:

77, 33, 44, 11, 88, 22, 66, 55

ngrpf e 1:‘lustrates the inser'Fion sort algorithm. The circled element indicates the
A[K] in each pass of the algorithm, and the arrow indicates the
| inserting A[K]. _

proper place for

| Pass | A[0] A[1] A[2] A[3] A[4] A[5] A[6] A[7] A[8]
= (7)) 3 4 118 22 66 55

—o 4777 (3 44 11 88 22 66 55

K=1

K=2

K=3: | -» 33 477 (44 11 8 22 66 55
K=4: | —o “733 44 77~(1) 8 22 6 55
K=5
K=6
K=7

o 11 33 44 77 22 66 55
o  {1<~33 44 77 B 66 55
o 11 22 33 44«77 __885 60 55

Sorted: — 11 22 33 44 55 66 77 88

Fig. 9.3 Insertion Sort for n = 8 Items

. = 5 1 WL .
The formal statement of our insertion sort algorithm follo S

ERTION(A, N).

Algorithm 9.1: (Insertion Sort) INS the array A with N elements.

This algorithm sortS
1. Set A[0] :=—° [Initializes sentinel element.]

K = 2, 3| LE L N:
at Steps 3 to 5 for 8= 2 0 7t
2 RO et TEMP = ALK and FIE = k-1

" TEMP < AIPTRI:
4. Repeat)w;li;[;l;:{i{ ] .= A[PTR]. [Moves element forward.]
(a e : e — s
(b) Set PTR = PTR =%
[End of loop-]- ._ TEMP. [Inserts element in proper place.]
Set A[PTR + 11 := 7555
5. )

R T S 3. | b

. A A L S T L T
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Observe that there is an inner loop which is essentially controlled by the variable PTR, and there j
an outer loop which uses K as an index.

Complexity of Insertion Sort

The number f{n) of comparisons in the insertion sort algorithm can be easily computed. First of a]}
the worst case occurs when the array A is in reverse order and the inner loop must use the
maximum number K - 1 of comparisons. Hence

-1
fin)=1+2+ - +(n-1)= n(n - 1) = 0(n?

. 2
Furthermore, one can show that, on the average, there will be approximately (K — 1)/2 comparisons
in the inner loop. Accordingly, for the average case,
-1 n-—1
f(n)—l Y. el = O(n%

27 2 2 4

s

Thus the insertion sort algorithm is a very slow algorithm when n is very large.
The above results are summarized in the following table:

Algorithim Worst Case ! Average Case
-1 -1
Insertion Sort ff--(%———)-- 0(n?) -E(n4 ) = O(nz)

Remark: Time may be saved by performing a binary search, rather than a linear search, to find the
location in which to insert A[K] in the subarray A[1], A[2], ..., A[K - 1]. This requires, on the
average, log K. comparisons rather than (K - 1)/2 comparisons. However, one still needs to move
(K — 1)/2 elements forward. Thus the order of complexity is not changed. Furthermore, insertion
sort is usually used only when n is small, and in such a case, the linear search is about as efficient
as the binary search.

9.4 SELECTION SORT

Suppose an array A with n elements A[l], A[2], ..., A[N] is in memory. The selection sort
algorithm for sorting A works as follows. First find the smallest element in the list and put it in the
first position. Then find the second smallest element in the list and put it in the second position.
And so on. More precisely:
Pass 1. Find the location LOC of the smallest in the list of N elements
A[l], A[2], ..., A[N], and then interchange A[LOC] and A[1]. Then: A[1] is sorted.
Pass 2. Find the location LOC of the smallest in the sublist of N — 1 elements

A[2], A[3], .. A[N] and then interchange A[LOC] and A[2]. Then:
A[1], A[2] is sorted, since A[1] < A[2].
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3 Find the locas: [ 9.9 |
pass 2 € location o

ot 29 |
A[3]! A[4]1 ey A[N] and t: SmalleSt il'l the SUbliSt of N - 2 EIBmentS
: €N interch
AL AR, Ap) gy o2 AILOC] and A[3). Then:

is sorted, since A[2] < A[3].

Pass N — 1. Find the locatjop LOC
: of the

Interchange A[LOC] and A[N imla]lk’:lrhzz .the elements A[N — 1], A[N], and then

All], A2y, . '

Thus A is sorted after N — | passes.

+» AIN] is sorted, since A[N - 1] < A[N].
Example 9.5
Suppose an array A contains 8 elements as follows:

77, 33, 44, 11, 88, 22, 66, 55

Applyi.ng the selection sort algorithm to A yields the data in Fig. 9.4. Observe that
LOC gives the location of the smallest among A[K], A[K + 1], ..., A[N] during Pass K.
The circled elements indicate the elements which are to be interchanged.

Pass A1l A2l A[B] A[4] A[5] A6] A7) A8
K=1,LOC =4 @7) 3 4 (1) 8 2 e 55
K=2 LOC=6 11 @) 4 7 8 (2@ e 55

'K=3,L0C=6 1 22 77 8 (38) 66 55
K=4,1L0C=6 n 2 ®» @) e 66 55
K=5,L0C=8 no2 B M 7 e (5
K=6 LOC=7 11 22 33 44 55 @ :2
K = 7' LOC =7 11 22 33 44 55 66

S‘orted' — 1 11 22 33 44 55 66 77 88

Fig. 9.4 Selection Sort for n = 8 Items

_-_,__..-w-‘_,..__".‘-
.

i OC of the
. . an ing the Kth pass, the local_lon 1 .
oblem ofoll'ldllf]lg' dui?ﬁn' This may be accomplished by using a
A[K]! A[ + y rees

N to hold he curren m i m A[K] to A[N].
i ng the subarray fro . .
ble M t value while scannl : b : . : )
Specttoams Y c__—- A }t(;; r?iilels,O(f .= K, and then traverse the list, comparing M N w
a - h
Specifically, first set MIN : Al .
€ach other element A[J] as follows:

: v
(a) If MIN < A[J], then snmplty I;]A?N
(b) If MIN > A[J]. then update

There remains only the Pr
Smallest among the elements

next element. C =l
e [Od[TOC by setting MIN := A[J] and LO
an
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After comparing MIN with the last element A[N], MIIN. will cgntain the smallest among the
elements A[K], A[K + 1], ..., A[N] and LOC will contain its location.
The above process will be stated separately as & procedure.

Procedure 9.2: MIN (A K., N, LOC) .
An array A is in memory. This procedure finds the location LOC of the smallest

element among A[K], A[K + 1], ..., .A[N].

1. Set MIN := A[K] and LOC := K. [Initializes pointers.]
2. RepeatforJ=K+1,K+2, ..., N
If MIN > A[J), then: Set MIN := A[J] and LOC := A[J] and LOC =},
[End of loop.]
3. Return.

The selection sort algorithm can now be zasily stated:

Algorithm 9.3: (Selection Sort) SELECTION(A, N)
This algorithm sorts the array A with N elements.

1. Repeat Steps2and3 forK=1,2,..,N-1:
2. Call MIN(A, K, N, LOC).
3. [Interchange A[K] and A[LOC].]
Set TEMP := A[K], A[K] := A[LOC] and A[LOC] := TEMP.
[End of Step 1 loop.]
4. Exit.

Complexity of the Selection Sort Algorithm

First note that the number f(n) of comparisons in the selection sort algorithm is independent of the
original order of the elements. Observe that MIN(A, K, N, LOC) requires n — K comparisons. That
is, there are n — 1 comparisons during Pass | to find the smallest element, there are n - 2
comparisons during Pass 2 to find the second smallest element, and so on. Accordingly, .

nin—1) o B

n=nx-1+n-2)+ - +2+1= = O{n*)
\ fln)=( ) ) ) g
The above result is summarized in the following table:
Algorithm - Worst Case Average Case
n(n-1 -
Selection Sort : > )~ om) f(jd_i)" - O(n?)

Remark: The number of interchanges and assignments does depend on the original order .of the
elements in the array A, but the sum of these operations does not exceed a factor of n?
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8
55
4
33
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88
8 77
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=4
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Fig. 9.5
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and assign the smaller element to C[PTR]. Then we increment PTR by setting PTR := PTR , l
and we either increment NA by setting NA := NA + 1 or increment NB by setting NB := Ng , {
according to whether the new clement in C has come from A or from B. Furlh‘cr.mure, if NA s .
then the remaining elements of B are assigned to C; or if NB > s, then the remaining elemens o A
are assigned to C.

The formal statement of the algorithm follows.

Algorithm 9.4: MERGING(A, R, B, S, C) , ,
| Let A and B be sorted arrays with R and S elements, respectively. This algorithy,

merges A and B into an array C with N=R+ S. elements.

1. [Initialize.] Set NA := I, NB := 1 and PTR := 1.
2. [Compare.] Repeat while NA < R and NB < S:
If A[NA] < B[NB], then:
(a) [Assign element from A to C.] Set C[PTR] := A[NAI.
(b) [Update pointers.] Set PTR := PTR + | and NA = NA + |,

Else:

(a) [Assign element from B to C.] Set C[PTR] := B[NB].
(b) {Update pointers.] Set PTR := PTR + 1 and NB :=NB + 1.

[End of If structure.]
{End of loop.]
3. [Assign remaining elements to C.]
If NA > R, then:
Repeat for K=0, 1, 2, ..., S - NB:
Set C[PTR + K] := B[NB + K].
[End of loop.]
Else:
Repeat for K =0, 1, 2, ..., R - NA:
Set C[PTR + K] := A[NA + K].
[End of loop.]
(End of If structure.]
4. Exit.

Complexitv of the Merging Algorithm

The input consists of the total number n = r + s of elements in A and B. Each comparison assighs

an element to the array C, which eventually has n elements. Accordingly, the number fin)°
comparisons cannot exceed n:

fin) < n=0(n)
In other words, the merging algorithm can be run in linear time,
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|,wnregular Matrices

Suppose A, B and C are matrices, byt DOt necessari]
1S sor

lements and lower bound LBA; g | ted. wit} Y regular matrices. Assume A is sorted, with 7
ower bound LBC. Then UBA = LBA + r_| anI(; ]UB;lemems and lower bound LBB; and C has
pounds of A and B. Merging A anq g no =LB

B + 5 -1 are, respectivel , the upper
s follows. W may be accomplis p 4 fh
a

hed by modifying the above algorithm
procedure 9.5: MERGE(A, R

. +LBA, S, LRB :
This proceduyr s = EEC)

€ merges the sorted arra

l- Set NA = LBA NB e LBB
, = ,PTR := . ‘ -1
UBB := BB + § _ 1. R:=LBC, UBA :=LBA.+ R -1

ys A and B into the array C,

g. Same as Algorithm 9.4 except R is replaced by UBA and S by UBB.
4. SRartne as Algorithm 9.4 except R is replaced by UBA and S by UBB.
eturn,

Observe tha.t this ‘proced‘ure 1S cglled MERGE, whereas Algorithm 9.4 is called MERGING. The
reason for stating this special case is that this procedure will be used in the next section, on merge-
sort.

Binary Search and Insertion Algorithm

Suppose the number r of elements in a sorted array A is much smaller than the number s of

elements in a sorted array B. One can merge A with B as follows. For each element A[K] of A, use
a binary search on B to find the proper location to insert A[K] into B. Each such search requires at
most log s comparisons; hence this binary search and insertion algorithm to merge A and B
requires at most 7 log s comparisons. We emphasize that this algorithm is more efficient than the
usual merging Algorithm 9.4 only when r << s, that is, when r is much less than s.

|
' Example 9.6

f .

! Suppose A has 5 elements and suppose B has 100 elements. Then merging A and B by
| Algorithm 9.4 uses approximately 100 comparisons. On the other hand, only .

| ! roximate'[ log 100 = 7 comparisons are needed to find the proper place to insert

| aﬁpelement 03;: A into B using a binary search. Hence o_nly approxlmately 5. ? =35
comparisons are needed to merge A and B using the binary search and insertion
algorithm.

|

T —— S S—

i

.

e ],

, : take into account the fact that A is sorted,
' ' on algorithm does not
Acggfd.b‘nlarytlsleﬂffho?ilzsnllnr?;;' be in%proved in two ways as follows. (Here we assume that A has
ingly, the alg ‘

S element B has 100 elements.)
nts and Suppose after the first search we find that A[1] is to be inserted
- (D) Reducing the target Sezedlgjﬁy use a binary search on B[17], ..., B[100] to find the proper
after B[16]. Then we n
location to insert A[2]. And so on.
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(2) Tabbing. The expected location for inserting Al 1] in B is neat BE:(?] ghga[;]ls’ flg[fi ]3-0!101
near B(50]. Hence we first use a linear search on B[2_0.l, B[40}, B[60], B[ 28“ ol 1to
find B[K] such that A[1] € B[K], and then we use¢ a plqary searcl} on-B[‘K - h]- : ( - 191,
..., B[K]. (This is analogous to using the tabs in a dictionary which indicate the location of

all words with the same first letter.)

The details of the revised algorithm are left to the reader.

9.6 MERGE-SORT

Suppose an array A with n elements A[1], A[2], ..., A[N] is in memory. The merge-sort algorithm
which sorts A will first be described by means of a specific example.

~ Example 9.7
Suppose the array A contains 14 elements as follows:
66, 33, 40, 22, 55, 88, 60, 11, 80, 20, 50, 44, 77, 30
Each pass of the merge-sort algorithm wiil start at the beginning of the array A and

merge pairs of sorted subarrays as follows:

Pass 1. Merge each pair of elements to obtain the following list of sorted pairs:

33,66 22, 40 55, 88 11,60 20, 80 44,50 30,70

et et et emmped e e e——

Pass 2. Merge each pair of pairs to obtain the following list of sorted quadruplets:
22, 33, 40, 66 11, 55, 60, 88 20, 44, 50, 80 30,77

——— e —— —_—— —_— L
Pass 3. Merge each pair of sorted quadruplets to obtain the following two sorted
subarrays:

11, 22, 33, 40, 55, 60, 66, 88 20, 30, 44, 50, 77, 80

~

v

Pass 4. Merge the two sorted subarrays to obtain the single sorted array
11, 20, 22, 30, 33, 40, 44, 50, 55, 60, 66, 77, 80, 88
The original array A is now sorted.

R L -

B A ST e T £ e T AT e B e o BT

The above merge-sort algorithm for sorting an array A has the following important property.
After Pass K, the array A will be partitioned into sorted subarrays where each subarray, except
possibly the last, will contain exactly L = 2 elements. Hence the algorithm requires at most log n
passes to sort an n-element array A. _

The above informal description of merge-sort will now be translated into a formal algorithm
which will be divided into two parts. The first part will be a procedure MERGEPASS, which uses

Procedure 9.5 to execute a single pass of the algorithm; and the second part will repeatedly apply
MERGEPASS until A is sorted.
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applies (o .

d subarrays. Moreover, each Su‘%ar : 9 & -Clemeng array A which consists of a sequence of
Oﬂ: fewer than L elements, Dividing :‘gycgzsms Of L elements except that the last subarray may
?\;Jairs of L-element sorted supy » We obtain the quotient Q, which tells the number

0

Q = INT(N/(241.))
(We use INT(X) to denote the integer valye of X.) Sett

1 i ing S = 2xL*Q, we get the total number S
ol lesiens 1 e S pafl.rs o SUbarray§_ Hence R = N - S denotes the number of remaining
clements. The p rocedure first nerges the initial Q pajrg of L-clement subarrays. Then the procedure
akes care of the case where there 1S an odd number of subarrays (when R < L) or where the last
subarray has fewer than L elemens

The formal statement of MERGEPASS and the mer

Procedure 9.6: MERGEPASS(A, N, L, B)
The N-element arra
has L elements exc
elements. The
to the array B.

1. Set Q := INT(N/(2+L)), § := 2+L+Q and R := N — §.

2. [Use Procedure 9.5 to merge the Q pairs of subarrays.]
Repeat forJ =1, 2, .. .. Q:

frays; that s,

ge-sort algorithm follow:

Y A is composed of sorted suba
€pt possibly the last subarray,
Procedure merges the pairs of sub

rrays where each subarray
which may have fewer than L
arrays of A and assigns them

(@) SetLB :=1 + (2#) - 2)*L. [Finds lower bound of first array.]
(b) Call MERGE(A,L,LB, A, L. LB + L, B, LB).
[End of loop.]
3. [Only one subarray left?)
If R < L. then:
Repeat forJ =1,2,...,R:
Set B(S +J) := A(S + J).
[End of loop.]
ElSﬂ:Call MERGEA.L.S+ 1. AR, L+S+ 1, E S+ 1)
[End of If structure.]
4, Return.

: . N) _ . _
St .7 ]MhERgffgli?:ms the N-element array A using an auxiliary array B.
1s algoi S

Set L := |. [Initializes the number of elements in the subarrays.]
1. SetL :=1.

. 3 to 6 while L < N:
Repeat Steps - . : |
§ p Call MERGEPASS(A. SLBLI N
4. Call MERGEPASS(B, N, 2 .
5 SetL:=4 *L.

(End of Step 2 loop.]
6. Exit




)

9.16 Data Structures

——

Since we want the sorted array to finally appear in the original array A, we Mmust execute th,
procedure MERGEPASS an even number of times..

Complexity of the Merge-Sort Algorithm

Let f(n) denote the number of comparisons needed to sort an n-element array A using the merge.
sort algorithm. Recall that the algorithm requires at most log n passes. Moreover, each pass merges
a total of n elements, and by the discussion on the complexity of merging, each pass will require o
most n comparisons. Accordingly, for both the worst case and average case,

fin) <nlogn _
Observe that this algorithm has the same order as heapsort and the same average order as quicksort,
The main drawback of merge-sort is that it requires an auxiliary array with n elements. Each of the
other sorting algorithms we have studied requires only a finite number of extra locations, which is
independent of n.
The above results are summarized in the following table:

Algorithm Worst Case Average Case Extra Memory

Merge-Sort | nlog n= O(nlog n) | nlog n= O(n log n) O(n)

9.7 RADIX SORT

Radix sort is the method that many people intuitively use or begin to use when alphabetizing a-
large list of names. (Here the radix is 26, the 26 letters of the alphabet.) Specifically, the list of
names is first sorted according to the first letter of each name. That is, the names are arranged in
26 classes, where the first class consists of those names that begin with “A,” the second class
consists of those names that begin with “B,” and so on. During the second pass, each class is
alphabetized according to the second letter of the name. And so on. If no name contains, for
example, more than 12 letters, the names are alphabetized with at most 12 passes.

The radix sort is the method used by a card sorter. A card sorter contains 13 receiving pockets
labeled as follows:

9,8,76,54,3,2,1,0,11, 12, R (reject)

Each pocket other than R corresponds to a row on a card in which a hole can be punched. Decimal
numbers, where the radix is 10, are punched in the obvious way and hence use only the first 10
pockets of the sorter. The sorter uses a radix reverse-digit sort on numbers. That is, suppose a card
sorter is given a collection of cards where each card contains a 3-digit number punched in columns
1 to 3. The cards are first sorted according to the units digit. On the second pass, the cards ar
sorted according tq the tens digit. On the third and last pass, the cards are sorted according to the
hundreds digit: We illustrate with an example.
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éxample 9.8

.

Suppose 9 cards are Punched 3¢ fO-l[;)ws;

9.17

Fig. 9.6 sorted in three phases, as pictured in
348 151 & 8 9 |
143 348

14
ig; 361 3
538 423
128 538
321 321 128
g;g 543
L-—___h____ﬁ__ﬁ______h_ 366
(a) First pass
Input 0 1 2 3 4 5 6 8 9
361
361
321 321
143 143
423 423
543 543
366 543
366 366
348 348
538 538
128 128
(b) Second pass
_Epm o ] 2 3 4 5 6 8 ﬁ
321 821
423 423
2 128
;ag 538
;:g s 543
348 348
361
361
366 366
—

(c) Third pass
Fig. 9.6
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(a) In the first pass, the units digits are sorted into pockets. (The pocke;s are
pictured upside down, so 348 is at the bottom of pocket 8.) The cards are
collected pocket by pocket, from pocket 9 to pocket 0. (h_lote that 361 will now
be at the bottom of the pile and 128 at the top of the pile.) The cards are now
reinput to the sorter. .

(b) In the second pass, the tens digits are sorted into pockets. Again the cards are
collected pocket by pocket and reinput to- the sorter. .

(¢) In the third and final pass, the hundreds digits are sorted into pockets.

When the cards are collected after the third pass, the numbers are in the following
order:

128, 143, 321, 348, 361, 366, 423, 538, 543

Thus the cards are now sorted. . -
The number € of comparisons needed to sort nine such 3-digit numbers is bounded
as follows:

C < 9%3%10

The 9 comes from the nine cards, the 3 comes from the three digits in each number,
and the 10 comes from radix d = 10 digits.

R SR T SR AP B 4 S A £t S TP T SR TR N 0 B

Complexity of Radix Sort

Suppose a list A of n items A, A,, ..., A, is given. Let d denote the radix (e.g., d = 10 for decimal
digits, d = 26 for letters and d = 2 for bits), and suppose each item A, is represented by means of s
of the digits:

. Aj=dydy ... d
The radix sort algorithm will require s passes, the number of digits in each item. Pass K will
compare each d; with each of the d digits. Hence the number C(n) of comparisons for the
algorithm is bounded as follows:

C(n) £ d*s*n

Although d 1s independent of #, the number s does depend on n. In the worst case, s = n, so C(n) =
O(n?j). In the best case, s = logy n, so C(n) = O(n log n). In other words, radix sort performs well
only when the number s of digits in the representation of the A;’s is small.

Another drawback of radix sort is that one may need d*n memory locations. This comes from
the fact that all the items may be “sent to the same pocket” during a given pass. This drawback
may be minimized by using linked lists rather than arrays to store the items during a given pass.
-However, one will still require 2*n memory locations,

9.8 SEARCHING AND DATA MODIFICATION

Suppose S is a collection of data maintained in memory by a table using some type of dat
structure. Searching is the operation which finds the location LOC in memory of some given ITEM
of information or sends some message that ITEM does not belong to S. The search is said t0 be



used. .
Generally speaking, there s a traq
and data structures with fast modificat

, Iy search to find the location LOC of a given ITEM in
time O(log n). On the other hand, inserting and deleting are very slow, since, on the
average, n/2 = O(n) elements must be moved for a given insertion or deletion. Thus a sorted
array ?VOUld likely be used when there is a great deal of searching but only very little data
modification. _ '

(2) Linked list. Here one can only perform a linear search to find the location LOC of a given
ITEM, and the search may be

very, very slow, possibly requiring time O(n). On the other
hand, inserting and deleting requires only a few pointers to be changed. Thus a linked list
would be used when there is a great deal of data modification, as in word (string) processing.

() Binary search tree. This data structure combines the advantages of the sorted array and the
linked list. That is, searching is reduced to searching only a certain path P in the tree T,
which, on the average, requires only O(log n) comparisons. Furthermore, the tree T is

~ maintained in memory by a linked representation, so only certain pointers need be changed
after the location of the insertion or deletion is found. The main drawback of the binary
search tree is that the tree may be very unbalanced, so that the length of a path P may be

O(n) rather than O(log n). This will reduce the searching to approximately a linear search.

Remark: The above worst-case scenario of a binary search tree may be eliminated by using a
height-balanced binary search tree that is rebalanced after each insertion or QCletlon. The algorithms
for such rebalancing are rather complicated and lie beyond the scope of this cext.

Searching Files, Searching Pointers

Suppose a file F of records Ry, Ry --s R is stort_ad in {nemory: Sfiarchi?g.f: usually‘ refcrskto
finding the location LOC in memory of the record with a given kley \:a u‘; ::1 a;g; tooi pr;fn?ry ey
field K. o ay to simplify the searching is to use an auxi ler} fis:d oS loc:tion i (;ré e;;,tl?:
diSCUSSéd ,HGSW y9 2. Then a binary search can be us_.cd to CIEIIIC q }10f e teition L Shdie
Tecord ll? ec. 9.2. key. In the case where there is 2 grea aLh of i rathergthan 4 auxﬂgi
reCOrds“‘“t the- given m)il.ht want to usé an aux111gr}* bmarﬁ :L ih ge [ree rather than an aux Saz
Sorted a;:a;hinﬁ;%o;ie t}gle searching of the file F 18 reduced 10

ltems, a5 discussed above.
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9.9 HASHING

The search time of each algorithm discussed so far depends on the number n of elements in the
collection S of data. This section discusses a searching technique, called hashing or hash addressing,
which is essentially independent of the number n. )

The terminology which we use in our presentation of hashing will be oriented toward file
management. First of all, we assume that there is a file F of » records with a set K of keys which
uniquely determine the records in F. Secondly, we assume that F is maintained in memory bya
table T of m memory locations and that L is the set of memory addresses of the locaFlons in T. For
notational convenience, we assume that the keys in K and the addresses in L are (decnnal? integers,
(Analogous methods will work with binary integers or with keys which are character strings, such
as names, since there are standard ways of representing strings by integers.)

The subject of hashing will be introduced by the following example.

Example 9.9

Suppose a company with 68 employees assigns a 4-digit employee number to each
employee which is used as the primary key in the company’s employee file. We can, in
fact, use the employee number as the address of the record in memory. The search

will require no comparisons at all. Unfortunately, this technique will require space for
10 000 memory locations, whereas space for fewer than 30 such locations would
actually be used. Clearly, this tradeoff of space for time is not worth the expense.

T e AR Y S s e e e

The general idea of using the key to determine the address of a record is an excellent idea, but it
must be modified so that a great deal of space is not wasted. This modification takes the form of a
function H from the set K of keys into the set L of memory addresses. Such a function.

H K—L

is called a hash function or hashing function. Unfortunately, such a function H may not yield
distinct values: it is possible that two different keys k; and k, will yield the same hash address.
This situation is called collision, and some method must be used to resolve it. Accordingly, the

topic of hashing is divided into two parts: (1) hash functions and (2) collision resolutions. We
discuss these two parts separately.

Hash Functions

The two principal criteria used in selecting a hash function H: K — L are as follows. First of all,
the function H should be very easy and quick to compute. Second the function .H should, as far 8
possible, uniformly distribute the hash addresses throughout the set L so that there are a minimum®
number of collisions. Naturally, there is no guarantee that the second condition can be completely
fulfilled without actually knowing beforehand the keys and addresses. However, certain gener

techniques do help. One technique is to “chop” a key k into pieces and combine the pieces in s0m°
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y10 form the hash addresg H(k). (The tepm «
into pieces.) m *“h shing” comes from this technique of *chopping”
¢ next illustrate some popylar que of “chopping

e easily and quickly evaluateq by the comput
. uter
o) Division method. Choose 3 nu

is usually chosen to be 5
frequently minimizes the p

€ .
Prime numb Ber than the number n of keys in K. (The number m

©F Or a number wj ivi ' i
umber of col); without small divisors, since this

18ions.) The hash function H is defined by
or H(k) = k (mod m) + 1

(b) Midsquare method. The key. is s

Hk) =1
y deleting digits from both ends of k2. We emphasize that the same
: be used for all of the keys.
Folding met_hod. The key k is partitioned into a number of parts, k|, ..., k,, where each part,
except possibly the last, has the same number of digits as the required address. Then the
parts are added together, ignoring the last carry. That is,
Hk) =k + ky+ - + k,

where the leading-digit carries, if any, are ignored. Sometimes, for extra “milling,” the
even-numbered parts, k,, kg, ..., are each reversed before the addition.

where [ 1s obtained b
positions of k¥ must

(©)

Example 9.10

Consider the company in Example. 9.9, each of whose 68 employees is assigned a
unique 4-digit employee number. Suppose L consists of 100 two-digit adfiresses: 00,
01, 02 99. We apply the above hash functions to each of the following employee -.
numbers: "
3205, 7148, 2345

(a) Division method. Choose a prime number m close to 99, such as m = 97. Then

H(3205) = 4 H(7148) = 67, H(2345) = 17 |
97 gives a remainder of 4, dividing 7148 by 97 gives

. 4 g7 gives remainder of 17. In the
viding 2345 by her than 00, we choose that

T A A « -

That is, dividing 3205 by

inder of 67, and di A t
ia_r;mti:::t the memory addresses begin with 01 ra

btain:
the function H(k) = k(mod m)(;lzsi;o 067a+ e
H -
nezos) = ° ¢ - i . ns are performed:
(b) Midsquare method. The following calculations &7 p

el e

H(2345) = 17 + 1 = 18

2345
7148
. 3205 . 51003904 5 499 .025
@ 10272 02 93 99

H(K): 72
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Observe that the fourth and fifth digits, counting from the right, are chosen for

the hash address. o
(¢) Folding method. Chopping the key k into two parts and adding yields the

following hash addresses:
H(3205) = 32 + 05 = 37, H(7148) = 71 + 48 =1, H(2345) = 23 + 45 = 68
Observe that the leading digit 1 in H(7148) is ignored. Alternatively, one may

want to reverse the second part before adding, thus producing the following
hash addresses:

H(3205) = 32 + 50 = 82, H(7148) = 71 + 84 + 55, H(2345) = 23 + 54 = 77

e - ——A——— S ——— ——— e —

Collision Resolution

Suppose we want to add a new record R with key k to our file F, but suppose the memory location
address H(k) is already occupied. This situation is called collision. This subsection discusses two
general ways of resolving collisions. The particular procedure that one chooses depends on many
factors. One important factor is the ratio of the number 7 of keys in K (which is the number of
records in F) to the number m of hash addresses in L. This ratio, A = n/m, is called the load factor.

First we show that collisions are almost impossible to avoid. Specifically, suppose a student
class has 24 students and suppose the table has space for 365 records. One random hash function is
to choose the student’s birthday as the hash address. Although the load factor A = 24/365 = 7% is
very small, it can be shown that there is a better than fifty-fifty chance that two of the students
have the same birthday.

The efficiency of a hash function with a collision resolution procedure is measured by the
average number of probes (key comparisons) needed to find the location of the record with a given
key k. The efficiency depends mainly on the load factor A. Specifically, we are interested in the
following two quantities:

S(A) = average number of probes for a successful search
U(A) = average number of probes for an unsuccessful search

These quantities will be discussed for our collision procedures.

Open Addressing: Linear Probing and Modifications

Suppose that a new record R with key k is to be added to the memory table 7, but that the memor)
location with hash address H(k) = h is already filled. One natural way to resolve the collision is ©
assign R to the first ayailable location following T{h). (We assume that the table T with m locatiof's
is circular, so that T[1] comes after T[m].) Accordingly, with such a collision procedure, W® il
search for the record R in the table T by linearly searching the locations TTk], Tlh + 1), Tlh + 2,
until finding R or meeting an empty location, which indicates an unsuccessful search.

The above collision resolution is called linear probing. The average numbers of probes fora
successful search and for an unsuccessful search are known to be the following respective qua““ues'

(¥




‘ Sorting and Searching
9.23
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lnl) and wh=%1+ﬁi__
ot A= nim 1s the load t'uclor.) )
[

example 9.11

suppose the table T has 11 men .
file F consists of 8 records, A o1y locations, 7y, T2}, ..

B, - T[11], and suppose the
addresses: CDEXY and Z, with t 0P

he following hash
Record: 4 B, ¢ D, g Y 7
Hk): 4, 8 o 1, 4 1, 5 1
Suppose the. 8 records are entered into the table T in th
will appear in memory as follows: €

Table : X, ¢, Z A E Y — B
Address: 1,2, 3, 4, : ' & o

above order. Then the file F

'] D
' 5 6, 7, 8 9, 10, 11
Although Y is the only record with hash ad

to T[S]: since T[5] has already been filled
T{4).. Similarly, Z does not appear in T[1].
The average number S of probes for a successful search follows:

dress H(k) = 5, the record is not assigned
by E because of a previous collision at

S =

1+1+1+1+2+42+243 13

8 8
The average number U of probes for an unsuccessful search follows:

1.6

7+6+5+4+3+2+1+2+1+1+8—4—0-36
' 11 17

The first sum adds the number of probes to find each of the 8 records, and the
second sum adds the number of probes to find an empty location for each of the 11
locations,

————

Pppp—— L _E R

A S A e e

S ———

s that records tend to cluster, that is, appear next to
r than 50 percent. Such a clustering substantially
d. Two techniques to minimize clustering are as

One main disadvantage of linear probing 1
¢ another, when the load factor is greate

: or
"Creases the average search time for a rec
fllll'{}Ws:

adra ob Su wi k) = h. Then,
Q key k has the hash address H(

(0 iC p ing ppose 2 record R ith ] 1 t
inls‘tea’;i 2; se;rc;lin:g the locations with addresses b, h+ 1, h+ 2, ..., we linearly search the

l . . .
Ocations with addreSSe; B+l h+d b+ 9 h+16,.,h+ -

- : the above sequence will
If th . of locations in the table T is a prime number, then q
the number m of locatio

access half of the locations in T-
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ash function H’ is used for resolving a collision, ag

(2) Double hashing. Here a second h hand H'(k)= W #m

follows. Suppose a record R with key k has the hash addresses H(k) =
Then we linearly search the locations with addresses

h,h+ h, h+20, h+ 30, ...

If m is a prime number, then the above sequence will access all the locations in the table T.

Remark: One major disadvantage in any type of open addressing procedure is in the implementation
of deletion. Specifically, suppose a record R is deleted from the location T[.f‘]- Afterwards, suppose
we meet T[r] while searching for another record R’. This does not necessarily mean th:}t the search
is unsuccessful. Thus, when deleting the record R, we must label the location TTr] to indicate that
it previously did contain'a record. Accordingly, open addressing may seldom be used when a file F
is constantly changing.

Chaining

Chaining involves maintaining two tables in memory. First of all, as before, there is a table T in
memory which contains the records in F, except that T now has an additional field LINK which is
used so that all records in T with the same hash address h may be linked together to form a linked
list. Second, there is a hash address table LIST which contains pointers to the linked lists in T.

Suppose a new record R with key k is added to the file F. We place R in the first available
location in the table T and then add R to the linked list with pointer LIST[H(k)]. If the linked lists
of records are not sorted, then R is simply inserted at the beginning of its linked list. Searching for
a record or deleting a record is nothing more than searching for a node or deleting a node from a
linked list, as discussed in Chapter 5.

The average number of probes, using chaining, for a successful search and for an unsuccessful
search are known to be the following approximate values:

S(A) =1+ %H. and UL =e*+ A

Here the load factor A = n/m may be greater than I, since the number m of hash addresses in L (not
the number of locations in T) may be less than the number n of records in F. '

Example 9.12

i Consider again the data in Example 9.11, where the 8 records have the following hash
addresses:

Record: A, B, C D, E X Y Z
H(k): 4, 8 2, 11, 4 11, 5 1

Using chaining, the records will appear in memory as pictured in Fig. 9.7. Observe

Fhat the location of a record R in table T is not related to its hash address. A record
is simply put in the first node in the AVAIL list of table 7. In fact, table T need not
have the same number of elements as the hash address table. ' ;__‘J

s - T T

ey v
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Fig. 9.7

The main disadvantage to chaining is that one needs 3m memory cells for the data. Specifically,
there are m cells for the information field INFO, there are m cells for the link field L!NK, and th_ere
e m cells for the pointer array LIST. Suppose each rgcord requires onl).’ 1 word fOl'.ltS 1nfor.matlon
field. Then it may be more useful to use open addressing w1.th. a table with 3m locations, which has
the load factor 4 < 1/3, than to use chaining to resolve collisions.

s'«‘l'ting

9.1 Writ b RANDOM(DATA N, K) which assigns N random integers between |
' 1€ a subprogram ’

and X to the array DATA.

hich sorts the array A
& Translate insertion sort into a subprogram INSERTSORT(A, N) whic y

With N elements. Test the program USing: o
@) 44,33, 11, 55, 77, 90, 40, 60, 99, 24 i
(b) D, A, T,A, S, T,R, UCT, U, R E,
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9.3

9.4

9.5

9.6

9.7

9.8

m INSERTCOUNT(A, N, NUMB) which sorts the ’

Translate insertion sort into a subprogra | .
ber NUMB of comparisons. - |

array A with N elements and which also counts the num

Write a program TESTINSERT(N, AVE) which repeats 500 times the procedure
INSERTCOUNT(A, N, NUMB) and which finds the average AVE of the 500 values of |
NUMB. (Theoretically, AVE = N%4.) Use RANDOM(A, N, 5%N) fgom Problem 9.1 as each |
input. Test the program using N = 100 (so, theoretically, AVE = N“/4 = 2500).

Translate quicksort into a subprogram QUICKCOUNT(A, N, NUMB) which sorts the array
A with N elements and which also counts the number NUMB of comparisons. (See Sec. !

6.5.)

Write a program TESTQUICKSORT(N, AVE) which repeats QUICKCOUNT(A, N, NUMB)
500 times and which finds the average AVE of the 500 values of NUMB. (Theoretically,
AVE =~ N log, N.) Use RANDOM(A, N, 5*N) from Problem 9.1 as each input. Test the
program using N = 100 (so, theoretically, AVE = 700).

Translate Procedure 9.2 into a subprogram MIN(A, LB, UB, LOC) which finds the location
LOC of the smallest elements among A[LB], A[LB + 1], .... A[UB].

Translate selection sort into a subprogram SELECTSORT(A, N) which sorts the array with
N elements. Test the program using:

(a) 44, 33, 11, 55, 77, 90, 40, 60, 99, 22, 88, 66 " |
) D,A T, A, S, T,R, U, C. T, U R E,S |

Searching, Hashing

9.9

9.10

9.11

Suppose an unsorted linked list is in memory. Write a procedure
SEARCH(INFO, LINK, START, ITEM, LOC)

which (a) finds the location LOC of ITEM in the list or sets LOC := NULL for an unsuccessful |
search and (b) when the search is successful, interchanges ITEM with the element infront of |
it. (Such a list is said to be self-organizing. It has the property that elements which are
frequently accessed tend to move to the beginning of the list.)

Consider the following 4-digit employee numbers (see Example 9.10):
9614, 5882, 6713, 4409, 1825

Find the 2-digit hash address of each number using (a) the division method, with m = 97,

(b) the midsquare method; (c) the folding method without reversing; and (d) the folding
method with reversing.

Consider the data in Example 9.11. Suppose the 8 records are entered into the table 7 in the
reverse order Z, Y, X, E, D, C, B, A. (a) Show how the file F appears in memory. (b) Find’
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(P,2), Q,, (R, 4), (8,9
(Here the left entry is the record and the

right entry is the hash address.) (a) Find the updated
tables T and LIST. (b) Find the average

number S of probes for a successful search and the
average number U of probes for an unsuccesful search.

9.13 Write a subprogram MID(KEY, HASH

) which uses the midsquare methdd to find the 2-digit
hash address HASH of a 4-digit empl

oyee number key.

9.14 Write a subprogram FOLD(KEY, HASH) which uses the folding method with reversing to
find the 2-digit hash address HASH of a 4-digit employee number key.




Tplementation of Selective
Igorithms/Procedures in C

! Programming Language

CHAPTER 4

Al. Algorithm 4.1 Traversing a linear array

glgorithm 4.1 illustrates traversal of a linear array undertaking a process PROCESS on each of the
ements of the array. The C implementation of PROCESS is carried out by scaling each of the

elements of the array by 2.

/* C Implementation of Algorithm 4.1%/

#include<stdio.h>

#define N 7 /* lower bound LB
' upper bound UB O

of the array is 1 and
f the array is N */
int main (void)

{ int k,i, LA[NI={23, 45,
k=0; /% Initialize counter

56, 1, -9, -12, 123};
k*/
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f while (k<=N) rithm is implemented

l1go
{LA (k] =LA [k] *2; /+ PROCESS in the ald

as scaling the array elements by 2%/

e counter*/
k++; /* Increas

}
i for ( i=0;i<N;i++) -

{printf ("\n%d", LA[i]); /*

}

i ' return O;

}
A2. Algorithm 4.2 Inserting into a linear array and

A3. Algorithm 4.3 Deleting from a linear array

| The C functions implementing inserting into a linear array ( insert_item) and deleting from a
linear array (delete_item) are listed below.
Given the array declared as

print array elements after PROCESS*/

int array[UB]:{21,2,43,14,—5,46,87,8}; /* UB is defined to
be 10%*/

to insert element 24 in the 6th position of the array, the call to the function would be:

size=insert_item(array,size, 6, 24); /* the input value of
i : size is 8 and the returned

value of size by insert_item 1is 9*/
and to delete the item in the Sth position of the array, the call would be:

size=delete_item(array,size,5,item);/* the input value of size

is 8 and the returned value by delete_item is 7*/

/* Implementation of Algorithm 4.2 as a C function */

int insert_item (int LA[],int N, int k, int item)

/* Here LA 1is a linear array with N elements

and k is a positive mteger such that k <= N. This
function inserts item into the kth position in LA*/



e
| M.

{
int j-.y. -
iy lJ ; /* Initjalize counter*/
wWnile(4+_ _ .
(I>=k 1) Index k ocoupies k-1th iti ]
the c foeX K oceur position in
S IMplementation of the array*,
{ La[(5+1712 ' .
j_”E?+1J ~1¥\[jl: /* Move jth element downward* /
3 : ‘ /* Decrease counter*/
LA[k- =] .
reél}irl]Nltem, /* Insert element */
| n N+1; /* Reset N and exit */
}

/* Implementation of Algorithm 4.3 as a ¢ function */
int delete_item(int LAT] ,int N, int X,int item)

/*  Here LA 1s a linear array with N elements
and k is a positive integer such that

<= N. This function deletes the kth
element from LA *i

{ int 5;

item=LA [k-1]; /* the kth element of LA wil

1 be found in the
k-1th position*/

for (j=k-1; J<N-1; J++) _
{ LA[j] =LA[j+1]; /* Move j+lth element upward*/

return N-1; /* Reset N and exit*/

CHAPTER 5

A4. Algorithm 5.1 Traversing a linked list

traverse_1ist implements the traversal of a one-way linked list illustrated in Algorithm §.1.
PROCESS in the al gorithm is implemented as addition of § to the element represented by the node.
The declaration of the node structure is as follows:

3 *
struct list/* C declaration of the node for a one way list*/

{

int info; _
struct list *1link;
¥
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The call to the C function traverse_llst would be given

e 3 list
) n. /l* base 1S the 1
struct list * base=0; to be traversed*/

traverse_list (base);

- *
/* C implementation of traversal of a one-way list*/
void traverse_list(struct list *}}Stl)
{ 3
struct list *ptr;
if(listl==0)

printf ("List Empty"); /* No traversal possible

if list i1s empty*/

ptr = listl; /* Initializes pointer ptr*/

while (ptr !=NULL) _ |
{ptr->info= ptr->info +5; /* PROCESS in the algorithm is
implemented as adding 5 to the info field of the node*/

printf("\n%d",ptr->info) ;
ptr=ptr->1link; /* ptr points to the next node*/
}

}

A5. Algorithm 5.4 Insert ITEM as the first node in the one way list

The C function insfirst implements the insertion of ITEM as the first node into a one-way list.
The function avail_node () allocates a node from the AVAIL list, to accommodate the item to
be inserted as the first node in the one way list. The declaration of the node structure is the same as

that shown in A4.
The function call in Cto insfirst would be

struct list * base;

base = insfirst( base, data); /* here data is the item
to be inserted in the list base*/

/*C Implementation of a function that allocates a node from the AVAIL
list*/
struct list* avail_node(void)
A
struct list *node;
node= (struct list*)malloc (sizeof (struct list));
if (node!=0)
{
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return node; /* AVAIL 1list |
élse
{printf("Overflow")'

Provides g node* /

*
return Q; * /% Overflow - no nodes available*/
}
}
/¥ C implementation of - .
in the list*/ Algorithm 5.4 - insert ITEM as the first node

struct list* insfirst(struct list* listl,int item)
i

struct.list *node=avail_node ()
node->info=item;
node->link=1ist1;

'
/* Copies item into new node*/

/* New node now points to the original
ti1rsk node*/

/* listl now points to the new list with
the item inserted*/

listl=node;

return listl;

}

A6. Algorithm 5.10 (Procedure 5.9, Algorithm 5.8) Delete node
from a one way list -

Algorithm 5.10 deletes from a one-way list, the first node N which contains the given ITEM of
information. The C implémcmation of the algorithm, viz., delete_node implerpents the same Ibut
with the modification that Procedure 5.9 and Algorithm 5.8 which are sub-functions of the original
algorithm, are not explicitly implemented. o |

gThe declaration of the node structure for the one-way list is the same as that shown in A4. The

function call to delete_node would be

struct list *base=0; ' ‘ _ .
e,ltem); /* the first node with item as
base = delete_node(bas its element is deleted*/

/*+ ¢ implementation of function that deletes the first node in the
j imple

one way list which contalins item*/
struct list* delete node (struct list x1istl,int item)
/* delete the first node in the linked list

with item in its info field*/




-

g Structures
A6 L s

{struct list *loc=0, x1ocp=0i
struct list *save, *ptIi

/* list is empty*/ o
P Y '”\n let

if (list1 == NULL) { primtfl _
( =) { return llstll

}

found to be the £
— 1stl;
. tem) {loc= 11St-7

ig empty\n");

irst node 1in the list*/

/* node with item is

if (listl->info ==
1istl=1istl—>link;
free(loc};
return listl;
/* node with item is found to be anywh=re e LEIES
save = listl;
ptr = listl->1link;
while (ptr != NULL)
{
if (ptr->info== item) {loc=ptr;
locp=save;

locp->link=1loc->1ink;
free(loc) ;
return listl;

[—

save=ptr;
ptr=ptr->1ink;
)
return listl; /* node with item is not found in the list*/

}
A7. Algorithm 5.15 Delete node from a two way list

Algorithm 5.15 deletes a node at a given location LOC from a lwo-way list. The C i plemenwli“"
¢ el st. The C1m

of the algorithm is modified to delete a node from : "
free list. any given position of the two-way header 0 f
The declaration of the node for the two way list is given b
’ % . y
struct double list

int info;
struct double list *bgck.
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struct double’ “list *Eorw,
}i

tYPEdef struct double _list NODE :

s C implementation of g1 fun
osition of a two wgy CL

Y listxy on which Sl
NODE* delete_node(NoDE *1igt

tes a node from a given

+int position)
int count=0;

NODE *node= llstl
if (position<l)

printf ("\n\tInvalig position") ;
return listl. ’

’

)

if (position==1) /* 1f the nodc to be delernd is
Lhe two-way lisg-
{
node=listl->forw;
listl->forw->back=0;
free(listl);

return node;
}

the tirel in

/* If the node to be deleted occupies any othes

posTrion othey
than first in the list*/

count= 1; .
while (count < position)

{node= node->forw;
count++;

} . o
if (count ==position)
{ |__O) /1 ]:. v r'\:J;i(__j e ‘D@ del@teu ':‘_d.: 8
f (node->forw:. = if tite mods ko
{ node->forw—>back=nome—:ndbh,
)

; 1=0) + if the node to be deleted has a
if (node->hack:= predecessor node*/
{

= -~ ! ) :
node—>back—;forw:nudc forw
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free (node) ;
return listl;

)

printf ("No such position found"); /* the position 1is not

valid for the list=*/

return listl;

}
A8. Algorithm 5.16 Insert node in a two way list

Algorithm 5.16 illustrates the insertion of item between two nodes whose locations are given by
LOCA and LOCB. The C implementation is a generalized version of the algorithm which inserts
an item at any given position in the two-way list which is header node free.

The node structure for the two way list is the same as that shown in A7.

The C function get_node shown below implements the allocation of a node from the AVAIL

list for insertion of item.

/*C" implementation of a function which obtains a new node for a
two-way list from the AVAIL list*/

NODE* get node (void)

NODE *node;
node= (NODE*)malloc (sizeof (NODE) ) ;
if (node!=0)
{node—>back=0;
node->forw=0;
return node;
}
else
{printf ("Overflow") ;
return O;

}
)

/* C implementation of a function that inserts item into any given
position in the two way list which 1s header node free*/

NODE* insert any (NODE* listl,int position,int item)

int count=1l;
NODE *temp =1istl;
NODE *current node=0;
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————— [\Ppendix
* _ . T | A8
NODE node_get-node(); P

_ get a new no
node->info=itern. de from the AVAIL 1igce/
!

/* set 1 ,
+ insert new info fielq ‘
/'f( ositi nfide as the first e] _ of new node to item*/
1{ i ron==i) €ment in the listx/
node->forw=1list;
if (list11=0) '

list1~>back=node;

}

return node;

}

/* insert new node at .
, an .
list*/ Y given position other than the first in the

Thlle(countcposition && temp!=0)

current node=temp;

temp=temp->forw; /* traverse the list to obtain the
position*/

count++;

if (temp==0) /* item is to be inserted as the last
node in the list*/

{current_node->forw=node;
node->back= current_node;

}

else

i ' i i ted at any given
= rw=tem /* item 1s O be inser : .
{nOde 7O B position other than the last 1n the list*/

node->back=current_node;
current node - >forw=node;
temp->back=node;

}

return listl;

}
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CHAPTER 6
A9. Procedure 6.1 Push an ITEM into stack

Procedure 6.2 Pop from stack
The C implementation makes use of a stack stack( 10! and top of the stack variable rop declared
as a global variable.

/* C implementation of pop algorithm */

int pop (int stack[], int stack top) /*stack top is a local
variable indicating top of stack*/

{ int item;
if (stack top<0)
{ printf ("\n Stack Underflow");

return -1;

else
{ item= stack([stack top] ;
stack top--;
top=stack top;/*update global variable top*/

return item;

/* C implementation of push algorithm*/
int push (int stack[], int stack top, int maxstack,
int item)
{ if(stack top==maxstack)
{ printf ("\n Stack Overflow") ;

return -1;

else stack_top++;

stack [stack top]=item;
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—__ Tam

to =stag .
P Cﬂ{_tOEL /*update global Variable top*/
Teturp 0;

procedures for insertip

ﬁmnzlqueue(Ode]ete}adoptan el

below:

¢ ITEM into

aqueue (Qinsert) and deleting
Cgant method of (el

aring the queue as a structure as shown

#define N 10
struct queue
int element[N];/* element
int front; /* front va
int rear; / *

.
’

S of the queue stored as
riable of the queue*/
rear variable of the queue* /

an array*/

typedef struct dqueue QUEUE;

The initial values of the variables front and rear of the queue

q.front=0;
d.rear=-1;

are:;

The insert item and delete functions of the queuc are shown below:

/* C implementation of a function to insert item in a queue*/

void Qinsert (QUEUE *q,int item)/* ypointer to @muesmrugnme
and item to be inserted are input to the function*/

if (g->rear < N-1)

] ;[ * nt rear and store
gq->element [++g->rear] =item; / gmrmf
item* /

else

{

printf ("\nQueue Overflow") ;
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/* C implementation of a function to delete element from a queuer/

int Qdelete (QUEUE *Q)

{

if (g->front’ > g->rear)

printf ("\nQueue Underflow");
return -1;

else

{

return (g->element [g->front++]); /*return deleted item
and increment front variable*/

}
)

CHAPTER 7
A11. Procedure 7.4 To search for ITEM in a binary search tree

The structure of the binary search tree node is as shown below:

struct treenode

{

int info;
struct treenode* left;
struct treenode* right;

b
typedef treenode TREENODE;
The C implementation of the procedure to search for an item .in the binary search tree
is shown below:
TREENODE* find (TREENODE* root,int item)
if (root==0) /* Tree empty?*/

{ printf("\n Tree is Empty");
} return 0;

parent info=0;

while(root!=0&&root->info!=item) /* while item is not
at the rootx/
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{

} rOOterOt_bl

else

{

rOOt->info;
eft;

parenthinfo=root—>info;
right subt

!

/* move to the

} TOOt=root-sright Fe€ of the roots/

P-‘—w—‘

£ (rooti=q)

. * f' = '
Printf (v\n The iten /* find item and its parent */

. 3d is Present",item)
Printf ("\n The parent of the 1

barent info);

return root

7
else

{ Printf ("\n jiten

%d is not present", item) ;
} return o0;

!

}
CHAPTER 8

A 11. Procedure 8.3 Find the location of a node in a graph
Procedure 8.6 Insert a node into a graph
Procedure 8.7 Insert an edge into a graph

The declaration of the node and edge structures of the graph are as follows:

typedef struct node

int nodeno; /* nc—llme Of kei val‘:ata :idl;he;nniiz*/
Sstruct node *next; /*%iggsllz;if ne

Stru.ct edge *1link; }/*Eﬁii%eer'a;%;?isfciﬂsc element
}NODE ;

typedef struct edge

int nodeno; " <t : /* pointér to the ne}gt 'no.de‘ in the edge
struct edge *ne ’ list with the same initial node*/

}EDGE;
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The C implementation of the procedure to find the location of a node in a graph (findnode) jg

given below:
L]
N . : ocedure R.3 */ '
/* C implementation of Pxr /* find node

* F] DE *grapi,int item) ' i
NODE* findnode (NO grap int e by item in graph */

while (graph!=0 && graphé>nodeno!=item)

/¥ move down the next pointer of the

raph=graph->next; .
JrARTEEER r graph in search of item*/

)

if (item==graph->nodeno)

printf (*\n Node with item %d found\n”, item);
return graph;

}

return 0;

)

The C implementation of the procedure to insert a node into a graph (insert_node) makes use of
a function getnode() to obtain a node from the AVAIL list to insert the item. The functions are

shown below:

/* getnode () function obtains a node from the AVAIL list*/

NODE* getnode ()

{

NODE *new_node= (NODE*)malloc (sizeof (NODE)) ;
if (new_node==0)

printf ("\nMemory underflow") ;

exit (0) ;
new_node->nodeno=0,new_node->1ink=0,new node->next=0;
return new_node;

}

/* function to insert item as a node into a graph* /
NODE* insert node (NODE *graph,int item)
{NODE *templ=0;
NODE *temp2=graph;
if (graph==0) /* if graph is empty item is the first node
in the node list¥*/
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templ=getnode () »
templ->nodeno=1

}

else

{

Thlle(temp2—>next!=0 && temp2->nodeno!=item)

temp2=temp2—>next;

tem;

if (temp2- o
( P2 >nodeno!=item) /* slide down the next pointer to

{ insert node as the last in the node list*/

templ=getnode () ;
temp2->next=templ;
templ->nodeno=item;

)

else

{

}
)

return graph;

)

The C implementation of the procedure to insert an §ggcintozlgraph (in?er;_edge);giﬁiféﬁilﬁi
three functions viz., isedgeavailable, isnodgauax:?b1eandgetegge.$se g??:ZJECthkSifa
whether the edge to be inserted is already available in the grabph'. 1snr?e\§a:;de el
node specified is already available in a given graph. getedge obtains a

for insertion into the edge list.

printf ("\n Node already exists..");

k if a node with a specified value nodeno 1is
C .

% ion to che |
/* funet le in the graph*/

already availab

: +graph, int nodeno)
int isnodeavallable(NODE grap

{while(graphl=0 && graph->nodeno!=nodeno)

graph=graph—>next;

if(nodeno=:graphe>nodeno)
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{

return 1;

)

return 0;

}

/* function to check if an edge connecting node source with node
dest is already present in a graph*/

int isedgeavailable (NODE*graph,int source,int dest)

NODE*nodel=findnode (graph, source) ;
EDGE* edgel=nodel->1link;
while (edgel)

if (edgel->nodeno==dest)

return 1;
edgel=edgel->next;

)

return 0;

}

/* function to obtain a new node from AVAIL list for use by edge

listx/
EDGE* getedge ()

EDGE *temp= (EDGE*)malloc (sizeof (EDGE)) ;
if (temp==0)

printf ("\nMemory underflow") ;
exit (0);

1
!

temp->nodeno=0, temp->next=0;
return temp;
}
/*function to insert an edge between the nodes sourc and dest of
the graph*/

void insert_edge (NODE* graph,int sourc,int dest)

{

I\I'ODE * templ =0 :
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EDGE *tempgzo;

/ *

énsure node sourc

: and node dest are

. . . avail i

if (}snodeavallable (gra_ph, sgilrec* )m&lhe i
1snodeava11able(graph,destf)

templ:findnode(graph,sourc

); /* fing Position of node
. , ‘ Sourc in th d st *
1f(1Sedgeava11able(graph,sourc,dest?) - s ey
printf (v\n Edge already exists") ;
return; ,

. temp?_,:getedge ( ) .

r

/* insert edge as the first
node in the edge list with sourc as its initial node*/
temp2—>nodeno=dest;
temp2—>next=temp1—>link;
}templ~>1ink=temp2;

else N
{

printf ("\nEdge cannot be inserted"):

)
CHAPTER 9

A 13. Algorithm 9.1: . Insertion sort

o . +

void insertion sort (int*a,int NJ

{ int i=1,j=0,temp=0;

for ( i=1;i<N;i++)

temp:&[i]? . a
for( j:l—l;j>=ofj )

{

if(alj]>temp)

. B .1 . /*moves elﬁment
alj+1]=aljli/rmoves 7



Data Structures —

A.18 |

/* insert element in 1its appropriate place*/

alj+l]=temp;

)
Al4. Procedure 9.2, Algorithm 9.3 Selection Sort

~ The C implementation of Selection Sort, selection_sort (Algorithm 9.3) makes use of a function
min (Procedure 9.2) to find the location of the smallest element among the sub-array

array[low_bound: up_bound].

/* C implementation of Procedure 9.2%/
/* With an array in memory, this procedure finds the location of the

minimum element among array[low bound: up_bound] */

int Min (int*array,int low_bound,int up_bound)
{

int min=low bound;

while (low_bound<up bound)

{

if (array[low_bound] <array [min])
min=low bound;
low bound++;

}

return min;

/* C implementation of Algorithm 9.3%*/
YOid selection_sort (int*array,int N)
int i=0,loc=0, temp=0;

for( i=0;i<N;i++)

loc=Min (array,i,N) ;
temp=array(loc] ; /* Interchange array(loc]
and array[i]*/
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array [loc] =array[j] .
} array (1] =temp;





